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, . EDITOR’S PREFACE

‘Tuis is the eighteenth of the series of Yearbooks stavted in 1926
by The National Counc'' of Teachers of Mathematics. The titles-
of the preceding Yearbooks aie as follows; '

I A Survey of Progress in the Past Twenty-Five Years.
+ & Curriculum Problems in ‘T¢aching Mathematics,
3. Selected Topics in the Teaching of Ma hematics.
4. Significant Changes and Trends in the Teaching of Mathematics
Throughout the World Since 1910, '
The Teaching of Geometry. .
Madiematics in Modern Life.
The Teaching of Algebra.
; T'he Teaching of Mathematics'in the Sccondary School.
Relational and Funcuonal Thinking in Mathematics.
. The Teaching of Aiithmetic.
1. The Place of Mathematics in Modern Education,
12. Approximate Computation, '
13. ﬂw Nature of Proof.
14, 'The Training of Mathématics Tcachers.
I5. The Place of Mathematics in Secondary Education.
16. Arithmetic in General Education, .
17. A Source Book of Mathematical Applications.

Y

SIS e

It is unfortunate that this Yearbook is late in appearing. but
circnmstances over which we have had no control made it impos-
sible to get the Yearbook out on time. We hope that the quality
“of the material and the nature of the articles will make up for the
Hateness in the appearance of the volume.,

Because of possible charges in price in these uncertain times,
all prices of materials referred to in this book should be carefully
verified before such materials are ordered.

We do not claim that.this Yearbook contains all the possible
teaching aids that may have been suggested, but we hope that
many teachers will find it the source of great help and inspiration.

As Fditor T wish to express my personal appreciation to Pro-
fessor Hildebrandt and his committee, who hive done the main
work for this volume, and to The Mational Council of Teachers
of Mathematics tor their continued S'-l‘l});)(nt and advice.

"W, D Rekve
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INTRODUCTION

TEACHING AIDs in mathematics are not new. The last hundred
years have brought us the telephone, the phonograph, the radio,
television, the silent and sound motiofi picture, the stereoscope,
the three-dimensional colored pictures on lenticulate¢ film and
the Polaroid taree-dimensional pictures, and motion pictures in
color..These inventions and developments are being used in many
forms in ow schools at the present time. It is’ only natural that

mathematics. teachers, too, consider the possible adaptation of

these- materials to thé improvement of instruction in their field.
. The eighteenth annual convention of the National Council of
‘Teachers of Mathematics held in Chicago on February 19, 1987
revealed a number of the uses to which mathematics teachers are
putting these ‘r-cent developments. For example, its honorary
president, Professor H. E. Slaught of the University of Chicago,
could not be present at the dinner; but his greeting! to the mem-
bers had been recorded and was reproduced over the loud-speake:
system of the banquet room. Some day we may have more record-
ings from others who have contributed so much to the teaching
and the development of mathematics. One of the groups at the

discussion luncheon, under the leadership of Miss Mary A. Potter, ‘

prepared a list of materials on the topic “The Kinds of Pictures
We Use in Teaching Mathematics” and this list was made avail-
able later in mimeographed form. At this convention, recent silent
and sound filins closelv related to mathematics were shown, a1.d
a large exhibit of charts, graphs, models, and other materials pre-
pared by teachers (n the Chicago schools indicated further worth-
while aids. It was apparent that mathematics teaching is being
carried on with various kinds of materials: that we learn by seeing
and hearinpas well as by doing:
The Visual Aids Committee of the National Council of
!Slaught, H. E., “Greetings to My Friends of the National Council,” Mathematics
Teacher, Vol. XXX, pp. 186-187, April, 1937,
vii
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Teachers of Mathematics, under the chai(ma&\ship of Professor
E. R. Bisslich, was later appointed .nd this comimittee publicized
further suggestions and improvements. As the field continued to
grow, the suggestion was made that a report be ‘prepared on the
work in multi-sensory aids carried on by mathematics teachers
throughout the counury. The Board of wsirectors of the National
Council, at its annual convention in Atlantic City, N. J., in 1941,
voted that the report be prepared as a Yearbook of the Council.

The present report does not claim to be an_exhaustive study
of all the aids which mathematics teachers have used and can use
to good advantage. The individual articles describe some of the
expericnces which their authors have met and indicate as large
a number of differcnt aids as possible. It is hoped that the report
will be followed in a few years by one showing improvements and
changes which have kept pace with the progress of such aids in
the world :bhout us. )

Many ol these articles are the results of papers and studies re-
ported at conventions of the National Council held at Baton
Rouge, Atlantic City, Boston, Bethlehem, San Francisco, and
Denver. Discussions devoted to mulfi-s -sensory aids were held at
most of these meetings; they have been the impetus for many new
suggestions and experiments.

It is not possible to indicate all the members und friends of
the National Council who have contributed materials, references,
and suggestions. A list is given at the close of this Introduction.

To them and others whose names may have been omitted the Com-*

n ittee wishes to express its deepest gratitude for the help given.
It is most gratifying to note that when mathgnatics teachers pool
their resources, much can be accomplished. 1f this Yearbook were
inscribed with a dedication, it would be to those teachers who
have done and arc doing constructive work for the improvement
of mathematics teaching. :

It is fitting that we express our appreciation to one teacher in
particular: ¥iss Mary A. Potter, pre§dent of the National Council
from 1940 to 1942, During her years in office, Miss Potter rendered
many services to this Committee and arranged programs on multi-
sensory aids at the several conventions of the Council. In addition
te her many duties and responsibilities asgpresident, she gave un-
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hesitatingly of her time, advice, and assistance to problemns re-
lating to the development of this Yearhook.

We wish also td voice our thanks to every member of the Board

» of Directors, who, during the years of the preparation of this

. Yearbook, have recommended the preparation and publication of

this report. To Professor W. D. Reeve, with the enviable record of

_-seventeen yearbooks for the National Council to his credit, any
- words of appreciation are inadequate for the interest, help, and

cooperation he has so generously given.
' " E.H.CH.

THE COMMIITTEE ON MULTI-SENSORY AIDS
. OF
THE NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS

E. H. C. HupesranpT, Chairman, Northwestern University, Evanston, Illinois
KATE Brii, Lewis and Clark High School, Spokane, Washington

E. R. BresticH, Professor Emeritus, University of Chicago, Chicago, Illinois

VERA SanroRrp, State Normal School, Oneonta, New York

E. W. Scureser, State Teachers College. Macomb, Nlinois

RutH W. Stokrs, Winthrop College, Rock Hill, South Catolina

HENRY W. Syer, Culvér Military Academy, Culver, lmli‘rmn (()\lcuvc, United States

Armed Forces)

A. H. WHerLer, High School, Worcester, .\lussuchuscu:p \

7.

R. C. Yarrs, United States Military Academy, West Pgint, New York
MARY Young, Sunset Hill School, Kunsas City, Missour|

PERSONS COOPERATING IN THIS REPORT

ApaMms, Doveras P, Mass -husetts Insti
tute of Technology, Cambriage, Mass.

ALENIUS, Ackiep, Publiv Schools, Denver.

Colo.

Assmus, E. F,, High School. Nutley, N, J

AUGSBURGER, Prakt, High School, Gibson
City, 111, 1

BaLaer, H. F., Musenn of Science and
Industry, Jackson Park, Chicago, 111,

Baravartk, H. V., Adelphi College, Gar-
d=n City, N. Y. ‘

BARCZEWsk1, Wal1vR, Waukegan Town-

ship iligh»&}{;ﬂ, Waukegan. 1L

N el
¢
£

Brorokp, Fren, State Teacheis College,
Jeisey City, N. J. . -

Briz, WiLias, 200 University “Ave.,
Rochester, N. Y.

Braxk, Latra, Hughes High School, Cin.
cinnati, Ohio.

Royp, Rutnrreorn, 112 Prospect St.,
Leonia, N, J. )
Bover, Lt E., State Teachers College.

Millersville, Pa.
Brinntokr, Mariwe, Boonville, Mo.
Brass, Frasors Mo, High School, Oneida,
NOY.

5



L

X

CARROLL, L. Grace, New Rochelle High
School, New Rochelle, N. Y.

Cassioy, Lorena E., East High School,
Wichita, Kans.

CHartEswortH, H. W., East High School,
Denver, Colo.

Cuurcl, Beree L., 22 Loomns St., Mont-.
pelier, Vi

CLArPER, SADIE Eq’ High School Spring-
field, 111,

Cotrins, Mirorrp R., Hope High School,
Providence, R. L

Coruiton, J. W, Rutgers University,
New Brunswick, N. J.

Cone, Bonnie E., Ceutral High School,
Charlotte, N. C,

Congpon, A. R,, University of Nebraska,
‘Lincoln, Neb.

CoreeTT, I. M., Corbett Blackboard Sten'’

cil Chart and Map Co., North Pelham,
N. Y.
Coxt1eR, H. S. M., University of To-
ronto, Toronto, Canada. '
Deck, Lutuer ], Muhlenberg Collc$c.
Muhlenberg, Pa.

Deruty, Rocek L., Ben Davis High
School, Indianapolis, Ind.

Dickter, M. Ricuarp, Furness Junior
High Scl.ool, Philadelphia, Pa. (In the

S. “Armed Forces.)

DIXO//LFOLA, 2206 Elsinore Ave., Balti.

~Hore, Md.

- DoxcHIAN, PauL S., 85 Gillette §§., Hart.

ford, Conn.
Fenr, Howaso F,, State Teachers College,
Upper Montclair, N. J.
Fiscmer, Cnmisting, High School, Belle-
ville, 111,
Fosrison, Inpa D,
Drive, Chicago, 111
Fostrr, ETHELYN G, Undcrhﬁl. Vt.
Fuurmann, H,, 509 5th St, Manhattan
Beach, Cal.
GrowraE, G, A,
City, Towa,
Ginnons, M. ALBERTA, South2rn Illinois
Normat University, Carbondale, Ul
;inspUke,  JIRuTHISL, Yeshiva College,
New York, NOY.

5520 South Shore

19 Sixth St., N. W,, Mason

Introduction

GLASCOCK, Lucv Eldorado, 11l

GoLbBerG, MicHAEL, Navy Depanmem.
Washington, D. C.

Grecory, M. Correit, High School,
Louisville, Ky

Grovr, 1. SiTh, State Teachers College,
- Shippensburg, Pa.

'HacH,* ALice M., Junior Hngn School,
_Fort Dodge, Towa,
Hamrin, Jov, 307 S. Dakota Ave, Sioux
Falls, 8. D, ;
HANNELLY, ROBERT ]., Jumor College,
Phoenix, Ariz.

Harriey, Muey C, University High
School, Urbana, Ill.

HARRELL, FRwDA S., Vernon L. Davey
Junior High School, East Orange, N. J.

"HaRrris ScHoors, 2400 Lake View Ave,,

Chicago, 11l
HavpeNn, James R, High School, New
Bedford, Mass.

- HeatH, Dwicur F., Franklin College,

Franklin, Ind.

Heimers, Liui, State Teachers College,
Upper Montclair, N. J. '

Henry, Mary E., Riverside High School,
Milwaukee, Wis.

HerserT, HarrieT B., University of South .
Carolina, Sumter, 8. C.

Hisse, Eatma, University High School,
Qakland, Cal. ‘

HicGiNs, CHARLES ]., 116 Hyde Park Ave,
BoSton, Mass. ‘

HiLsenraTH, Josern, Newark College of
Fngiuneering, Newark, N. ] (In the
U. S. Armed Forces.)

HoEeL, Lesta, Public Schools, Portiand,
Ore. )

InNES, Frances C., 711 Geneva St,,
dee, 1.

Jonrs, Puunie S., Ohio State University,
L/umbus. Ohjo.

JosePit, MarcareT, 3933 N. Farwell Ave,
Milwaukee, Wis.

KenistoN, RacHer, High School “Stock
ton, Cal.

Kertes, FErpinAnD, High School, Perth
Amboy, N. J.

Dun.



b4

LINKAGES 1IN THREE DIMENSIONS
Michael Goldberg, Navy Department, Washington, D. C.
' . xiii

v
&

CONTENTS
14
°  PAGE
INTRODUCTION ‘ *vii
E. H. C. Hildebrandt, Northwestern University, Evanston, Il
MUI.TI-SENSORY AlDS R
MuLTI-SENsORY AIns: SOME THEORY AND A FEw PRACTICES 1
Edith Sifton, Seattle Public Schools, Seattle, Wash.”
A MATHEMATICS CLASSROOM BRCOMES A LABORATORY 16
k. Grace Carroll, New Rochelle High School, New Rochelle, N. Y.
VisuAL AIDs IN TEACHING 30
E. R. Breslich, Professor Emeritu., University of Chicago, Chicago, lil. X
A LABORATORY. APPROACH TO SoLID GEOMETRY ' 4 42
files C. Hartley, University High School, Urbana, Ill.
! y \ 3 1 .
- X DRAWING AND DESIGN N
GroMEIRIC DRAWING S L
H. V. Baravalle, Adelphi College, Garden City, N. Y.
CURrVE-STITGHING IN GEOMETRY : 82
Carol V. McCamman, McKinley High School, Washington, D. C.
Winpow TRANSPARENCIES . . 86
e ). Anna \Tennyson, Langley Junior Bigh School, Washington, D. C.
DEMONSTRATIONS AND EXHIBITS )
MATHEMATIGAL DEMONSTRATIONS AND ExHIBITS T 88
: Phillip S. Jones, The University School, Ohio State University, Columbus,
Ohio. ’ :
East Hicx ScooL Vivauizes MATHEMATICS 104
H. V. Charlesworth, East High School, Denver, Colorado.
MODELS AND DEVICES
EMPLOYING ‘VIsUAL Alps 70 Teach Locus IN PLANE GEoMETRY 109
Edna Hitchcock Young, Junior High Srlam?, Bloomfield, N. ].
LINKAGES ; i 117
Major Robert CeYates; United States Military Academy, West Poini, N. Y.
* GRAPHICAL RI-‘.PR&.SENTATION orF CoumrLEX RooTs | 130
Houward F. Fehr, Stale Teachers College. Montclair, N. ]. .
A Device FOR TEACHING THE FUNDAMENTAL OPERATIONS WITH \
DikecTED NUKIBERS R 139
Hortense Rfgers, Winthrop College Training School, Rock-Hill, §. C. :
TRISFCTION 146
. Major Robert C. Yates, United States Military Academy, West Point, N. Y,
PArer FOLDING 154
Major Rohert C. Yates, United States Military Academy, West Point, N. Y. -
160




Xiv : : - Contents

PAGE
: INSTRUMENTS AND TOOLS
THE PREPARATION AND USE OF - Nomocm\muc CHARTs IN HiGH
ScHooL MATHEMATICS . = 4 164
Dc;:;glas P. Adams, Massachusem Institute of Technolugy, Cambridge,
ass

"THE Cons‘mucnoN AND USE or HOMEMADE' INSTRUMENTS m

INDIRECT MEASUREMENT . - 182
Virgil S. Mallory, State Teachers College, Montclair, N. J.
A CLASSIFICATION OF -MATHEMATICAL .NSTRUMENTS AND SOURCES

OF THEIR PICTURES 194

Henry W, Syer, Culver Mllltary Acadcmy, Culver, Ind. In U.s. Armed
Forces.

GeoMEeTRICAL ToOLS ' S 204
Major Robert C. Yates, Umte‘i States Mlluary Academy, West Pomt N.%

MATHEMATICAL APPARATUS 212
Phillip S. Jones, The Umverst:y School, Ohio State University, C’olum
. 'bus, Ohio.

MATERIALS FOR CONSTRUCTION OF MODELS R

MATERIALS FOR MATHEMATICAL MODELS: THEIR SELECTION AND :
Use 226 .
Joseph Hllsenrath College of Engineering, Newark, N. ]. In U. S. Armed -
Forces.

BALSA AND CLAY As TEACHING AIDS IN HicH ScHooL MATHEMATICS 245
Harviet B. Herbert. University of South Carolina, Golurbia, 8. C.

HISTQRY OF MCDELS AND DEVICES

HisTORICAL MATERIAL ON MODELS AND OTHER TEACHING Ams

IN MATHEMATICS 253
Lao Genevra Simons, Professor Emeritus, Hunter College, New York

THE CONSTRUCTION OF PLAITED CR¥STAL MODELS . 266
Virgil S. Mallory, State Teachers College, Montclair, N. ].

CoLOoR IN GEOMETRY 269
L. Leland Locke. (deceased), formerly gt Brooklyn College, Brookiyn, -

N. Y.

AN"EARLY WoORK ON MECHANICAL DEVICES FOR DRAWING THE

" CONIC SECTIONS 273
Phl;lllp bh Jones, The University School, Ohio State University, Colum.

us, Ohio.

rl

SLIDES, FILMS, THREE:DIMENSIONAL PROJECTION,
AND EQUIPMENT

GEOMETRY WITH AN ‘OPAQUE PROJECTOR 280
J. W. Colliton, Rulgers University, New Brunswick, N. J.

THE MAKING AND Usg OF SLIDES FOR THE TEACHING OF MATHE-

MATICS 289
Kate “Bell, The Lewis and Clark High Schovl, Sf)okane, Wash. o
INEXPENSIVE HOMEMADE SLIDES FOR DAYLIGHT PROJECTION 294

Frieda . Harrell, Vernon L. Davey Junior High School, East Orange,
N. 1.



Contents . Xv

T A C
' - S _ _PAGE
"o - ¢ A LANTERN-SLIDE PROJECTOR AS A CONSTRUCTION PROJECT 304

Gordon Macl.cod 'l'ayfé‘r.“‘i‘enwn L. Davey Junior High School, East
Orange, N. ].

The GEOMETRY TracHeR ExprriMeyts with MoTion Pretures 318
Rachel Reniston and Jean Tully, Stockton High School, Stockton, Calif.
MakinG aNp UsiNg Motion, PIGTURES| FOR THE TEACHING OF

. MATHEMATICS 425
. Henry W, Syer, Culver Military Academ,, Gulver, Ind. On leave, in U. §.
Armed Furces.
GLOMETR'C SIEREOGRAMS AND How To MAKE THEM . 346
Walter ¥. Shenton, The American University, Washington, D. C.
THE STEREOGRAPH AS A TFACHING Toot. 358

John T. Rule, Massachusetts Institute of Technulogy, Cambridge, Mass.

AVAILABLE EQUIPMENT AND PriNcipLeEs oF Usk oF Visual Aips 360
M. Richard Dickter, Furness Junior High School, Philadelphia, Pa. In
U. 8. Armed Forces. :

APPENDIX
1. SHORT DwscripTiONs oF INDIVIDUAL MODELS AND DEVIGES 369
Arithmetic ' 369
Genceral Mathematics 371
Algebra ' 376
Plane Geometry : 379
Solid Geometry | : - 395
Trigonometry 403
II. BiBLioGRAPHY , ; 407
PERTODICALS 407

Arithmetic. General Mathematics. Algebra. Plane Geom:

etry. Solid Geometry. Plane and $pherical Trigonometry.

Junior College Mathematics. ,

Graph Paper. The Slide Rule. Calculating Instruments.
. Surveying Instruments. Alighment Charts. The Sun Dial.

Homemade Instruments for Drawing Curves. Linkages.

Telescopes.

Experiments. Trisection. Paper Folding. Disscction. Dupli-
’ cation of the Cube. Use of Geometrical Tools.

The Mathematics Laboratory. The Mathematics Classroom

and Its Equipment. Mathematics Clubs, The Mathematics

Library. Films, Slides and Projecuon £quipment. Contusts.

Exhibits. Plays. Recrcation.. Games,

BGOKS 413
Models. ‘T'ools and Instruments. The Slide Rule. Surveying.
Stereogiraphs. Geometrical Drawing, Art, Architecture, and
Dynamic Symmetry. Paper Foldifig, Soap Films, and Other
Experiments.  Recreation and  Amusements.  Numbers.

Source Books for Further Study and Miscellaueons.
\ -~ History of Mathematics. Teaching of Mathematics. "Tables,
{ Bibliography of Aids, Dictionary.
3 1L ALS AND FILMSTRIPS 452
FIIAMS AND FILMSIRIPS .

Films. Filmgtips. Other Materials.




]

+ Multi-Sensory: Aids
in the
Teaching of Mathematics

« '\::"&



Arithnsetie, measureme‘,
» wd even graphs are to b
found in  the -growing

baans and potatoes in the
second grade dassroom,

(’J'

i’ hys St Ml
SR 20 nim,-
{,(LCC(/.JL M
L dow gt

~ —
~ 00

Thewe is plenty of arithimetic in the cooking lessons that come to the third

made when the “kitchemgue” is sent to a schoul—buying the supplics, check:

ing the change, measuring the ipgredients, tinmng the pudding, making paper
' doilies, setting the table, serving the class,

\

ERIC

Aruitoxt provided by Eic:



'

MU&\TI -SENSORY AIDS: SOME THEORY AND
A FEW PRACTICES

N Edith Sifton
A _

MULTI-SENSORY AIDS? A new terggy What does it mean? New, yes,
but the questions can be answered, very easily by recalling some
of the educational history of the past few years. Renrember those
first projectors and their glass slides, and how progressive some
of us felt when we began to use them in our tlassrooms? Shortly,
we brought movies to our students and began to talk to each
other about the various kinds of “'visual ajds.” Next, we added ear
appeal, and “talkies” became, in our language, “audio-visual aids.”
Now, we-find ourselves-—teachers of mathematlcs——steppmg to the
fore with an entire yearbook devoted to “multi-sensory dids.” We
are noting that children learn through other avenues than their
-eyes and ears—for example, their hands!

But, in taking such a step, it seems that we have moved some-
what ahead of the procession. Search as we will,”we cannot find,
to date at least, the word “multi-sensory’; listed in any of our
numerous books dealing with the theories of education.

As teachers of mathematics, however, we should have no difh
culty in finding out way in this new field of educational thought,

for it dovetails so neatly with today’s theories in our own subject .

area. We know, in the first place, that of all the subjects taught by
teachers and studied by children, mathematics is, by its very na-
ture, one which gains greatly by the use of multiple and simul-
tancous impacts upon the mind of the learner. We know, too,
that for our pupils, learning must be something more than seeing
and hearing; for them mathematics must be a means for doing
things in the classroom as well as in a later, workaday world.
Under such circumstances, we need hardly be surprised to find
that many of today’s teachers of mathematics have devised and
used a goodly number of multi-sensory aids, even though educa-
tional philosophers have neglected to develop any theory to guide

1
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those teachers who are in the front lines. We have, in fact, but to
look about us to find 1ncidents and examples that ‘will give us
data for evolving some theories of our own, and for listing some
very effective practices, in this new field, .

. To begin, consider an incident that occurred vecently at the
University of Washington during a meeting of same of the mein-
bers of the Pacific Northwest Resources kashop In the course

« ( of the informal discussion one of the group “wondered,” aloud,
just what any mathematics feacher would. find useful.in a study
of resources. The staf member in charge- of the mathematics sec-
tiorvof the Workshop met the challenge promptly. Her first words
were: “Well, if students, are ‘going to®‘mathematick’, they will
have to be given something to 'mathematick’ about.”

If we grant mathematics should be taught as though the word

:were a trhnsitive, active verb, we may have a clue to one of the B
reasons why we have found it rather difficult to devis®, or obtain,

\isml aids that completely satisfy us. Do not misuhderstand-—wef’ vi
need visual aids. We cannot ignore them, nor discount the fact
that the imnpression a picture makes on the mind of a child is often -

\much more lasting and vivid than one made by words, printed or

" spoken. Visually, we can give our pupils understandings, mean-
ings, and appreciations that would otherwise be impossible. There
are times, also, when pictures can do a very good job of explain.
ing difficult points. Consider, for example, those children who,
with such seeming trust, ask us to “explain the theory of rela-
tivity.” We can satisfy such requests by showing them the film
on Einstein’s theory. The idea is presented upon a level at which
children feel at home, and they can see the picture several times,

. with increasing undemtandmg cach time. Again, we need not

mdre than one showing of such films as “The Vernier” and “The
Micromewer™ to find ground for the belief that the present crisis
in training industrial workers will, in the cncl bring us other
good films in the field of mathematics.

On the whole, it certainly is not without reason that the ex
pression “I see’” so often means I understand.” .There must also
be very real reasons why a, child instinctively wants to tonch
eversthing he sees: why he wants to leain actively rather than

passively; why he takes his toys apart to see what makes them go;
* ) '

.
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"~ why, in hlgh school, his hands tanl) itch to get hold of,a transit,
while a picture of one arouses only casual interest,

‘Possibly just a little theorizing is in order in connection with

. the responses of teachers and parents tothis youthful instinct

to learn by handling, manipulating, and “doing.” Looking about

L——f"us we lind, apparently, at least three schools of thought in the

' field. We might agree with the first up to a certain pomt——-that

a child may need to have his hands slapped until he gets over

o that impulse to pull the coffee-maker over onto himselfs If this

. technique wete repeated too often, however, there avould be some

chance of slapping curiosity right out of the child's mental make-

up. Teachers, at least, have foynd intellectual LUI‘I(SSI[Y too valu-

* able an incentive to, learning to Want it cllmmatcd or even so

much as dulled.

Qur second school of thought seems to belleve that whatever

' attracts the child's eyes, and therefo.e his hands, should be placed .

upon the highest shelves, or be kept out of sight entirely, back of

_ closed doors. The-bric-a-brac is too_valuable to be entrusted to the

* mercies of awkward fingers. There may be a possibility that mathe-

“matics teachers feel that their particular set of bric-a-brac is too

) complicated for unskilled hands. Followed consistently, this sec-

ond method of dealing with a child's attempts to explore his

world might conceiv ably lead to a fairly typical case of intellectual
‘malnutrition. -

Scrutinizing the third school of thought, we find pcople who
see to it that children have supervised. not to say planned, oppor-
tunities to handle anything from which they can learn, if they
but show interest in it. Some even go to the length of stimulating
curiosity ard interest in seeing, handling, and marnipulating ob-
jects. Certain items among our mathematical bric-a-brac may have
to be simplified a bit, but many of them can be given to our chil-
dren to handle and “‘work,” with benefit to all concerned.

By the way, there is more back of the attitude of this last group
than a laudable desive to see children learning happily. Put some-
thing concrete into the hands of a child, something that will en-
able him to enter actively into the learning situation, and audi-
tory, visual, oral, tactual, and muscular sensations unite in a drive

_-that has real power in fofming new thought patterns.
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All this theorizing has its place, no doubt, but in the end, put
ting theory into active practice is the only way to bring in divi-
dends. If we turn to the work of some of the mathewatics teachers
belonging to that third school of thought, wé can see how El1e do
it, and get, as well, a glimpse of the value of the dividends. From
cach of them we can take away ideas that can be applied to our
own work, no matter what its level—in the end many mgqre ideas
than could be gatheréd from whole volumes of expositions on
‘theory. So let us visit a few of those teachers who have been mak-
ing the word “mathematics” a wansitive, active. verb for their
students. ‘ _ '

As you begin these classroom visits imagine that you are a'pup\il\
in the secoud grade. The arithmeiic course of study for this grade
declares that you should be taught to tell time by hours and to
five-minute subdivisions. You. might be shown the clock, on the
wall, and have cavefully explained to you just how you are te
read the time. Your teacher might also use that cardboard clock
dial, setting the hands to slow the time for recess or for lunch.
‘She may even ask you to sét it for tiie time to come. to school, or
the time to go to bed. But suppose your teacher also lets you make
a clock dial of your own, with movable hands; and not only has
you set ity for the hours and minutes you mus! learn, but lets yon
set it just for fun, whenever you have finished your work ahead of
the rest of the class. Suppose she is always willing to pause for a
second or two to answer such a question as, “Doces my clock say
quarter past three?” Which methed would you, a seven-year-old,
choose? .

And next, suppose you have moved on to the third grade and
are in the midst of. your first hand-to-hand struggle with re-
maindas in division. You are dividing 11 by 3. AMiss Smith could
oo over the work carefully at the board, could make matters
quite clear to you with assorted additions, subtractions, cxan'lples,
and problems. She might also make a row of eleven marks on the
board, cross them off three at a time, and prove to vou that there

..

\is‘g remainder of two. But suppose that, instead, she tells you to
t

wke some of the small log-cabin blocks, some of the seeds left
rom the Hallowe'en pumpkin, or some of those little clay balls
you are using for strawberries in the playstore. She asks you to
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show her how many threes can be made with eleven of them.
You try them in little rows, like soldiers on parade; you put them
in little clover-leaf groups;'each time you have two left over,
Wouldn't.you prefer to acquire division facts with your hands
aud eyes, as well as with your head? \\ ouldn't you understand
them better, and remember them longgr?

You will find that' elementary, intermediate, and upper grade
teachers are also giving their pupils understanding of the various
phases of mathematics by dppealing to the mind through the
hands as well as through the eyes and ears. In a fifth grade class-
room we find a group of children deeply engrossed in using an
abacus. They are adding numbers so accurately and rapidly that
~ we have difficulty in following the process. Units, tens, nundreds,
thousands have new and concrete meanings for these boys and
girls. Across*the hall in the seventh grade arithmetic class some
boys are increasing their understanding of the tens system by
putting the machinery of a dismantled light meter into aciion.
As we look over the shoulders of some other pupils jn the sixth
grade, we find them opcratmb an old speedometer, setting it for
some original problems in decimals.

Going on to the case of fractions, we find that a six-ycar-old
needs no more formal instruction in the meaning of one-half than
to have his teacher say to him, as he divides that apple for the
birthday party, “If the apple isn't cut in half, we always give our
visitor the larger part.” If, a few ycars later in his career, the child
forgets that 3/6 is the equivalent of 1/2, or that 26 equals 1/3.
he will be handed those brightly colored paper plates cut into
halves, quarters, thirds, sixths, and eighths. As he fits the red
plate, cut into sixths, into the yellow one, divided into halves, or
into the green one with its thirds, active hands as well as active
mind will help him learn the “lesson.” '

In the ninth grade general mathemagics class, boys and girls
are reviewing decimal fractions. The instructor is discussing pre-
cision measurements. That enlarged picture of a micrometer cal-
iper on the bulletin board is interesting to the class and. with
some explanation, moderately compreherisible. "'The pupils pay
closer attention, however, when the teacher uses an actual mi-
+ crometer’and measures the thickness of a dollar bill right before
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their eyes. But the whole thing begins to “click” with them when
he gives them each a turn at the instrument, and hands them a
leaf-fecler gage as well. They finger and measure these pieces of 4
metal. They turn the thimble to dlSLO\Cr, if they can, any visible
change in the opening as the spindle moves through five orfe-
thousandths of an inch. Playing? Possibly. But gaining also some
appreciationdof the kind of measurements made by whole armies .
of today's workmen and, in addition, at least an inkling of the ..
meaning of approximation, -

When it comes to acquiring some feeling for the “size” of large '
numbers, one must have more than a good imagination or a
chance to gaze at a star-sprinkled sky. Herc again teachers with
ingenuity have brought the hands of their children to bear upon
the task. '

Take the case of the fifth grade that was learning to read and
write numbers in the millions. Had any of them ever seen a mil-
lion of anything? One boy offered the suggestion that there were
millions of tiny pebbles in that fine gravel that covered the play-
ground. How much would it take to make a million pebbles? The
children thought a gallon—and could they count it and see? They
compromised by counting a pint to start with. Each counted his
share of the pint, and the amounts were added. The class des
cided it would really be better to finish by calculation; so they
multiplied to find the number of pebbles in a gallon. Finally, by

‘rounding off and dividing, they learned that they would have

had to bring 125 gallons of gravel into the classroom in order to
have one million pebbles.

Again, a seventh grade, trying to compare government finances
with their own, devised a way of getting an idea of the size of a
hillion dollars. Using some small kindergarten blocks in lieu of
dollars, they took turns at counting the blocks for one minute at
a time. The 'wcmp;c number counted per minute was determined,
and then, by dividing, the class found it would take the average
pupil almost seventy-five years to count a billion dollars. To those
boys and girls a billion now means more than a cenain nuxy.)er
of zeros trailing after the digit 1.

In teaching the various topics and units in easurement en-
countered recurrently in the course of study, many teachers bring

13
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the tables concerning pints agdquarts, square feet and square
yards right out of the téxthook and into the children’s own
world. In the second grade ‘e small boys and girls discover-
ing for themselves some, of the facts about liquid measure by
pouring water into a large assortment of ‘quart, pint, and half-
pint containers they have found in their homes. A little later in
thesyear the teacher takes advantage of a hot day to increase their
knowledge of measurement to a fraction of an inch by allowi ing
each child to measure and fold a paper drinking cup of his own.

Just before Christmas, a fifth grade arithmetic teacher and an art

teacher collaborate in having the children make gift boxes. In

the arithmetic class, drawing the plans calls for estimation, meas-
urement, addition and subtraction of fractions.

There are pupils in the seventh grade who persist, in spite of *.
teacher demonstration and exhortation, in working their area -
problems on the basis of twelve square inches to the square foot.
However, after drawing a square foot on wrapping paper, cutting
a square inch out of cardboard, and filling that larger square with
smaMer ones by tracing around the cardboard, the children know

. just why they must use 144, and not 12, in their problems.

On making their first bow to areas, the children in one fifth
grade are allowed to draw a square yard upon the floor, and to
divide it into square feet. Renewed from,day to day, walked over,
as well as looked at, “square yard” becomes more than just an-
other abstract word. In fact, the children can almost feel, as well
as;jce, square yards in Mother’s new linolemn and in the garden
piots they are planning for their science project.

If the measurement we teach isoto be practical, children must
be able to estimate size and measiire objects at least as effectively
as they work book problems listed under the topic. As one case
in point, consider another class in the fifth grade. The question
of the size of Captain Vancouver’s boat came up in the course
of a discussion. One pupil thought it must have been as long as
the school grounds; another that it could have been put intothe
hall. There was nothingsto do but to measure hall and plavground.
The second pupil won the argument, but. with little more than
a hint from the teacher, the class was off on a project of estima-
tion and measurement that took in numerous and rather astonish-
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“ing items which the children found interesting. Included’ were #

the size of the "Saratoga,” heights of school desks, lengths of the
curtaips at home, the distance to the University bridge, the length

of cach child's stride, the number ot strides in a quarter mile.

Neced one add that the tables of measurement customarily pre-
sented at this level were also involved in the many problems posed
by students as well as by the textbook? Or that there were oppor-
tunities also for some telling demonstrations of the 1dvi51bility
of using good judgment by suiting the size of a unit to the size of
the quantity to be measured? :
Moving farther along our educational assembly line, we find
that multi-scnsory methods render equally effective assistance in
overcoming some of the difficulties of high school pupils and their
teaclpers. A plane geometry class is learning the theorems' dealing

Twith the measurement of angles in a cirtle—hardly active mathe-

matics. Suppose fh()\@ ¢ver, the students use homemade sextants~—
perhaps,of theiy own manufacture—-and try their hands at the

.busums of shootifig the sun and determining the latitude of their

city. They may not, as a result, be able to navigate the Pacific, but
for them the measurement of central angles comes ro life. Again,
steel tape, shadows, and mirrors can be used to create problems
that not even a sophomore can consider academic. Give a boy a
ruler and a calling card and he can construct a small model of
a cross-staff that enables him to make and solve some problems
of his own in proportidn, and that introduces him to the principle

of the insttument with which, as a young navy officer, he may*

some diay keep his "battlewagon™ in formation. A Luger piece of
cadboard, a stiing, and some sort of plumb bob can be turned
into an “altimeter” that. having been used to measune inaccessible
distarices, leads 1o an intelligent use of the tangent ratio. More
cardboard, cut inte stiips, can be made into reasonably workable
pantographs, into insttuments for trisecting certain angles, dr into
parallcl rulers. Brass paper fasteners will do for joints.

The units on loci are often made the most abstiact and the
most disliked in plane geometry. Some of the more analytical
minds of a class will find pleasure in using compass and ruler to
discover for themselves new lgei snch as conic sectiond. But for
students who are of 0 more concrete and practical turn, using a
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couple of student- made models of the Osborne firc-finder, some
maps furnished by the supervisor of the near-by national fores:
‘ rescrve, and locating, thereby, some hypothetical forest fires will
give a lilt that makes lighter work of the whole topic. One such
experience, and boys and girls will observg and report many of
the innumerable applications of loci to be found all about them.

Going on to solid geometry, the fact that volumes of similar
solids vary as the cube of corresponding dimensions is merely
book-learning to most boys and girls, Bring out, however, two tea
boxes, approximately cubes, without disclosing the fact that they

. formerly held a half-pound and a pound, respectively. Let the

students first estimate the ratio of the volumes, and then measure

. the dimehsions and determine the ratie by .calculation. . The

astonishiment on the faces about the classroom is ev1dence enough
that.some active thinking is being done.

It took two classes in solid geometry to make one teacher real-
ize the effectiveness of letting students use their own hands. Some
of the students of the first class were having the usual difficulty in
visualizing the solids generated by rotating plane figures. One of
the boys watched the instructor whirl some cardboard forms and
noted. evidently, the indifference of the résults. A few days later
he came to class with a set of triangles and rectangles that he had

- made by bending wire. He had made each with a sort of stem,
and had also made a stand from one of his.mother’s shortening
cans by punching holes in the top and bottom. Winding the stems
with string, and inserting the stems in the nolessin the stand, he
whirled the figures like tops, and so formed ghostly solids. The
suceeeding semester that set of figures was put on a table a few
days befpre the rotation problems were to come up. Students of
this second class played with the figures before and after class
sessions,Nith what seemed te be almost idle pleasire. When it
Cune to 'm\jninv the problem« in this class, however, there was na
demonstraerthe for the teacher to do—the students’ nsuallzatnons
were all nicely taken care of!

Such instances ave all very well, you may say, but alter all,
mathenntics means solving problems. Agreed! And. one might
add, it is one thing to »olve even the most praccical of problems
that have heen nicely conralled in a textbook, and quite another

u
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. |
to discover some for yourself, right on the open range, in work or
in play, in home or in community. *

Here again, teachers in every grade can show us just how well
children will respond to discovering and solving original Prob-
lems. One second grade wrote a whole series of problems centered
about the aquarium they were setting up. How much would it
cost to buy the fish, the? food, and the plants? How much more
sand would they hgve to put in if it was to be two inches deep?
Flow many quarts of water would they have to pour in if one gal-
lon was needed for each inch of fish? Further details are hardly
needed to show that such a project can involve a number of multi-
sensory appeals and several learnings, along with the mechanics
of addition and subtraction,

Of course such programs for developing original problems be-
come more complicated in later work; but consider one example
from the sixth grade. In the textbook, there was d4 unit in which
the problems were based on transportation figures. First the class
made sone original additions to that list, based upon similar facts
observed on summer trips. But before long their study led them
richt out of the textbook.and transportation, and into a discussion
of the post oftice. Interest was so keen that the teacher arranged
for a conducted tonr of the terminal station, with cach pupil re-
sponsible for bringing back at least one interesting number fact,
Back in <luss. the number facts were.compiled into a single list,
and from it the children wrote an entirely original set of prob-
lems. One problem, for instance, called for finding the cost of
sending a cake by air mail to a brother in camp; another, for the
number of letters passing through the canceling machines in a
dav; a third, for the average number of people served by each
local carrier. In the end. the pupils’ own set of problems was
longer than anv which a texthook would haye provided. Further-
more, there could hardly have been a better way of learning to
solve problems than by discovering, analyzing, and then formu-
lating some for themselves,

One might go on indefinitely with examples of the ways in
which various teachers are coordinating children’s eyes, ears, and
hands. in giving them oppertunities to learn how to “mathe-
matick.” Having once seen the response that children of all ages

s
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,
make to such nethods, most of us could never,again plead lack
of class time as a reason for not using them, Oné may have to ad-
mit that pl;mning multi-sensory activitics takes ingcnufty and a
“dash of imagination besides;” that dxscovermg openings for such

- planning takes sensitiveness to the signs of dawning child interest,
-and, above all, an appreciation ot the pervasiveness of mathe-

matics. But handling such projects in class consumes, generally,
not more than ten or fifteen per cent of the mathematics petiod.
- During that tinte, teachers not only develop some real understand-
_ings and appreciations, but- build up, as well, a “head of steam”
that carvies pupils through whole days of purposeful work on
excrcises and problems.




« A MATHEMATICS CLASSROOM BECOMES
A LABORATORY

\ L. Grace Carroll

A CEI\}TURY Aco such philosophers as Huxl€y, Spencer, and Rous-
seau felt and prenached the need for functional education. As a
result, they succeeded in'introducing science and the scigntific
method into secondary education; 'the concepts-of learning-by

- doing and experimenting were concomitants. Curriculum offer-

ings introduced since their time have, like science, been taught in
laboratories and workshops by means of the laboratory method

But there have been various reasons why mathematics teaching .
has adhered in most respects to the old method of question and
answer: tradition, the regime of conservatism, lack of appreciation
and understanding on the part of teachers, lack of realization of
the needs for and the opportunities offered by a laboratory set-up,
indifference, poor organization, unwillingness to try anything .
new, possible difficulties in administration, expense, and lack of
ingenuity. » :

Multi-sensory aids are not new. They were introduced and ‘réc-
ommended by Rousseau. Later the philosophy of learning by
doing was popularized in the elementary school by John Dewey
and his followers in the activity program. Today every elementary
school teacher who considers herself even pscudo-progressive aims
to make her classroom a laboratory. Consequently, the modern
elementary school classroom is a workshop in which children do
things and grow in the process.

But, in the high school, classical subjects which antedate Hux-
ley, Spencer, Rousseau, and the activity program are all too com-
monly taught by the medieval methods of lecture, question, and
answer. Fxcept, perhaps, for the differences in dress and attitude
of the students, a casual visitor might be unable to tell the differ-
ence between many 1944 classrooms i mathematics and their
prototypes of the Middle Ages.

16
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'Ihe ﬁlst requirement for a mathematics laboratory is the w:ll
tostart. The chief need is the initia] effort to organize available
materials, thus providing opportu':lfb\to work with these mate.
rials and to discover mathematical laws and concepts it"an ob-
jective way. With some help and direction from the teacher, con-
siderable equipment will accumulate as the work proceeds. This
" pupil-inspired materidl is often more valuable than commercial
equipment. It tends to stimulate interest, to create desirate® at-’
titudes, and to furnish the thrill that comes from accomplishment.

This section of the Ygarbook uses the New Rochelle Public
Schools as an illustration of work being done in a modest effort
to, 1mprove present practices in thepteaching of secondary school
mathematics. -Tt does not attempt to describe an ideal situation,
first, because we do not claim to have-an 1de%21tuauon, and sec-
ond, because there is no end to progress. Every*end is but a begin-
ning and “under every deep a lower deep .opens.”
" The present program had its beginnings in discussions among
groups of mathematics teachers, some of whom felt that improve-
ments were needed in mathematics, both in subject matter and in
method. The Superintendent thereupon appointed a committee
to study the status of mathematics in New Rochelle and to make
recommendations for change, if change were needed. Committee
members were released from regular classroom duties to carry
through this study. They observed classes, interviewed teachers,
conferred with students, and summarized their findings. Their
report included detailed information on present practices and a
summary of suggestions for improving them.

Through the exchange of ideas and through the combined ef-
forts of administration and committee, New Rochelle has effected

many constructive developments. One of these was an effort to im-

prove the teaching of mathematics through the use of visual aids.
A mathematics exhibit to which both elementary and secondary
schools contributed was displayed in the muscum at the Adminis-
tration Building. It included, among. other things, old mathe-
matics textbooks and other books of histerical value; mathe-
matical instruments, both commercial and pupil-made; an antique
quilt of “mariner’s compass” pattern; lantern slides; stereographs:
film strips, motion:picture films; solid geometry models made of

N
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cardboa;'d. cellophane, and wood; charts; drawings; photographs
of pupils’ activitics; and other articles of mathematical interest.

Subscquently two mathemgtics laboratpries were started experi-
mentally. As the Iaboratories began to ‘develop, questions were
raised by teachers and pupils. Among them were such questions
as these:

What s a mathematics lab'oratory? How will a mathematics
laboratory differ from any other classroom?

Can more than one teacher use the same mathematics labora-

. (()l\‘ . . .
N Will a classroom laboratory contrvibute to a program of di-
rected study? e

- Can mathematics be taught as a laboratory subject in the same
way as the arts and other sciences?

What extra- expense will be involved in developing a*labora-
) tory? .

What cquipment will be negdled? L
Why are our old methods u factory? We have no fault to

find with the status quo.

This mticle will describe how some of these questions were
aswered In our own situation.

What is a mathematics laboratory? It is a place for learning
by doing. Any laboratory is a workshop. One concept of a mathe-
matics laboratory is an environment in which a pupil.learns ef-
ficiently and more meaningfully the mathematics he should learn
anyway. The teaching is informal and individual, with all pos-
sible opportunities offered to discqver or rediscover mathemati-
cal traths and laws. Visual aids are\used in making the work as
objective as the problems require and the facilities permit. Just
how this can be done will varv, but a few illustrations of ways
in which we have done it are given in this article.

How will @ mathematics laboratory differ from any other class-

\ room? The answer to this question is found in pa:t in any class-
room used by a progressive teacher. Equipment (or its lack) is
not the only distinguishing factor. There is an informal type of
teaching and a type of directed study both of which vitalize the

Q i.
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teaching of mathematics, These help to make the room a workshop
instead of-a lecture room. There is more “If . . . Then" discus-
sion, followed by discovery and increased development of power
of discovery. An extended list of materialsvand equipment sug-
gested for inclusion in a laboratory is given on pages 26-29.
Can more than one teacher use the same mathematics labora-
N\ tory? This is possible and in some cases it may be very desirable.
Bat, in general, a teacher prefers to convert -her own classroom
__——imto a- taboratory."However, she usually is willing to share mate- -
rialsand ideas with ocher teachers who are actively interested.

Can matlgematia;rbe taught as a laboratory subject in the same
way as the arts andfother sciences? Perhaps the answer is best ex-
pressed by saying that no .two laboratory subjects are taught in
exactly the same way. Here is an illustration of a topic taught in
a very informal way: ' :

The topic was “Straight-line Graphs.” Thermometers and care-.
fully constructed diagrams of thermometers wert studied; the way"
the readings changed together was expressed in words and by
means of the formula. This same relationship was expressed by
means of a table. The students fearned to interpret a graph in.

* . volving signed numbers, and then expressed by means of a graph
the way degrees centigrade and degrees Fahrenheit change to-
gether. They made the first graphs by locating poinis.. From a
study of their work and observation of the formula, they discov-

- ered the meanings of slope and intercept. With most of the graph
work that followed, they preferred to use the slope-intercept
method.

This is a procedure any clgss could use. There had been so .
much group interest and careful work that the teacher thought—
aloud—that it would be helpful if future classes could see plc‘
tures of this class at work and could know how this class made its
discoverics. She had made the comment hoping that it would re-
sult in a meaningful activity. She was not disappointed. One pupil
interested in photography as well as in mathematics suggested that
he take pictures of the class at work. The result was approximately
sixty 2 x 2 lantern slides showing the dev elopment of how num-
bers change together and the class as they worked discorveling
functional relationships. The slides showed the initial steps in -
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making a graph and the processes required in-reasoning and -

drawing the graph by the slope-intercept method.

Because of the picture-taking, the carly stages of the stiidy were
repeated, but with more meaning and added interest. The’ stu-
dents were proud of their accomplishment. ;They were thrilled
when the pictures of the class and their discoveries were shown
on the screen. In addition to the lantern slides, there was a written
account of the project illustrated by pictures mounted and used
for a bulletin board exhibit.

‘The aim had been achieved. ‘The pupils understood the mean-
ing of how numbers change together and could express this func-
tional relationship‘in a manner that suited their convenience.

Thus these students carried through the experiment. As the
project progressed, members of the class who were not working
on the experiment at a given time were busy developing other
projects along lines of their own interests. However, as occasion
arose, they made contributions to the project in hand and so al-
ways had discoveries to challenge their interest.

This experiment also helped in furthering experiments with
centigrade thermometers which were being carried on as part of
the science work of this group of students. '

Another experiment was finding the meaning of the formula
V — lwh. A student having some difficulty with the problem was
willing (in fact, eager) to construct a rectangular solid and show
by the construction of cubic units and the placing of these units
how and why the number of cubic units in the rectangular solid
is equivalent to lwh. The rectangular solid and the cubic units
were made from heavy cellophane and put together with Scotch
tape. The boy had been advised to make one of the little units
of measure, but he insisted on making the number required to fill

the rectangular solid. Much disturbed when these units did not
fit exactly, he wanted to repeat his experiment. This proved an

opportunte tine to study error and sources of error. The discus-
sion and conclusions led to an appreciation of precision in meas-
urements and a desite for accuracy. Not only did this class find
the miodels helpful, but the project was used subsequently “in
other classes to develop the concept of volume and to make mean-
ingful the formula for inding the volunie.

Tl



A Classroom Laboratory oA /T

e
p— -

At the-@ffime timethis student decided he was going to take
all the mathematics he could gét (he had not liked mathematics
before) . His decision is an illustration of what happens to those
minds that learn by concrete doing rather thun by abstract think-
ing.

What extra expense will be zzvolved in developing a labora-
tory? The expense of a laboratory will depend ona number of
things. The students and teacher can provide much of the neces-
sary equipmcnt The expense need not be great. On the other
hand, there is much that can be done if money is available.

What equipment is needed? Ample blackboard space is im-
perative. For graph work one section of the blackboard should be
rulcd and outlined. in pale green or yellow paint, with heavier
lines defining every fifth or tenth space. If blackboard space is

limited, a substitute is heavy white cardboard, ruled with ink
and then covered with a film of Protectophane. If cardboard is
the background, wax crayon is used instead of chalk. It can be
rubbed off with tissue or a picce of cloth. The squared cardboard
can be hung in a convenient spot or rested on the chalk tray.
When not in use. it can occupy any convenient place bit it should
always be accessible,

If the teacher prefers fixed desks and chairs, they should be
placed to one side of the room and space left free for group work,
conferences. and pupil discussion.

Texthooks other than the regular class textbook should also
be available in the laboratory library, since the point of view and
methods of different authors should be given consideration. In
addition, various reference books, magazines, and other books
of cultural and historical value should be found in the library.
This library should be a regular part of the laboratory equip-
ment. It mav be supplemented by temporary loans from the school
or public librarv, '

As materials accumulate, it is necessary to add bulletin boards,
bookeases. exhibit shelves, and hiling cabinets so that the materials
may be used efficiently and saved for.future reference. This equip-
ment need not be expensive. In"many schools it can be made in
the school shops or by interested individual students or teachiers. .
Often there are in storerooms or vacant classtooms unused cases
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that have long been forgotten and can be used to good advantage
here. ' . ' &

Space is needed in the laboratory for the exhibition of posttrs,
clippings, classroom work, etc. .A section’ of wall covered wWith
beaver board is excellent for the purpose. A strip of such matert
above the blackboard is also a help, as is a swing-wing display
board. '

The following are illustrations of various types of exhibits:

Mathematics and design. A very interesting exhibit appeared
early in the year as the tenth grade pupils were begimming work
in constructions. These were changed from time to time, and in
the last appearance consisted of a group of the best designs care-
fully mounted on colored construction puper.

Mathematics and bridges. This material suggests a number of
concepts, formulas, and laws of mathematics. It leads to discus-
sions of rigid figures, the catenary, etc.

Mathematics and churches. The solid geometry classes were
interested in theé shape of the steeples of various churches. At first
thiss included the churches of New Rochelle and later other
churches of special interest in our own country and abroad. Then
other factors in the architecture and the mathematics involved
were noted and utilized in the regular classwork.

Mathematics and defense. This 1ppeared in two separate ex-
hibits. While the upper classmen were working after school hours
on an exhibit for Mathematics and Defense, an eighth grade pupil
became interested not only in the materials but in the mounting
of clippings and the way in which they could be mounted. Some
time before the upper classmen had completed their work, this
boy appeared with a folder filled with carefully prepared clip-
pings and descriptive material. The clippings were concerned with
aluminum, petroleum, tin, nitrate, gold, silver, precious stones,
silver, etc. These were some of his treasures, saved from his work
in the seventh grade. Since all of this had to do with defense, some-.
one asked if he would like to have an exhibit of his own. He was
delighted with the suggestion. The exhibit was soon in place and
he saw to it that it was a pleasing ane. It remained for two weeks
as our first defense exhibit. Its owner was surprised to discover
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that mathematics had to do with these tangible things, but pleased
when he found illustrations of mathematics which he could recoy
nize in the mining, transportation, and utilization;of these valu-
able materials.

The materials for the second exhibit on-Mathematics and De-
fense were largely made up of pictures from magazines, brought

in by many students. Committees worked in mounting and or-

ganizing the materials. In one case it was divided into three
groups: Land, Sea, and Air. Later, the exhibit was remodeled and
soon it became the new exhibit on war. ' :

Mathematics and maps. Even before the exhibit on war ‘had
been completed, someone suggested Mathematics and Maps.
sheet of puper was posted ir a convenient place, and students
listed the mathematics they discovered in making and using maps.
Discoveries are necessarily always limited by the students’ knowl-
edge, but their discoveries help others, give them a certain satis-
faction in telling how they made their discoveries, and create in-
terest not cnly in the specific subject matter but in its utilitarian
and cultural values.

One pupil did some research in the making and reading of
maps. This provxded an opportunity to teach map-making. While
there is not always time to follow up all the leads at the time the
problem is presented, a challenge is offered that may {unmnn in
later group or individual discoveries.

Mathematics in the army and naey. This subject, as well
Mathematics and Aviation, has been of special interest. Posters
showing the importance of mathematics to the armed services were
accomyranied by pictures of soldiers, sailors, and aviators making
maps, 1eadmg maps, and surveving. These were used in discus-
sions on “how to study,” need for critical thinking, mathematics
and reasoning, value of “If . . . Then™ typc of procedure in our
study of mathematics, etc. -

Great men of mathematics. 'This topic adds mtucst to the his-

~tory of mathematics. In addition to a general exhibit, the picture

of a great mathematician connected -with the work to be studied
at the time gives realism to the topic. If the picture can be kept
in view during the studv of the related work and applications,
the work relates itselt to the great men of mathematics and the

O
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time in which they lived. If, before teaching the Pythagorean
theorem, a picture of Pythagoras and a short biography are placed
shere they will be seen, and reference is made to them at the time
the Pythagorean theorem is studied, there is aroused a feeling of
acquaintance with Pythagoras and with” the subject matter. _

Several students were interested in history and in the travels
of Pythigoras. One drew a map showing where Pythagoras had
visited. Another handed in @ poem.-One wrote a play based
on the legend of “The Seven Lamps of Capella Pittagora,” in
David Eugene Smith’s Poetry of Mathema:ics; this was a result of
a bit of research done by the class. One group was particularly
interested in the Pythagorean theorem and the mathematics neces-
sary to prox;q this theorem. An illusirated story of the project was
the contribution of another student; it included a list of a_ll the-
orems, constructions, postu{atcs,’ axioms, and definitions required
to prove the theorem. A class in tenth grade mathewmatiés worked
on this project while studying the Law vf Pythagoras. Other meny-
bers of the class made interesting contributions to the study.
These form but one illustration of the interesting possibilities
of the contributions that students can make and the pleasure they
can derive from this type of laboratory work.

Another illustration is Archimedes, whose biography and pic-
ture are pertinent preceding and during the teaching of ratio and
proportion. This furnishes another excellent opportunity for re-
lating science and mathematics. The students of this group were
very much interested in discovering how Archimedes determined
that Hiero's crown was one hundred per cent pure gold.

The same method may be used in teaching such topics as simi-
larity. Posters illustiating simifarity, mounted on the swing-wing
display board ov any convenient bulleti~ board. do much to create
an interest i similaity if they ave in a place convenient for refer-
ence at the psychological moment when the subject is introduced.
One proof of interest is the new material and posters voluntarily
brought n by students.

A further illustration is the use of posters preceding the work
on locus. In one case the class had access te a picture of a group
of pirvates planning a map of the hidden treasure. This picture
was taken by one of the students, who had previously built the

.
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"scenie on a table. He had used a piece of tin to represent water;,
the hills and land were made of sand; trees were bits of evergreen

. - ' ' v .
~stuck in the sand. The pirates were tiny lead figures. The picture
illustrated the story of an original locus problem. '

One group was interested in the pantograph, and two boys

/e decided to make one. They did part of their 'work at home and

»
L3

- . v ® ] . .
compléted the pr ‘ect in oné of the school shops during the di-
rected study part of the mathematics class. The boys had won-

I

dered hosv their instrument would compare with a commercial -

instrument. One of the girls brought one from home. When the

» class had completed work with the two instruments, both were
_“given to the mathematics laboratory. It was quite a thrill for this

girl to bring an instrument and explain to the class how it was
used by an engineer. Work of this kind dees miuch to create a
mathematical atmosphere and a will to explore, analyze, and

arrive at conclusions, .
I wa mathematics workshop, posters such as “ANALYZE—Dbetter

.stjli, a poster copied from a recent geometry text—are invaluable

aids in making analysis a-tool of discovery. By frequent reference
to these posters the students realize and appreciate the power of
analvsis and analvtic proof.

Three tiny aiiplane models, each mounted on one of its three
axes Lo illustrate vertical, longitudinal, and horizontal axes, carry
the meaning of x, y, and z axes “deep in the heart” of thinking
in terms of three dimensions. ;

In- addition to the models. materials, and pictuies that are
changed frequently, there can be hung on the walls of the labora-
tory pictures that do much to add to its atmosphere. The pictures
on the wall of one laboratory aré: “Galileo,” a muragraph in soft
tones in seven colors; “Tree of Knowledge,” “History of Mathe-
matics,” “History of the Standard Units of Measuremeat”—a set
of six pictures each 87 x 107, which may be framed separately or
as one.

Multi-sensory aids contribute much to the process of learning.
While some of the values can be measured, there are immeasur-
able attitudes nd responses whicly are recognized and appreci-
ated by both the teacher and the pupil® David Eugene Smith

V
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often spoke of the “soul of mathematics.” Possibly the response
and attitude that result from this type of study of mathematics
are in some way related to the “soul.”

A mathematics laboratory is well worthi all the effort it takes to
build and organize. Multisensory aids are part of the common-
sense method of developing power to discover, to understand, and
to use matheniatics and mathematical laws in-meeting the chal-
lenge of today. »

If given a start, a mathematics laboratoty is inclined to be a bit
like Topsy—to “just grow.” However, it does need an -opportu-
nity to start. It needs help from adminisiration, and it needs
teachers interested in marhematical growth both in learning and
in teaching mathematics,

SUGGESTIONS FOR MATERIALS AND EQUIPMENT FOR ’
A MATHEMATICS LABORATORY

Firise casinets (vertical), sufficient for filing pupil reports, newspaper and
magazine clippings, and picture collections,

Poster camiNeT (or closet), in which large posters and charts may be kept flat.

Exumir casrs for displaying three-dimensional models, (Mav be old book-
cases until better cases are available.) ’

SWING WING DISFLAYER, with wings Of board. A compact method of increasing
available display surface. In theory, this is a lurge wooden (or fiber board)
Baok, on the "pages” «F which pictures and clippings may be displayed.

Bracasoarn, one section «f which is ruled and painted for graph work. {Light
green paint is preferable to pure white, and cach fifth line should be a bit
wider than the others.)

Wartsoarn (for exhibits and display materials), replacing blackboard on one
side of the 10oom, and also above the blackboard.

Work Tasirs (and chairs) for discussion and graup projects as well as for
individual construction work or drawings.

SPHERICAL BEACKBOARD.

Grosy or 1he worte, the type ordinarily used in teaching geography as well
as one with markable surface, .

SOUIY GHOMEIRY MOpELS, commerdial or homemade  (regular polyhedrons,
Conlc sections, o).

Stinr ReTE (birge demonstiation model as well as simall ones for indi " 'ual
wsep (7t Mannheim tvpe, $2000 Keuflel and e Co 0 127 Fulion St
New York (i)

OnrR N IRUNMES Iy for measuring various units, e barometer, calipers,
bushel measare, quart, meter, yard, hter, dack. galvanometer, gyroscope,
ORiuss (mariner’s), ete,
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Iranstt. Homemade transit is @ possibility if a commercial instrument is not
available., '
PanTtorart, not a difficult instrument to make.

PARATT FLOGRAMS AND TRIANGUES. Made, of wooden strips to help teach prop-,

erties and criteria of a parallelogram; also rigid figures.

Cerrornane (cellulose acetate), heavy cellophane (transparent) for making
solid geometry modelsiy heavy glazed cellophane for handmade Lantern
slides. From Cclluloid Cotporation ef America, Newark, N. J.

PROTECTOPHANE comes in thin, transparent sheets with adhesive on one side.
Useful for covering pictures and clippings, and also for covering diagramns
or graphs upon which auxiliary lines may be drawn with wax crayons and
wiped off again with cleansing tissue. From Stanley Bowmar Co. 2929
Broadwiy, New York City.

COMPASSES, PROIRACTORS, RULERS.

CONSTRUCTION PAPER.

ABACLUS.

ADDING MACIINE AND OTHER BUSINKSS MACHINES.

Maps. Write to Superintendent of Documents, Washington, D. G, for Price
List 53 Mups (Sepr. 19100, Lists maps of all sorts at nominal prices.

WaLe ciarts, both commerdial and homemade. For suggestions, see Enriched
Teaching of Science in the Iigh School, by Woodring, Oukes, and Brown,
Bureau of Publications, Teachers College, Columbia-University; and also
Enviched ‘Teacling of Mathematios by Woodring and Sanford (same series).

CUTREE OF KNow oGt in color, 1o hang in the classroom. From Museum of
Science and Industry, Jackson Park, Ghicago, HL 30 cents postpaid.

“HISIORY OF THI STANDARD UNITS”OF MEASUREMENT.' Sect of six pictures, each,
87 x 107 may be framed separately or as one picure. From H. G. Ayte,
Western State Teachers College, Macomb, I A set with glossy finish, $2.&):
or hand-tinted, $5.00. .

“Garnr o mutagtaph, solt tones i seven colors From Stanley: Bowin
Co., 2929 Broadway, New York City.

PHOTOGRAFHS OF MATHEMATICIANS, Portfolio T and Portfolio 11, From Scripta
Mathematica, Amsterdant Ave. and 186th 8t New York Ciy,

PHOTOGRAPLS OF PHILOsorHERS (who were abo mathematicians), From Scripta
Mathematic, Amsterdinm Ave. and 186ith St New York City.

PHOTOGRAPHS OF sciratis1s, 87 x 107, From Sdence Scrvice, 2101 Constitu-
tion Ave., Wiashington, Do C. Sepia, $1.00 each,

Projtciors, opaques Tor standard size Linrern shdes 30,7 8 17 for 27 x 27
Lintern slides and fuln stps, 16 mine sdent and T mme sound motion pic
ture projectors. Portable sacens and toom equipped with dark shades.

SOURCES AND SUPPLIES

REFRODUCING ORIGINAT CHARDS, POSTERS, AND GRAPHS. In any city of modcrate

size there are companies wheh muke photostatic repraductions at relatively |
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small (ost (upprog . 25 cents for a sheet 815” x 117). This is an excellent
way in which copies of interesting and outstanding work by pupils can be
kept. Some of these companies also reproduce material in ‘quantity by the
photo-offsct process (approx., $1.75 for the first 100 copies; 25 cents for each
additional 100). Two companies in the New York arca are Hudson Blue
and Photo Print Co., Inc., 25 Broadway, New York City; Ccmmerce Phot
. Print Corporation, 1 Wall St!, New York City. ’

UNIVERSITY PRINTS NOTEBOOK FOR MOUNTING PICTURES. University Prints Co.
Newton, Mass. §1.25. This notebook provides space for mounting 200 pic.
tures. The sheets are green-gray. Paper for notes is also provided. /

THE PICTURE co1 LEcTION. John C. Dana and Marcelle Frebault, H. W, Wilson
Co., New York City. 90 cents. A paper-bound volume especially designed
for librarians, but of value to all te.uhcrs Gives list of publishers and ad-
dresses for pictures and pomard; Some of the topics treated are: how
pictures are obtained; filing of pictures; mounting. hanging, and display;
classification and subject headings.

VFRTICAL FILE IN EVERY LIBRARY. Orvitz and Miller. Remington-Rand, Inc,
315 Fourth Ave, New York City. Free. Directions for filing and cataloguing
clippings, picturcs, %®tc,, which, although priinarily for the librarian, are’
also of value to the mathématics teacher.

TIHE BULLETIN BOARD AS A TEACHING DEVICE. B, J. R, Stolper. Bureau of Publica-
tions, Teachers College, New York City. 20 cents. An interesting account of
ways in which this rather neglected teaching device has been used effec-
tively,

GraPHIC PRESENTATIONS. W. C. Brinton. Published by author, 599 Eleventh

cAve, New York, 1939, 512 pp. $5.00. Techniques of making charts, graphs,
and other types of representation of facts.

How 1o usk pictoriar staTisTics. Rudolph Modley. Harper and Brothers,
New York, 1937, 170 pp. $3.00. Illustrated with tables, charts, and maps.’
Usceful in all subjects.

(GOOD RFFFRENCES ON FICTURES, MAPS, CHARTS, £TC, as Classtoom Aids. E. C.
Dent. UL S Ofhee of Fducation, Washingron, Do Co 193512 pp.

AMAatrtr stpstaking. Ro By Beals. American Photography. Vol. 32, pp. 685
688, October 1938, Valuable suggestions.

HOW 10 MAKE HANDMADE LANTERN SLIDFS. G. E. Hamilton. Fducational Screen,
61 Fast Take St Chicags. 21 pp. 10 cents,

SIMPLF DIRFCHONS FOR MARKING vistar awms. T Hethenshaw, Department of
Visual Tnsttucnion, NUFO AL 1812 THlinois St., Lawrence, Kan. 25 cents.

' How 1o MaRE TANTERN sEnes. W T R, Price. Education, Vol. 58, pp. 501
507, April 1938, The method of making Lintein shdes on glass or lumarith
by hand, witg a variety of techniques. Directions are abo given for a
homemade light able for wok on shides,

LaNTrRN SL1bEs AND vIRIP FiIMs, Almost every ity of moderate size has at
least one company which will nuke Lantern shdes, either plain or colored,
or stip films, from pictures or negatives. Consult local directory. Among
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fums in the New York Ciny areaare Cosmopolitan Studios, 145 West 45th
St; Edward Van Altena, 71 West 45th St.; Ideal Studios, Inc., 160 West
46th St,

CARE OF FILMSIIDFS AND MOTION-PICTURE FILAM IN LIBRARIES, Superintendent of

Documents, Washington, D. C., 1936. 8 pp. 5 cents. Standards Research
Paper No. 912, on the care and storage of this visual material.

BFsFIER LANTFRN SLIDE co., 131 East 23rd St., New York City. This company
seHs lantern slide materials. , .

MEASUREMENT

HISTORICAL REVIFW OF THE MEASUREMENT OF LENGTH, Ford Motor Co., Dear-
boin, Mich. Free. A folder givin  a short illustrated history of measure-

* ments. '

STANDARD MEAS RFAMENDS OF THE INTERNATIONAL METRIC SYSTEM, UL S, Burcau
Department of Commerce, Miscellancous Publications No. 64. Superintend-
eut of Documents, Washington, . C. 34 pp. 15 cents. Although published
in 1935, this bulletin is still one of the most valuable publications in the
ficld. .

STANDARD MEASURIMENTS OF THE INTERNA LIONAL AMATRIC sys1EM, U, S, Bureau
of Standards. Supcerintendent of Documents, éshington, D. C. 40 cents.
A valuable wall chart, i

STANDARDS OF WEIGHT AND MEASURE. Price list No. 64. Superintendent of
Documents, Washington, D, €. Free. A list of government publications
dealing with tests of metals, cement, concrete, iron, electricity, clays, and

photographic materials. Many publications on standards of weight, length,

clectnicity, resistance, ctc. .

LuGkNE pib1zaeN o, 218 East 23rd St New York City. Pantographs, graph
paper, and similay supplies. Write for further information and samples.
DivoONIRATION stinr RUT s, Keuftel and Esser Co., 127 Fulton St., New York

City, Mannheim type (No, 100y 7 ft, long, $8.00. Polyphase type (duplex)
7 fr. long, $15.00. _
Y ODER INSIRUMENTDS, Fast Palestine, Ohio. Mathematical aids.
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VISUAL AIDS IN TEACHING.

E. R. Breslich

WHEN visuAL aids are used in teaching, it is as necessary as in the
case of any other teaching device to have clearly in mind the ob-
jectives to be attained with the pupils. Faulty use of a teaching
procedure makes teaching ineffective. It may even destroy what the
procedure is expected to accomplish. For example, one of the aims
of supervised study is to make the pupil intellectually independ-
ent; yet one of-the most common criticisms of supervised study is
that it makes pupils depend too much on the teacher. The teacher
who thinks that he can help the pupil best and most quickly
by removing all obstacles will be doing much of the work for him -
and thus training him to be more and more dependent. However,
the teacher who stimulates interest and effort, raises questions for
which the pupil finds the answers, and instructs him in effective
ways of study will train him to become more and more independ- .
ent. Thus, the criticisms are not really directed against supervised
study but against the way of administering it.

Similarly, those who minimize the importance of visual aid or
even condemn its use have probably been influenced by faulty
uses in teaching which they have observed.

. The following discussion of the more important objectives and
of the methods of using visual aids may suggest ways of making
them effective.

UNDERSTANDING THE MEANINGS OF MATHEMATICAL CONCEPTS

Carcful analyses of the mental processes and of the written work
of pupils disclose that much of the difficulty they experience in the
study of mathematics is caused by the failure to understand the
basic mathematical concepts. Unfortunately, these concepts are
too often 1egamrded as simple by the teacher. For example, children
are taught f1actions in the upper grades of the clementary school
and use them thnoughout high school. However, the errors which

30
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. high schoei students snake are convincing evidence of their lack
of a clear understanaing of the meaning of the Haction concept.

The same is true of other basic concepts in the various mathe-
matical subjects; for example, the literal number, signed number,
exponent and equation in algebga; the triangle, -circle, and area
in ggometry; and the trigonometric ratio and function in trigo--
n(m]vtry. The teacher in search of wavs of helping the pupil attain
the necessaty understandings will find that visual aids are a most
helptul ally. '

The Tollowing illustiations indicate the procedures for using
visual aids with several basic mathematical concepts.

Literal number. The introduction of letters as number symbols
ks an important step in mathematical education. Three aspects
need to be taught in the beginner's course,

First, the idea is to be developed that a literal number is an
unknown number which is unlike the specific numbers of arith.
metie, The discussion may start from a line segment, or an angle,
of unknown length or size. Conveniently this may he developed
by a letter, such as L or a. The pupil then determines by measure-
ment the numbars denoted by the letter 1 or a. 'Thas he learns
how lctters are used comveniently as symbols for unknown num-
bers whose values mav be found by some process, in this case by
measwiement. T he mistake of thinking of literal numbers as names
is thereby avoided. From the beginning they are actually symbols
for numbers.

A second aspect eading the puptl to a fuller understanding of
the meaning of the literal number concept is the idea of general
number, that is, of 4 number svinbol which may have any value
whatsoever, This mav be derived from a triangle whose unknown
perimeter is denoted by a - b 4o o Measurement then deterriines
the value of the unknown number a -i- b - . However, the tri-
angle mav be any triangle, and a - b 2t ¢ therelore denotes the
penimeter of all trimgles that mav be drawn, Tt will have a dif-
Ferent value for cach new triangle; in fact, it may have an indefi-
nite number of valnes.

The wdea that a hiteral nuwmber mav be a variable number is
viswalized with the number saales When a tain has taveled a
given number of munutes, the distance passed over may he denoted

O

RIC

Aruitoxt provided by Eic:



32 ' _ : Eighteenth Yearbock

by ¢ As the train continues to travel and the number of minutea_
charges, the distance represented by the literal number d al'o
changes. The changes may be visualized by mark 3 various values
of d on the number scale. The number d is said to *vary"” with
the number of minutes. It is a variable number.

“dngle. Fvidence that many pupils who have studied geometry
for some time are confused about the meaning of an angle is ob-
tained when they compare sizes of angles on the basis of lengths
of sides or when they speak of a straight angle as a straight line.

The first step in developing this concept is to identify illustra-
tions of angles in the classroom and out of doors, such as those
observed on walls, ceiling, floor, desk, chalkbox, and other familiar

“objects found in every classroom. From such observations the
pupil comes to the conclusion that an angle is a geometric figure
formed by two straight lines which meet or intersect.

The blackboard compasses may then be used to visualize the
meaning of the size of an angle. Keeping one arm of the compasses
fixed in position, the teacher turns the otiter arm so that it occupies
several other positions. This illustrates that the size of an angle
depends on the size of the opening of the compasses or on the
amount of turning, not on the lengths of the sides. The smaller
of two angles may actually have the longer sices. The blackboard
protractor is then introduced to show how the size of an angle
may be found by measurement. The same instruments are used
with good results to clarify the meanings of acute angle, right
angle, obtuse angle, and straight avgle. A straight angle is some-
thing very different from a straight line, because it has a vertex
and two sides. It is iound by turning one side to the position
of the other, not by moving the pencil point along the edge of a
ruler.

Signed numbers. Experience has shawn that pupils have much
difficulty with sizned numbers. Because of their importance in all
algebraic work the best teaching procedure should be employed.
Teachers have used with success a variety of devices to develop
clear meanings. One of the simplest and most effective is the num-
her scale, with which the pupil is usually familiar from its uses in
measurement. He is acquainted with the fact that, as he passes
from the left to the right, the numbers on the scale increase, and
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that as he passes from the right to the left, the nunbers on the
scale deu?aasc to zero. The scale is now extended to the left beyond
the zero mm\k, and points are marked one, two, three, and more
units from zeto. They are labeled -1, =2, —3, etc. The entire scale
is now examined to bring out such )':_Lcts as the following:

(a) All negative numbers are less than zero, in the sense that
they lie to the left of zero. Tuus; —1 <0, -2<0, '—3<0, etc.

(b) Any number on the scale is l(‘is than any number to its

right; e.g., —3<-2, —2<—1. ¢ .
() Any number is greater than any numbcr located to its left;
.e.g., —3>-5, 0>-38, etc.

The number scale need not be the only device used in teaching
signed numbers. Temperature readings, distances north and south
or east and west, and other devices should follow until the mean-
ing of positive and negative numbers is clearly understood. Not
until this has been accomplished is the pupil ready to take the
next step, to learn how to operate with signed numbers.

Equation. One of the best devices used to lead the pupil to a
full knowledge of equations is a pair of scales such as are used
in laboratories. When in balance, the total amouent is the same

~on both sides. In that position the scales illustrate an equation.

Thus an equation is a statement of the equality of two number
expressions.

If the total amount on one side of the scales is changed, an
equal change must be made on the other side to preserve the
balance. Thus we may add the same number of weights to both
sides, take away (subtract) the same number from both sides,
double or treble (multiply) the number of weights on both sides,
or replace them by one-half, cne-third, etc. (divide) of the num-
ber of weights.

The changes with the loadings of the scales visualize the basic
principles cmployed in solving equations. The j rocess changes the
values of the members of the equation, but <hes not deshoy the
equality.

By always thinking of an equation as a statement of balance
of two number expressions, the pupil will escape much of the con.
fusion into which he is thrown by such mechanical processes as




34 ' ' \ Eighteenth Yearbook

transposition, Solving an equation al\\s“gys means to add to, sub-
tract from, multiply, or divide both members by the same number.

Trigonometric function. For a complete understanding of the
trigonometric functions the pupil must master such fundamental
facts and principles as the following:

(a) A knowledge of the changes_in value of the function as
the angle changes from 0° to 360°, K
(b) A knowledge of the greatest and least valuey which a func-
tion may have. *
(c) Ability to determine the algebraic sign of a
all angles Iving in a particular quadrant.
(d) Ability to express the function of any angle in teryus of an
angle less than 45°. :
() Ability to express the 'values of functions of neg:.tive angles
in terms of positive angles.

inction for

These facts and others may be developed separately, but t}\lgy
can all be visualized by one device, the graph. A quick glance at-
the graph, or indeed a rental picture of it, enables the pupil to
answer questions relating o any of the facts stated above. The
time used in making and interpreting the graphs of the trigo-
nometric functions is very prefitably spent.

UUSNDERSTANDING MATHEMATICAL PROCESSES

Such abstract processes as division of decimal fractions, extrac-
tion of square root, factoring, and the operations with signed
numbers can be taught by rules. However, a. rule is gradually
forgotten and, in the performance of a process, confusion arises
concerning the steps involved and the order in which the steps
are to be taken. The difficulty may be reduced or even eliminated
by the use of visuinl aids to illustrate the steps in a process and to
clarify the reasons for the various steps. The pupil thus taught is
given a chance to retuin to these aids and through them to rise
above the confusion in which he finds himself.

T'he following examples show the use of visnal aids in teaching
mathematical processes:

Addition of signed numbers. Two rules ardusnally taught: one
applies to numbers having like signs; the other, to numbers hav-
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ing unlike signs. The number scale visualizes both cases. The rule
in the second case consists of the following steps. The arithmetical
difference is taken, the sign of the number having the larger ab-
solute value js fixed in mind, and that sign is written before the
“arithmetical difference. 1f a pupil has forgotten the rule or if he
is not surc of it, he may return to the number scale to find the
answer, or he may use the number scale to reconstruct or verify
the rule. Tofind the sum of 412 and —3 he proceeds as follows:
~+12 added to —~3 means that he is to locate 412 on the scale
and from’that point to move 3 units to the left. He is then 9 units
to the right of the zero mark, which means that the answer is 4-9.
It is not necessary to make a, drawmg «of the scale, because the
steps are so simple that they are easily visualized mentally. ;

" By this device he may add two numbers having like signs. Sub-
traction may also be visuualized on the number scale. In this case
the scale is merely used to visualize anc -develop the rule. Because
the rule is simple, pupils do not need to use the scale to solve sub-
traction procblems.

Finding the square root of a nrmber. Because this process is
not used as frequently as the four fundamental processes, it is
more easily forgotten. Hence, it is necessury to use a method of
teaching which will facilitate the recall of the steps involved.

The given number whose square root is to be found is repre-
sented by the area of a square composed of two squares whose
areas are a* and b?, and two equal rectangles each of area ab.
The area of the large square is a® 4- 2ab 4 b? which therefore
represents the given number. This suggests the steps to be tanen in
finding the side a - b, which represents the required square root.
The problem thus reduces itself to finding ¢ and b. The steps are:

(a) To find the largest number a whose square is less than the
given number, i.e., a® 4 2ab + b2

(b) ~*issubtiacted from the given number, ie., a® - 2ab | b2

(¢) The remainder 2abh 1 b2 shows the remaining steps, i.e.,
to divide it by 2a to determine b, and to subtract 2ab - b2
from the previous remainder.

(d) If there is no new temainder, @ - b is the required root,

If there is a new remainder after subtracting 2ab -} b2 or if the

O
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given number is not a square, steps similar to (c) are ‘repeated.

The purpose of the use of the square is to facilitate the recall
of a% 4 2ab - b%, which then shows the steps to be taken in the
process. '

Solving equations. It has been.shown above how a pair of scales
may be used to visualize the meaning and the process of solution
of simple equations. As the pupil continues the study of algebra,
other difftcultics with equations arise. For example, it is not easy
to see why a quadratic equation has two roots that are_equally
valid, why the solution of a system of linear equations should con-
sist of a pair of numbers, and why simultaneous quadratic equa-
tions should have more than one pair of numbers satisfying the
equations. :

The answers to these perplexing problems are found in the use
of graphs to visualize the processes of solving and in the solutions
themselves. The graph of a quadratic function ax? - bx + ¢ shows’
the changes in the values of the functions. When the graph crosses
the x-axis twice, the function assumes the value 0 twice; the equa-
tion ax? 4 bx 4 ¢ = 0 has thesefore two roots. The graphical
method also shows that four solutions are to be expected ‘in the
cas¢ of simultancous quadratics and that they are not necessarily
distinct or even real. Furthermore, it illustrates each step in the
process of solving and the meaning and purpose of cach new
equation derived from those that precede. It explains why the
final results are the solutions of the original equations.

Experience has shown that the confusion that arises in the study
of equations mav be avoided by letting the graphical solutions al-
ways precede the algebraic methods. ’

UUNDERSTANDING RELATIONSHIPS

Mathematical relationships aie mote readily understood and
permanerdy 1etained if they are illustrated in diagrams and
models The pupil who associates with theexpression (a + b)?
the arca of a square which is divided into two squares and two
equal rectangles the sum of whose areas is a®> 4 2ab + b* will al-
wavs remember the cortect equivalent of (a 4 b)2 If the area
of a triangle is developed from a diagiam showing it to be one-
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half of the parallelogram, the pupil will understand why the
factor 14 occuts in the formula A = 14bh. Similarly, he will not
"forget that the formula for the volume of a pyramid contains the
factor 14 if he has developed it by pouring the contents of a pyra-
mid filled with sand into a prisin having the same base and alti-
tude as the pyramid and finding that he must do it three times in
‘order to fill the prism. He will be able to recall the formula
"= abc for finding the volume of the rectangular parallelepiped
if he has handled a rectangular block divided into a layers, ‘each
-+ of which is divided into b strips, each of which in turn is divided
into ¢ unit cubes. He will produce automaticaliy the relationship
between the sides of a right triangle if he ~visualizes the familiar
. figure of a vight triangle with a square drawn on each side.

Teachers recognize the importance of the 2%ility to 'visualize
tefationships in algebra and analytic gecometry. Pupils are ex-
pected to know that the graph of y = mx 4 b is a straight line,
that the graph of y — ax? 4- bx 4 ¢ is a parabola, and that the

points of intersection illustrate the solutions of the system

< a4 bx 4+ c=0 '

mx + b =0
Thus they recognize the fact that a pair of equations, one of
which is linear and the other quadratic, cannot have more than
two solutions. These and further important facts which are not
readily understood by solving the equations may be derived from
graphs. Similarly, pupils are expected to know that the ellipse, the
hyperbola, and the ciicle represent, respectively,.the relationships
Xt y?* Ay

" + e = 1, RIS I, and x? 4 3* = 7% Such knowl-

edge is useful in the solution of simultancous equations.

TRAINING IN SPACE IMAGINATION

Training in space imagination is generally listed as a major
objeciive of the teaching of geometry. Thaining is offered in plane
geometry by extending the ideas and relations in the plane to
three-dimensional space wheie they may be observed in familiar
settings. The course in solid geometry vims further to develop the
ability to visualize spatial figures and relations. It also trains
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pupils to maI“ g,uod dmumbs of thcst. figurgs on paper. Fur ther-
more, pupils should learn to visualize in thr -dimensional space
the points, lines, and planes shown in two- dimensional drawings.

Very often herein lies a major difticulty in teaching solid ;gcom-

etry., Some pupils require considerable training before they are

able to visualize from the textbook drawings the geometric forms

which they find in their surroundings. Models of the drawings are

helpful, especially those made by the pupils themselves.

It is advisable that in the early stages of the course, the study
of the diagrams in the textbook be preceded by an examination of
models. Thus, the pupil may count the vertices, edges, and faces
of a cube on the tangible model. He may note the-relative posi-
tions of parallel and perpendicular 1incs)a'md planes, and he may

.derive therefrom the formulas for finding thc areas of faces and of

the entive surface. .
When he has become familiar with the model, he is ready to

-learn to draw it on paper. Many pupils need time and practice

before they can make a satisfactory drawing. After that, they are
prepared to study profitably the diagram of the cube in the text

book. Even then some pupils will find it necessary, or helpful,

to return to the model to clarify their ideas.

Frequently, before reciting in class, the pupil may build up a
model of the diagram with sticks and cardboard. Wide opportu-
nity is offered here for the use of creative imagination. '

Some teachers object to the use of visual -aids because they
believe that the time spent on making models and building up
diagrams could be more profitably empioyed in the study of the
geometry involved. It is true that some teachers and pupils do
become so interested in this type of work that they carry itto ex-
tremes. In such cases the study of geometry might actually suffer.
Most teachers, however, will avoid extremes, especially since the
richt kind o/ training will reduce the need for models to the
point where they will be used only in cases whicih experience has
shown to be very difficult. This may be necessary even late in the
conrse. For example, few pupils are able to form a clear concep-
tion of spherical triangles and polvgons merely by looking at the
diagrams usually found in textbooks. If they are permitted to ob-
setve how the teacher draws a spherical pol)gon on a spherical
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* blackboard, 4he difficulty is easily removed. If no spherical blacks, .
board is available, good results may be obtained with a baseball,.
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an orange, or an apple. Photographic views of polygons drawn on

a sphericil blackboard have been used with good results.

INCREASING THE PUPIL'S UNDERSTANDING OF s FENVIRONMENT

One of the objectives of education is to acquaint the pupil more
fully with his surroundings. Mathematics may contribute to this

knowledge by making use of the many opportunities which geom--

etry offers for observing gcomcmc facts and principles in the class-
room and out of doors. It is not difficult to find evidence that such
training is badly needed. Some pupils cannot supply even the most
clementary information about the height of the building in which
they live, the size 'of the lot on which it is built, the width of the

street, and the distance to school. Partly responsible for this lack .

of observation are the teachers of mathematics who limit their
teaching to the facts in the textbook and fail to call attention to
the abundance of illustrations in the familiar forms and objects
which pupils may observe all around them.

The-right kind of teaching makes pupils geometry- mmrlvd S0
that they recounize that geometric forms are a part of their sur-
roundings. The windowpanes and blackboard represent plane
snfaces. Triangles are discovered whose sides are flagpoles or
smokestacks. Filing cases, railroad cars, trucks, and cartons are
rectangular forms, Fruit cans, boilers. tree trunks, and silos are
evlinders. Tumblers, wastebaskets, posts, and-lampshades are trus.

tums of cones. Fverywhere the pupiis may xcmum?c illustrations

O

of the fimures which they study in gecmeny,

A small wnount of siniple work in surveying should replace
some textbook problems. to inacease the pupil’'s appreciation of
mathenmitacs.

CLASSROON FQUIPMENT

~

In most schools the mathematics classroom has poor cquipment
when compared with that of other departments, c.g., the sciences.
For vens it has been the opinion of schiool administrators in gen-
eral that mathematios teachers can get on veay nicelv with an
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craser and a straightedge. It is difficult to change this attitude,
which fails to recognize that mathematics courses can be greatly
enriched. by the use of equipment which relates mathematics to
evervday life and .which, by dllustrating and visnalizing mathe-
matical facts and principles, inereases the pupils” understandings.

The following list of visual aids is by no means complnte but
it should prove hclpful

Materials pre sent in the classroom. The hu that certain mate-
rial is available without cost does not minimize its value. Indeed,
its simplicity and familiarity nnLL- it vary cffective, particularly
in developing the basic concepts ol geometry, The teacher should
refer freely to illustrations found on the walls, ceiling, and floor
of the room, the teacher’s desk, chalkbox, windows, doors, book.
cases, and filing cases.

Materinls donated or made by the pupils. Here one may in-
chide sheets of «cardboard, sticks, string. pictuies, posters, honie-
nades transit, plane table, and models, With a éardboard tube
and two siull protractors a skilltul pupil can” make a transit
which is quite satisfactory for shmple work in surveving,

In some schools teachers and pupils have in a short time as-
sembled excellent collections of posters which illustrate mathe
mitical principles or show the uses of mathematies. Recently such
t collection of pupil-made posters was exhibited by Miss Ida
Foaelson, o tes her in the Chicazo school svsten,

Parterns and instnuctions for making cardboard models of poly-
hedrons can be purchased from M. Co Hatdeyv, a teacher in the
Untversity: High School. Uibana, THinots. v is suiprising how
tais tvpe of work stimulates the creative imagination of pupils.
Fach new class will niv o surpass the preceding class, If.only the
best coe retamed, an excellent pernnmner collection (,f maodels
vy bewccmmmliced ina comparatively short time, ‘The next ar-
ticlec by Dvy Hlardevs explains how much ot this work can be done.

Irexpensive bul esential equipment. Here one should list
blickbond vulers, compusses, protractons, colored aravon, a spheri-
cial blackboard 1o sisualize spherical anales and polygons,
squaned blackboard for siaphical work o claity mathenmatical
ideas and processes,

Pictares of bridges, dams, and bujldings exhibiting mathemat
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ical facts show the applications of mathematics in art, nature, and
architecture.

More expensive equipment. This may include low-priced
transit, steel tape, level, and sextant for doing some field work
to supplement geometry and trigonometry, diagrams in three
dimensions, such as those published by Newson and Company,
New York City, to illustrate and emphasize the significance of
mathematics in everyday life, stereoscope with views showing the
practical applications of mathematical principles.

Filins are a valuable instrument for teaching mathematics. In
their use mathematics is far behind the sciences. It is to be hoped
that this type of visual aid to mathematics will be more fully de-
veloped in the near future.




A LABORATORY APPROACH TO
SOLID GEOMETRY

Miles. C. Hartley

DURING RECENT YEARS emphasis on logical reasoning in everyday
life and on practical applications, as well as innovations to prowde
for individual differences, has resulted in radical changes in the
courses of study and in the textbooks in plane geometry. Solid
geometry, however, has not enjoyed this renovation; “Solid Ge-
ometry for Today"” and “New Solid Geometry” are but modern
names for Euclid, Books VI to IX, with the result that solid
geometry as now taught in our secondary schools has been called
the most uninteresting subject of the curriculum. It is the writer’s
purpose to present here the results of experiments conducted at
the University High School, Urbana, Illinois, in the hope that this
presen: ation may lead other teachers to try more laboratory work
in their teaching of solid geometry and thus to stimulate greater
interest in the subject.

One of the primary objectives of a course in solid geometry
should be the development of a pupil’s geometrical imagination
so that he may visualize clearly the correct spatial relationships.
‘This mental growth may be speeded up through perspective-draw-
ings and pupil-made models.

PERSPECTIVE

The ability te look at m two-dimensional drawing of a three-
dimensional object and to see it as a soli” figure can, by a study
of perspective, be developed so that diagrams of planes and poly-
hedrons assume a reality of depth as one reads into the figure the
important third dimension.

‘The means of such developinent here presented is a lecture-
Liboratoty method in which the teacher makes the drawings on
the blackboard as he gives the explanation. and the students make
the same drawings at their desks. The following discussion intro-

42
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duces the students to solid geometty through perspective drawing,

CInoplane geometty you studied many figures, such as the poly-
gon and the ciicle, which can be represented on a flat surface
called a plane, These figures had only two dimensions: length
and width. In solid geometry you will study figures of three di
mensions: length, width, and thickness. These figures, such as the
cvlinder, cone, prismi,.and pyramid, are not confined.to a plane;
hence, they difter from the figures of plane geometry, Before you
study the properties of these hgunes, you will want to learn to draw
them so tht they will appear to be solid and not flat like a sheet

~of paper. This s ddne by a method called perspective, which is

uscd to nmhe an objee t"uppc;n' to have dimensions.”

“If you were riding along a conarcte highway in the level coun-
ty of the Middle West, vou would sce the flat pairie stetching
away in the distance il it seemed o meet the sky in a long,
straight line which is called the horizon. In front of you, as you

i
|
i
i
i
i
I
|
i
1
|
i
l
l
I
l
{
,‘

—

Fooae

tide adonz, the wide conae Lo lll','}l\\.(\ soes on ] o, ,’("Illllg’ A
parentiy anrowes and nantower, mnnd e meers the horizon in
single pomt Fhas poine s called the vanshing poine 11 von
looked vary carctallve vou wounld discover tine the horizon secmed
to be the sone horzhe as vour eses. IE von lett vour cnoand s
o the cvound. vorr would hind that the horizon had lowered. Tt
vour mihied Jd e by tree, sorr worthd fed that the henzon vose
as o climbed, et us diow these three situations ey, 107

xeronen Make dinee drawings of vahoad tiacks in which
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the horizon is at three different eye levels. Bring to class exam-
ples of vanishing points in pictures and photographs.)

“Can you imagine a large box placed on the highway? The
edges of the box which rest on the highway form parts of lines
which, if extended along the highway, would meet at the vanish.

ing point. ‘This ~vould likewise be true for the upper parallel

edges. It Figure 2 you have a sketch of the box as it would appear
if you were standing beside it. Figare 3 shows how the box would
appear it you were seated before it.”

Figure 2 Fionre 3

(Fxercises. Draw a kitchen table as it would appear if you
were standing beside it. Draw the table as it would appear if you
were sitting beside it. Draw a picture of a stretch of a railroad
mack with telegraph poles and iences on either side of it.).

“Parallel lines ae lines that abwvavs remain v

o ' <, how tar they are ex-
Loagure 2 tour edges of the box are parallel and all
Sunto meet at the vanishing point. As we look down the high-
wav, the sides of the concrete roadbed, the rows of telephone
poles. the telephone wires, and the fence form sets of parallel
lines which meet at the sarne vanishing point. Hence, in per-
spective, a group of paraltlel ines which recede from the observer
converge A a vanishing point on a level with the observer's eye.
The exceptions e parallel lines which run from right to left
‘parallel 1o the horizony and parallel lines which are vertical, In
the bov m Fismne 20 there ane four sets of each type of parallel
Hnes.™

“The ovdinany bindding ik Ccalled a rectangulinr parallele.

piped inosolid seomenyy has sixorectangutar faces; its edges form
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three sets of parallel lines” four parallel Vines of width, four par-
allet lines of length, and four parallel lines of height. If you turn
the brick so that vou look along the length lines, you have an end
view of it (Fig. ). The vanishing point does not appear in the
drawing, but vou can find it by extending the two visible iines
which iepresent the parallel edges of Tength (Fig. 5) . The horizon
is drawn thronugh this point and paaltlel to the front edges of the
brick., When the brick s placed so that three of its faces are vis-

Frome 4 Figure 5

sible, there ae three Tines which can be extended to locate the

~vanishing pomnt and the hoiizons As the brick is 1otated clockwise,

the vanishing poine moves fanther 1o the right (Fig, 6,70 and 8§07

4

bionie o Foome 7

Poine =

O
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“You must not forget the parallel lines which represent the
width of the brick. When you extend these lines, you find a sec-
ond vinidshing point which lies on the same horizon as the first
vanishing point (Fig. 9). s you tuin the brick more and more,

Paginie 9

vou {ind that the first vanishing point moves away to the right
along the horizon and that the second vanishing point moves to
the right also. The third sct of parallel lines is drawn straight up
and down: there is no vanishing point to_consider for them.”

(Ixereises. Ina photograph locate the vanishing points by ex-
tending paratlel Tines. Make a drawing of a cube in cach of the
following positions: (a) midway between two vanishing points
and below the horizon; (b to the right-center of two vanishing
points and below he hovizon; f¢) to the left-center of two van.
ishing points and below the horjzon: (d) midway between two
vanishing points on a horizon hehind the cube; (e) to the right
center of two vanishing points on a horizon behind the cube;
oy to the lef-center of two vanishing points on a horizon behind
the cubed

“The center of arectangle is the point of intersection of the two
diagemals (Fig, 100, The paspective of a ree

tinale is a quadiilaterall but its center is still
the point of intersection of the diagonals, "Thus

-2 vou have aomethod for detenmining the point of
Fizure 10 hiscotion ot a line seqmient in . penspedtive
drawineg”
“ABCD R Phias the perspe tive of g rectansle. £ s the inter-
section of digeenals BD and A€, F joined 1o the first vanishing
point 1y determines the points 71 and 1, which are the mid-points

of DE and A vespectivels, Similan v, £ joined to the second vane
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ishing point 1"y determines Fas the mid-point of 4D, and G as the
bmid-pojnt of 8¢ ‘

Figure 1

“You can use this same method to detenmine the fonrth side of a
rectangle when you know three sides and the center, For example,
AB and €D (Fig. 12) ae two parallel lines of the same length;

A ¢ ) ¢ A < H

T; / . Irr ]rE‘ Tl F\ —IE St~ 2 F: i
7] - S

3 D 8 D e T v S
Franne 12 Frame 13 lx-ﬁ:mc 11

£.0s the nud-point of A5 Draw the thnee paralla lines AC, EF,
and BD. "The line AF will meet B extended in point G (Fig.
I G determines the position of line GI1, the fourth side of the
rectanale of which Fis the center (Fig, 14) .7

"1 his same aclationship holds tae in paerspective and enables
us to draw to saales Draw any vertical line AB with mid-point E
Fig. 150 Deaw the panalle! tines A8, EV, and BY. Qn BV lay off

v

. //

Figure 15
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BD), the desired unit of length. Draw DC parallel to 4B; CD in-
tersects EV in F; AF intersects BV in G; draw GH parallel to AB,
ete. Then BD == DG == G] = JM, etc. Now, if you wish to draw
the perspective of a fence and have two posts placed, you can draw
as many posts as you wish all correctly spaced.”

(Exercises. Draw a picture of railroad tracks with telegraph
poles on either side. Draw the perspective of a checkerboard cight
units on a side (a) using one vanishing point and (b) using two
vanishing points.)

=
N 5
c F H /
/ AP
A—¢ e T8
M :
Figure 16 Figure 17

“In plane geometry we spoke of a plane as a flat surface. Now in
solid geometry we shall need a more precise definition expressed
in mathematical language. Hence, a plane is a surface such that,
il any two of its points are connected by a straight line, the line
lies entirely in the surface. Since there is no limit to the size of a
plane, it is impossible to show a complete plane in a drawing. It
is customary to think of a planc as a rectangle which in a draw.
ing becomes a trapezoid or a quadrilateral. depending upon the
position of the vanishing point. M\ s 2 horizontal plane (Fig.
16y and AB, CE. FG. I are lines in MN. G FG, and HIE awe
all perpendicular to A8, OP is a vertical plane (Fiao 170"

(Exercises. Draw a vight triangle in a horizontal plane; an
isosceles tiangle: an cquilateral tiangle. Draw two plances mter-
secting ina hinizontal Hued ina verticad Timeo

The cowrse may now proceed in the costomary nnel with
the introductory work on lines and planes. It would be a grave
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error, however, to terminate all discussion of perspective at this
point. Perspective drawing should be used throughout the course
and further explanations of the drawing of prisms, ]))I.lmlds, cyl-

inders, and cones should be-given as needed.

SimpLE MoODELS

Models have been employed for ‘many, many years, but’ they
have not been used extensively in solid geometry because their
value in the development of the concept of space has been woe-
fully underestimated. In the early stages of a course in solid
geometry, models are essential. Sets of little wooden models of
geometrical solids are available commercially but are too small
for classtoom demonstration; hence, homemade models as here
described are usually to be preferred,

The elementary Icl'm(mshlps of lines and planes are easily de-
picted. as is shown in the following examples where definitiofis,
postulates, and theorems concerning lines and planes are illus-
trated by means of cardboard, wire, cork, and string. The card-
board should be quite heavy, or thin boards o1 picces of plywood
could be used. The wite could be picces of an old clothes hanger.

s

2 Funne I8

Asnvai it line antersects a plane inoa point. Use a picce ol
caordboard to represent the phine and a picce of wite to represent
the hine e Isy,

Tieo jlaves intersect in a strarght line. Cut two picces of card-

!
i
|
i
1
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board halfway through and place them together to form the inter-
secting planes (Fig. 19).
Three planes may inlersect in three parallel lines. Cut threg
* pieces of cardboard halfway through and place them together to
“form the intersecting planes (Fig. 20).

_ Ll ]/ \Vi

Fieguie 20

Three planes may intersect in a straight line. Cut three pieces
of cardboard hatfway thnough as shown (Fig. 21) .

—

freme 21

Three plancs may inlersect in a point. Join three thangles as
in Figure 22. 4B == *F. Cut out around the edae, leaving a lapel
on AF. Fold on AF, AE, and 1 C; paste the lapel on AB.

If two straight lines do not lie in the same plane, they are skew
lines. Use four picces of wire and three corks (or modeling clay).
Figwe 23 shows two skew lines perpendicular to two intersecung
lines; AE ¢ AD,CB 1 DB.
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Each of three lines may be /u'f/)c:ﬁditltld) to the other ttwo. Use
three picces of wire and a covk, AB, CB, and DB are mutually
perpendicular (Iig. 2.

A B
(& - P
E . /l
: 8
c. AK;/ B ¢
F € ' b2 . A
Frane 22 Fronne 2% Ficie 21

Fach of thyee planes may be frer pendicular Lo the other two.

Use thiee picces of cadboard curas shown in Figine 25.

i -

Ficure 20

Al the perpendiculars to a line at a given point lie in-a plane
perpendicular to the given line. Use cardbowrd, cork, and several
pieces of wirte. The vertical line is the given line; other wires are
pm'pcn‘diculaw to it. The cork holds the wires and is glued to the
cardboard, which represeuts the plane in which the perpendicu-
lars lie: (Fig. 26),

S Figure 26 Figure 27
. 3" ‘ .
A line perpendiadar to one of Ywo parallel planes s perpen-
dicular to the other, Use two picces of cardboard and a quarter-

S5l

inch dowel. Glue at the points of inteisection s Fia, 27,

ERIC
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1

Ifhiwo parallel planes aic intersected by a third plane, the lines
of intersection are parallel. Use three picces of cardboard cut
halfway through, as shown in Figure 28.

Figure 28

If a line is perpe ndicular to uulz of two intersecting lines, it (K
perpendtcular to the plane of the two lines. A quarter-inch dowel
(or piece of wire). a picce oi heavy uudhuard (or plywood). and

Figure 29

string are the materials needed. AB, the cardboard, rcprcscmé the
plane; MN, the dowel, represents a line perpendicular to the lines
CFE and EF drawn on the cardboard., AMFE - EN. GM, HAM, IM,
GN, HN, and /N e siing (g, 29),

Srring Mobers

It is rather eencrally assumed that after the intoductory uni
nosolid geometty the average pupil shonld need no further as-
sistance in the viswalization ol space relationships. Bt muny of
the difficutites which arise can be toaced divealdy o the pupil’s
inability 1o “see” the fignress For this veason 1t s desnable to

neane some ose ol models throwgohout the connse.
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In units onPrisms, Cylinders, Pyramids, and Cones many theo-
rems can be readxl) illustrated by means of smng models. A bnef
suggested list of such theorems follows:

(a) The sections of a prism made by parallel planes cutting
all ti.e lateral edges are congrucnt polygons. b

(b) The plane passed through two diagonally opposn? edm's
of a paraliclepiped divides it into two equal triangular
prisms.

(¢)" Every section of a cylinder made by a plane passing through

. an element is a parallelogram.

(dj 1fa p\r.umd is cut by a plane parallel to the base, the sec:
tion is similar to the base.

(¢) The voJume of a triangular pyramid is equal to one-third
the product of the altitude and the wea of the base.

(fy The intersection of a right circular cone and a plane is a
conic section.

Figures, two parts of which lie in parallel planes, are the easiest
to represent as models, but more complex ones can be reproduced.
One of the most valuable models 1s the one tor the theorem, An
obligue prism is equal to a right prism whose base is a right sec-
fior of the oblique prism and whose altitude is cqual to a lateral

edge of the oblique prism, in which the base of the oblique prisin

is not parallel to the base of the right prism, Practically every
theoiem and corollary represents a pnssi‘)ilil'\' for conversion into
conaiete l()rm by means of wood and string.

The materials needed for string madels are plvwood, one-quar.
ter of an inch thick and cut imo foor squares; dowels, three-
cighths of an inch in diameter and cut into foot lengths: balls of
carpet warp (or thread) in several colors; threesquarter inch nails,
The averaze cost per model is about cleven cents, Figeoe 30 shows
a model for theorem () where the conte section is a hivperhola.

The ingenious teacher will find many wevs to introduce this
work. One possible procedur would be a unit on Modcls to lol
low the unit on Lines and Pranes. ¥Figse, it would be necessary 1o
define polyhedron, prism, p.'n';xllcluplp('d, pyramiud, cylinder, and
cone. These delinitions would take on deeper meaning if the
solids were actually constructed to meet the given qualifications.

ERIC

\
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For example, in the case of a parallelepiped, three pairs of con-
gruent parallctograms of correct dimensions could be fastened
together by means of gummed labels; in the case of a cylinder, the

: \ Figure 30

-

swolid conld be generated by arotating a rectangle and then con-’
structed from g rectanzle and two citvles of correct dimensions.
Second, as soon as these d@Minitions were understood, a list of
theorems simila to the ohie above would be presented to the.class
and cach member wontd choose 1 theorem for which he wished
to mabe amodel, Third, Tabortory Sheer Noo boosee page 59)
could be distributed and the ditections there conld be followed
until the model was complete. 'The actal constinction misht be
made in the woodshop it one were gealables b the work s so
siple that it could be canvied onr v the mathematicos classroom,

o After thiy laboratory unit, the conrse woulds tollow its normal ses
quence. the models being used for chisstoom demonstiations as
the cortesponding theorems were studied. Another possible pro-
cedure would be to give the prehimina v instractions an class and
then have the models cimapleted as an our ol schoal project.

Cazproakn Mopiis

In the proof of the theorem, Hhere ave fii e wid onldy fioe regu-
iar convex polliedion, the pupil s told that, because the st of

Ly
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LABORATORY SHELEL NO. |

-

. PROJECT. Tu construct a model which will represent correctly the gec-
metrical relutionships of the given theorem. :
. THEOREM, T'he plane passed through two diagonally opposite edges of a
parallelepiped divides 1t into two equal triangular prisms.
1. MATERIALS, 2 picces of plywood, 12 in, by 12 in,
4 dowels, 34 in. in diameter. .
4 34-inch nails; 1 2-inch nail,
Glue,
Carpet warp. .
Hammer.

1

—

1V. PROCEDURES.
A. Sketch in the space below the figuie first as it appears in the text,
second, as it would appear from a point 90° to the right, and third,

as it wounld appear [rom a point 90° to the left.

ﬁ[{fﬂ _

higure 1 Figure & Figure 3

B. Draw below the configuration which appears in the lower plane and
ina plang, parallel 1ot

Paiguie . Frewne

C. Reproduce the two drawings of B on the two picees of plywood:

D. Using o twoindt nail, make hotes in the phywood at onehalf inch
mtervals 1o undhe the outhine ot the diawings of G

. Ou cach prece of plywood locate four points at the corners, viach
onehalf inch from the alge. Nail the fout dowels to the plywood in
these Tour positions. Place a drop of glue on the end of cach dowel
betore diiving the nail,

F. Lace carpet warp through theholes and from the upper to the lower
picce of plywood to fornTtHe lateral faces of the figure. Use a dif:
ferent color of warp to represent planes which intersect the figure.
If a large mitmber of threads must pass throngh the same hole, that
hole will necessarily have to be enlged.

v. concitston. Make the necessary measarements and performe such caleu
lations as will help you to venly that your maodel represents the correct
relationships. :

ERIC
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the face angles of a polyhedral angle must be less than 360°, he
must place together the vertices of three, four, or five equilateral
tiangles, three squines, or three regular pentagons, The poly-
hedrons formed under these conditions are the tetrahedron, octa-
hedron, icosahedron, hexahiedron, and dodecahedron, respectively.
No regular polyhedron is possible with regular polygons of more
than five sides as faces, because the sum of the face angles at cach
vertex would be 3607 or more. Here the lesson usually ends, but
it can profitably be carried much further, Leo the pupil build

these polvhedrons with regular polygons cut from cardboard and

fastened together with stamp hinges or gunined labels. For ex

ample, to build an octahedron, the pupil fastens together four

cquilateral triangles to form the first polyhedral angle and then

adds one niangle at a time so that at cach vertex he has a poly-

hedral angle with four 60-degree face angles; finally he has a poly-

hedion with eight faces.

An Archimedean or semi-regular polyhedron is a solid whose
polyhedral angles are equal and whose faces are composed of two
or more different kinds of regular polygons. ‘The pﬁpil can “dis-
cover” these solids by experimenting with equilateral triangles,—
squares, regular pentagons, and other figures to-com'pii?c the
number needed for a vertex and then completing the solid fig-
are. ‘The vanious possibilities e given in the table which fol-

N

loss:
ARCHIMEDEAN FPOLYHEFDRONS

AL Polvhedrons with two kinds of fuces and trthedral angles.

} Units of Fach Name of
- Dalvhedral Angle Number of Faces Polyhedion
1. Fwo 1202 angles,  Four regular hexagons f four Trundated
one 602 angle, cquilateral triangles, tetrahedron
¢ Two 1852 angles,  Six regular octagons - cight Trandated
one 60° angle, cqumibateral tringles, (ubt
3 "Fwo 1207 angles,  Laght regular hexagons 4 six Truncated
one U400 anale, squETes, odctahedron
4 Fwo 1 angles, Twelve regalar decagons o Fruncated
one 60° angle. twenty equilareral iangles, dodecahedron
5. Two 12 angles,  Twelse regular pemtagons ¢ “Trundated
one HIS? anele, twenty regubar b sagons icosahedron
6 Two 992 angles. Three squares 4 two cquilat, Archimedean
one 60 angle.  cral niangles, prism

ERIC .
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B. Polyhedrons with two kinds of faces and tetrahedral angles,

‘

7. T'wo 90° angles,  Six squares - eight equilag. Cuboctahedron
two 60 angles, erial tiangles,

8. Three 90° angles,  T'welve squares - eight equi- Small rhombicub-
one 60° angle, Lteral triangles. octahedron

9. T'wo 108° angles,  T'welve peatagons 4 tweunty  Icosidodecahedron
two 607 angles, cquilateral triangles.

10. Three 60°angles,  "T'wo tegular polygons with n Archimedean

(RO (n— 9 sides and 20 equilateral tri prismatoid
€T angles,

angle, -

C. Polyhedrons with two kinds of faces and pentihedral angles,

i1 Snub cube.

One 90° angle,  Six squales 4= thirty-two equi-

four 60° angles. lateral triangles. -
12, One 108% angle,  Twelve regular pentagons 4+ Snub - dodecihedron
four 60° angles, cighty equuilateral triangles, U PO

‘D. Polvhedrons with thice kinds of fuces and tihedral angles.

I3 One 90 angle.  Six regular octagons 4+ cight Great rthombicub.
one 1207 angle,  regular hexagous 4 twelve  ocahedron
ane 1357 angle. squenes,

14, One 90° angle,  Twelve regular decagons 4- Great thombicosi-
one 120° angle, wenty regular hesagons 4 dodecahedron
cone 141° angle.  thirty squares, _

15 0One 108° angle, ‘T'welve regular pentagons = Small rhombicosi-
one 9% ungle,  thirty squares - twenty equi- dodecichedron
one G0° angle.  lateral wiangles.

’ A
Let us suppose that a pupil elects to build a polvhedron whose
Faces are equilateral triangles and squuares. According to the table,
this will be a cubociahedron, a small rhombicuboctihedron, or a
snuby cube. The pupil ans from candboard a number of equi-
Lateral triangles and squares, all with sides of the samc length.”
Next, using stamp hinges, he fastens @ cardboard square to cach
side of a candboard triangle. Now he mav place either a square
or a trinule to cach vertex of the originat tanele and in the
space between the squares. I he chooses squanes, heis on the wav
to building a sl thombicubocahedron, e contimues i the
same nrinner, ranembering that cacly verres is o tetiahedral anale
((nnpnw(l of thiee @ donce azlos and one 60 desree an e,
When the polshedion is completed. the papil mas cat it apar,
marking cach paiv of adjoining sides “phs™ and Uming” s he
does so. Ulinmaelsy s the polvhodron can bhe spread ontas in Figme
31 The pupil now has o pattan which can he ised in making a

O
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solid cardboard model. The fist step is Lo construct accurately the
pattern on cardboard, using ruler and compass. White Rockton
Indéx (110-1b. basis) is a satisfactory grade of cardboard to use for
this purpose, Lapels are drawn on the edges marked "minus.” The
sccond step is to cut out the pattern and to fold it on each common

’
A 18 A
5 i
< .
14 . 18 18 17
(d ~
3 13 3
tu 1t 12
7 N
1od [y b
. « ¢ 7 A .
ahe 4 o
1 2

Pigie 31

side of adjacent polvgons, The thivd step s to glue the hgure to-
cether, obtaining, in this example, a small thombicuboctahearon
TFies 32y 0 Houschold cement can be used as an adhesive,
Variations of this polvhiedron may be obtained by making pyra-
wids with reoular tiansular or quadrangular bases and ghuing
them to the faces of the cuboctahedron. However, better-looking
solids arve tormed if the figure is built up with equilateral tri:
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Figure 32

Figure 33 .

angles, 1505 cles triangles, and squares in the manner just de-
scribed. Figure 34 represents an original pattern created by a
student who satw that it was unnecessary to build the solid and that
alternate squares in the pattern could be replaced by four isosceles
triangles. By studying the numbers which represent corresponding
paits of the two solids (Figs. 31 and 34) , the reader will be able to
discover how the process was carried out. Figure 33 shows the
completed model. In a similar manner one can obtain a star-like

Q
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polyhedron by replacing cach square with four isosceles triangles
and cach equilateral triangle with three isosceles triangles. Many
unusual concave polyhedrons can be discovered by using semi-
regular polyhedrons as a basis and replacing faces with isosceles

triangles of different altitudes.

Y
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Fipure ¥t

Interesting exercises might be: What is the length of cach edge
of regular (or semiaegnlar) polyhedions so that they will have
cqual volumes? Fqual areas? How many axes of symmetry docs

ERIC
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cach polvhedron haver Obtain the semiregular solids by cutting
off the vertices of the regulay solids. For the semi-tegular poly
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U hedrons, verily Eunler's theorem that the number of faces of any
convex polyhedron, together with the number of vertices, is two

more than the mumber of edges.

CrLLuLoIib MobEeLs

It should be stated in advance that ¢elluloist is not easy (o
handle and that a certain amount of practice in using it is nec-
essary before satisfactory results can be obtained. Acctone (or nail
polish remover which has an acetone base) is recommended as a
substitute for an adhesive: Scorch tape can also be used to fasten
edges together. Lapels, which are necessary for cardboard models,
are optional in the case of celluloid modcls.

‘I'he abstract sitwation of inscribed and cuzumscribed spheres
is very hard to visualize and frequently results in the meaningless
memorization of the definition by the pupils. To add reality to
the 1'(-1)1'('scnt:ui<{n of ins;crihcd spheres, celluloid can be employed
effectively to make models in which polyhedrons, cones, or cyl-
inders civcumseribe spheres. Any kind of ball (preferably col-
ored)--ping pong ball, ennis ball, celluloid ball—can be used
to represent a sphere. ‘I'ke following formulas give the relation-
ships between the diameter of the inscribed sphere and an edge
or clement of the circumscribed solid.

Sulid Diameter of Insevibed Sphere
Cube, edge a a '
Tonnahedroi, edge a :{\"{, .
}
. a ,
Octahedron, edge a '_'s\'/()
Leosatiedron, edge a :f(’, AN
?
Dodecahedion, cdge a FEERATR R § AN
\ 1
Cyhimder, radius ar
Altirnde D
Caone. 1 i ! )
._I\ ]

A 3
abiviude S

1 he superion pupils can be ded to discover these reladonships and
the averaze pupils can vertly theh conveaness.
3

O
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Laboratory Sheet No. 2 gives comiplete directions for making
these celluloid models.

LABORATORY SHEET NO. 2 .
I. PROJECT. To construct a model which will represent ¢ ————————— cir-
cumscribed about a sphere, .
1. MATERIALS: Celluloid
Acctone
Ball
Calipers

l1l. PROCEDURES.

A. Preparation. :
1. The formula for the diameter (d) of a sphere inscribed in a
————————— of edge ¢ is \~m—m—o——,
2. Solve this formula for a.
3. Calculate the numerical coefficient of d: @ = ———— d.

B. Measure the diameter of the ball.
First measurement: —————— )
Second measurement: ——————.,
Third measurement: ——————. ]
Average diameter: ————

C. Using the average diameter of B and the formula of A3, calculate
the length of an edge of the required polyhedron.

@ = ———

D. Construct a cardboard polyhedron having each edge the length cal-
culated in C. Place the ball inside the polyhedron before the figure
is completely closed.

. Does the polyhedron circumscribe the sphere? If it does not, check
your work in A, B, and C.
E. Repeat D, using celluloid instead of cardboard.
1V. CONCLUSION. '

A. When is a’polyhedron said to be circumscribed about a sphere?

B. Does your celluloid polyhedron meet these requirements; that is, is
it circumscribed about the sphere?

o
ConcLusioN

This laboratory approach to solid geometry has been so satis-
factory that it has become an integral part of our course of study.
It has been responsible for the high degree of achievement of sev-
eral important aims of the course, namely: to acquire an under-
standing of the spatial relationships which exist in the world about
us, to become acquainted with spatial forms, to train the spatial
imagination, and to obtain an analytical insight into our environ-
ment. For the student, it has aroused a vital interest in the subject
of solid geometry, and for the teacher, it has presented a challenge
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to seek and to test new devices of a multisensory charvacter which-
may be profitably incorporated into an ever-growing course of
study. .
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GEOMETRIC DRAWING

H.V. quavalle . ' .

‘GEOMETRIC DRAWING is a mathematical laboratory method to be
compared with the laboratory work done in the natural’sciences.
It stimulates mathematical interest and serves as a basis for other
mathematics courses. Besides the opportupities which it offers in
connection with mathematics, geometric drawing helps to develop
manual skill. Many techniques are taught in the course. There is
the handling of compasses, the drawing with triangles, the use of
ruling pens and black “ink, the applieation of color to both lines
and areas, including shadow effects on solids and curved surfaces,
and, finally, lettering. Through these techniques such artistic
qualities as a sense of proportion when placing figures and script
into a given space and skill in combining colors are developed. In
referring to the script, it often happens that the handwriting of
students improves as they develop their sense of form and propor-
tion and skill in the use of their hands.

Geometric drawing thus holds a middle position between the
academic work it the school and -the arts and crafts, and offers
special opportunities within the general educational tasks. It can
be applicd in various forms to different school levels. Courses in
geometric drawing have been given since 1920 in the Waldorf
School, both in the Teachers Training College and throughout
the Junior and Senior High School, and later in about a dozen
Furopean schools. In this country pioneer werk with geometric
drawing has been done, for the high school le-el, mainly at the
Edgewood School in Greenwich, Conn., and the High-Mowing
School in Wilton, N. H., and for the college Ievel at Adelphi Col-
lege in Garden Gity, N. Y.

An introduction of geometric dmwing in the seventh grade can
be based on the natural sense of form and regularity which is in-
herent in the students, both boys and girls, at this age. The ap-
preciation of the beauty in geometric designs predominates at
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this age over interest in scientific problems: Therefore the ap-
proach will start with the regular forms, . :

Thhe course inaroduces equilateral triangles, squares, and regu-
lar polvzons. The constuction-of regular polygons is cartied out
by dividing a chrcle: therefore, among the first steps are the exer-
cises for dividing a ciicle intw a given number of, equal parts, The
modt natural division of a circle s the division into six arcs where
the civele’s own radius is used as measure to cut it. If one starts
with a vertical and a harizontal diameter of 2 circle and then
cuts the circle with the radius from any one ot the four end points
of the diameters to both sides, a circle of twelve cqual ares is ob.
tained. Afterwards straight lines can be drawn between the points
of division. In Figure 1 a twelvesided star polygon is drawn by
connecting every one of the twelve points on the circle with the
fitth one following it. The spaces between the various sections of
the star polygon lines me done alternately in black and white, but
the students often use either water color or crayon to differentiate
them. '

The face of a compass can be diawn as a practical application of
astar polygon. This requires-a division into sixteen parts instead
of twelve, The division of a circle into sixteen parts itroduces

the construction of bisccting arches, for which "either compasses,

or strips of paper can be used. Stuting with the vertical and hori-
zontal diameters of a circle, the biscction is first carried out with
the four quarters of the drde making cight puts, and the seeond
hisection results in sixteen parts. Afterwards every point is con-
nected with every seventh following it around the circle. A six-
teen sided star polvgon is thus obtained. Finally the filling in of
thee black areas accentuates the four mat regions. North. South,
Fast.and Westoand the anales of forty-five desiees beiween them
Js shown in Fioure 2.

[t the twenty-four points of division avound a circle are joined
by all the lines that can be dvawn between them, a geometric fig-

e s noduaced as shown i Fiawee 3 withim @ wentv-four sided

poivzon. A nunither of diawings of this kind. up to sixtvsided
1

polveons, with ot dinconals have vepeatedls been made by stu
dentsin then bee time,

Maunv ather exercises can be conied our with regular fignres.

O
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Figuie 2 Face of o Comypuass




Geometric Drawing

Farure 4. Series of ‘Triangies Demonstrating the Corresponding
Propartions hetween Sides ..nd Arcas

67
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An example is given in Figure 4. It is begun with the outside
cquilateral triangle. In this case the various ways of drawing equi-
lateral tiiangles will be shown, one starting with the division of a
circle into six equal parts, and then connecting every second point
and skipping the int .ediate points. A second way begins with
the base of .the triangle and determines its top through the in-
tersection off two circular arches that have their centers in the
end points of the base and their radii ‘equaling the length of the
base. A third construction uses a drawing-triangle with an angle
of sixty degrees.

Aftes the outside equilateral triangle has been completed, each
side is bisected and the mid-points are‘mutually connected. These
comniecting lines form a smaller triangle inside the first one in
reverse position. Its sides are cqual to one-half the sides of the
outside triangle, while ifs area is one-quarter -%hat of the first
tiangle. The process is then repeated with the \nnu triangle.
and thus a third triangle 1s formed inside the sccund one. Its
sides are 14 of 14 - 14 of the first, and its area is 1] of 14 = Y,
of the first. v

This succes..on of triangles can be carried further by always
drawing another triangle inside the last one. These triangles stand
alternately upright and reversed and represent a geometric pro-
aression with the 1atio 14 as to the sides and 1§ as to the areas.
It is characteristic that even in algebra, progressions of numbers
with constant ratios are named geometric progressions. Drawing
of the kKind described will give thc student understanding of this
term.

A further example of a gcomctric progression is given in Figure
oo which twelve squares of the same size are arranged in the
form of aring. The corners at which two successive squares of the
same ring wuch each other lie at equal intervals along a chicle.
Fhe drawing of the figure is started with this circle, which is di-
vided into twenty four parts. At every sccond one of chese twenty-
four points two adjoinimg squares caome together. Through the
other intermediate twelve points vadii are drawn and on them lic
the mhu vertices <)§ the squares pointing outward and towind the
center, These Vestiees are detenmined on their vadii with the help
of dinzongds, Firstsin cach squane there is diawn the diagonal con
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Figure 5. Geometric Progression

necting the two points lying on the circle. Its mid-point is its in-

tersection with a radius. By measuring the length of half the

diagonal from the mid-point outward and toward the center, one

\  obtains the outside and inside vertices of the squares. Between

\  the inner vertices lies the next ring of squares. The circle which
can. be drawn through these points plays the same part for the
second ring as the original circle does for the outer 1ing of squares.
Thus one ring of squares after another can be added.

When the drawing is completed, a number of geometric facts
can be discovered. If one imagines, for instance, the sides of any
square in any ring prolonged, he sces that they lead into the sides
of two other squares of the same ring. The extensions of the sides
of these two squares also contain the sides of a fourth square.
These four squares form the corners of a larger square. Thus
every 1ing of squares shows itselt composed ot 3 X 4 squares.
These squares form a twelvesided stan palvgon. Furthermore, if
one follows any side of a square from the outer corner to the
inner and then continues the movement along the adjoiming

Q
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side of the next squaie, he makes the successive corners reached’
in this way form a logarithmic sphal. Thee wme wwenty-four
logarithmic spirals in the drawing. The students will also discover
that the pattern of this geometric progression can be found in
nature. A geometric pattern of this kind is displayed by the middle
part of a sunfower or, on a smaller scale, by daisies; logarithmic
spirals are to be found in pine cones. in shells, and the like.

Exercises of -this kind will demonstrate that studies based on
geometric principles lead to manifestations which nature also
produces. The student will no longer consider mathematics iso-
lated from niture, but as a part of it.

In the eighth grade the student’s mind tends to be more real-
istic. At this stage of his developnient it is therefore particularly
valuable for him to experience certain practical sides of geometry.
Perspective drawing can be successfully imtroduced at this age.
This study often leads a kind of foster-child existence in school
curricula because perspective is generally afhliated with the ants.
although it is essentially a geometiic subjecr. It starts with basic
constructions and opens possibilities for a variety of applications.
‘The perspective series iy an example. Its construction solves the
problem of how to obtain perspective drawings of objects placed
at equal mtervals and leading from the foreground into the dis-
tance. The diminishing intervals illustrate perspective diminu-
tons, and the task of the construction is ta apply these diminu-
tons conectly. The constuction is based upon thiee facts: First,
M perspective pictures stiaizht lines appear as straight lines.
Sccond, distant objects are ona reduced scale. By combining these
two facts the vanishing points ate obtained, ic., the points to
which parallel Hines converge. The third is the fact that in perspec
tive drawines thar are ina nonmal position vertical lines renain
vertical.

| B

I R .
: 1 b
S I

Fovo o noand Breare 70 Constiaon of f’t'l\p('(n\(‘ St'u{l'ﬁ

[

"f

!
|
|

Fhe comtruction of paspoctive series is shown in Figures 6
and T In Fraure 6o1s drawn a succession of cquidistant vertical
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lines. Three hovizontal lines which conmect their tops, their bases,
and their mid-points are added. l-'i«?’uu- 7 shows the pcrspcctivc
drawing of the same combination of lines. Firse, the two foremost
verticals can be chosen at will, the smaller one 1;('in_t_r, considered
farther awav from the spectator. Thessnaight lines connecting
the tops and the bases of the varticals converge to a vanishing
point and so does the third horizomtal line connecting the mid-
points. Then the fust diagonal can be added by connecting the
top of the first vertical with the mid point of the second. Where
this dizgonal rcaches the Time conmmedting the bases, there is the
base of the thitd vertical, which is determined by this intersection
and can be drawn in the pictine, Now the second diagonal can be
:uidvd‘-Qy connecting the top of the second vertical with the middle
of the third oneid s intersection with the hase line furnishes
the Lase of the fourth vertical. 'Thus the construction can be cone
tinued.

doree 9 and Tesure 100 Appdicar-ans of Perspoctve Senes

[ comsttuction of perspootive senes hnds s g heation
e deaowanos, Broan also be apphicd e hovizonta, ames. Two
exanpics of vertical himes ad one oxvaonple or honzonal hines
are shown i Froames 809, and 10

Fhe paoeedime exercises e ondy one s nshine pomnt oo the
following examplesa second vanishimg oo added. T he vanishe
iz points ol hovizonal Ties ol e on the sinie pelspectinve
horzon. N wivde oy can be deawn en thee pnmaple Praoe H

shones the porsnective vicw olha citv, nd the dranving s eomposed

O
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merely of verticals and two sets of horizontals, all converging,
cither to the right or to the left, to two vanishirg points on the

‘

perspective horizon.

Flaute TE Perspretive View Constiucted with Two Vanishing Puints

A next step leads to the construction of roofs, an” exercise which
roduces indined planes. 'There are mainly two kinds of roofs:
the pointed roof and the gable roof. The perspective construction
of i pointed 1oof is shown in Figure 12, It is carried out with the
help of diagonals %lr;zwn across the base of the roof. For this pur-
pose the invisible f);x!'t of the house has to be added. as indicated

Foeore T Canstrucoon of 5 Gable oot
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mto contact with mathematical facts, A subject which is particu-
larly well adapted tor this purpose is the studv of curves.

There are two ways of drawing cuives, cither through succes-
sions of points or by means of tangents. Tangents offer greater ad-
vantages for the bcginn'cr, because they form the curves directly
without the drawing of a curved line being nccessary. Examples.
for the study of cunves through their tangents are given in the
following figures. The fist shows the construction of a parabola
(Fig. 15) . "T'he igue starts with the two outer Hites, cach of which

Froure 19 Construct;on of 4 Panaldy

is divided into equal Tengths, The points of division are then con-
nected through stiaight lines. 'The hishest point on the left line is
connected with the fowest peint on the vizht Hine. Then the next
highest point on the left is connected with the nest lowest on the
right. The successions proceed on both lines opposite directions
on onue hne downwards, on the other upwards, 'The arcas between
the sections of these connedting fines e completed na checker-
board manner abternaeh in black ana whue, Following cither the
white qr the hlack areass ane obtans tuntha pacabolas besides the
one formed by the tangents.

A stimulanng experience i othe vealin ol geometvy is o apply
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in the figure by means of dotted lines. "The peak of the roof lies
vertically above the point of intersection of the diagonals.”

‘T'hie construction of a gable roof is shown in Figure 13, The
gable roof 1ises to a ridge. It conneets in different wiays the fow
walls of the building. Two of them rise up to gables, whereas the
other two end in. horizontal lines. The peaks of the gables are
vertically above the middle points of their walls. Their construc
tion is therefore again carried out with the help of diagonals
which are drawn across the gable walls. The peaks of the gables
in the perspective drawing lie vertically above the intersection
points of the diagonals.

Finally, the study of perspective can be extended to shadow
constructions. An example is shown in Figure 14, After the draw-
ing of the gate has been completed and the position of the sun
chosen, the constiuction proceeds with two groups of lines. First,
there are lines connecting various points of the gate with the
position of the sun; second, there are connecting lines drawn
toward the ground plan of the sun which lies vertically below
the sun on the perspective horizon shown by dotted lines in the
drawing. The miersections of these dotted lines with those diawn
to the sun furnish the shadow points.
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different wavs to comstruct the sane curve. In Figure 16 parabolas
are obtained thiough the intersection of two series of lines. The
first sciices comsists of parallel horizontal lines following one-an-
other at cqual distances. The second series consists of concentric
circles increasing their radii in equal steps. The areas between the
various sections of the lines ae again done alternately in black

Porane 15 Pavabolas Gomsttucted with Staight Lines and
Careles

and white, Tollowing cither the black or the white areas Teads o
paraboless The diawing thus biings torth not ondy one parabola
but . complete group ol contocal parabolas turned upwards and
dow nwards.,

A thind comtraciion of pavabolas totlaws the method which
Coaltheo tsed o by investigations of the Laws ol free talling bodies.
Galtleo's two Lows ate that the distances covered from the begin
ning of the Ll inacase i the tatio of square nunibers and that
the distances covered snuvwi\ﬁ"‘\'egi»n«ls have the natio of odd
eanhers, L hese vatios detenmime ilfi-;‘i\,i'_"lllc 17 the distances
heiween the borizontal tines, T hese follow one another i inter-

Q
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vals of 15 3; 5; 7, 9 . . . units, and in heights of 1; 4; 9; 16; 25
... hhom the top line. The vertical lines are drawn at equal
distances from each other. The natrow inner parabolas take one
vertical step combined with one horizontal step. The next wider
parabola combines each vertical step with two horizontal steps.
The widest outside parabolas take with every verticgl step three
1€ SaAmMe way.

o .
, ) ' l [ : I ' i ,
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Froand 17 Patabodas Combincted on the Ritaes of Distances

Further excrcises show altered conditions in vatious  con
strinctions which bz about certain changes wn the curves, In-
stead ob using straight lines and andles as in Figure 16, the next
fisure g@gia 185 is composad of two staups o concentiie cireles,
Phe tadin inarease in both growges at an il vates Fhe succession
ot cither adjoimmy black or adjoinine white e leads in one
direction to ellipses and i the othier w0 honarholas, The totality :
o these ellipaes and hvporboias toposonis 1 tougs ol confocal
AN N A

Paerones of tos bond te aenn i by nicdso maahem il
e s oo droa o e ase o b mew s el s ind iy
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Pizure 1R Contocal Ellipses and Hyvperbolas

hnperbolas. both being curves of the second order. have cquations
in this position which are different from one another merehy
throush a sinzle plus sizn changing into a minus sigh. Anothes
constiuction which disphavs polarity hetween cHipses and hyper-
holas is shown i Figures 19 and 20,

T he constructions in hoth these fizures stare with a circle and a
given point. The only difference between them inin the face that
the siven point i the iirst case Hes inside thie cnele and, e the s
ondd. outside. Straizht lines me draown raditing trom the po
Cheosetn, and where these Tines intersect the e perpendic ulas
e erected upon them. hese perpendicular lines fonn the tan
Sents i the caNg of thic ('lli[)w and in the othar ol the h\})(‘l'ml.i.

The more aspdg s one can cain of the sone cves the e m
teresCand viralies witl the study o zeometiy prostuese Ythid wan
of constricnng hvperbolas is shown moramne S Dins constr
cron s deduced from the proje tion ob o Bvporbeiond ond thus
feads o boan plane o ol aeomotiy,

To beoin with, b crrcie s desrded o fveiiy Ban coprnal
paarts. b At Vool cenmnen iy e i n thies - puoniits

soale compose bl Tar o1 oind oo secinoins s abiaaned anoohe
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Geometric Irawing .79
horizontal diameter. "This scale is then transferred to both hori-
rontal lines of Figure ‘-."_’. The points of the scale are numbered
according to the successive points around the (m]c The numbers

of the scale are directiy transferred to the top line in Figure 22.

-

! 5 & 9 10 nuh
2~’) ” I 3J “J 1317w 9%

Joerr 20 22 2y I 12 J4)
e1d i 15 12 0 10 9 3 7o

] .
Fogone 21 and boone 22 Comttucnon of o Hyperbola from Hanmonious Mooy

The points on the base saale aiso show numbers, but they we
transposed. In the base scale number 1 dies under nvumber 9 of
the top scale, 2 under 10, 3 under 11, 4 under 12, and so on. "Then
the p()ims.‘\vilh the same numbers are connected. These connect-
ing lines form the tngents of a hvperbola, A vaviety of dilterent

forms of heperbolas can be obtained by ditferent transposttions

between the two scales,

Further drawines can be made to demonstrate different the-
orems. An example is shown in Figure 23, It demonstrates in
succession of five steps the theorem of Pythagonas.,

o the st fistance ctop tetts the squuae of the by potenuse
bomarhed e blacks Inthe second fon richty o tiangte s added

O

ERIC *

Aruitoxt provided by Eic:

e



;

80 Eighteenth Yearbook.

. Law of Cosines

Figuie 2

Figure 23, Theorem of Puthagoras
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on top of the black square and then an equal triangle is omitted
at its base. Between the second and the third stage (middle left)
_the foum ot the black arcea’does not change; it is just moved up-
ward until its base line is lifted to the height of its top. In the

- “fourth step (middle right; the black area is spht Each of the wwo

parts takes on the form of a parallelogram and is moved sxdeWays
with itsvhases and heights left unchanged; therefore it preserves
its area. This motion can be continuned until the black areas reach
their last phase and become identical with the squares of the legs.
This completes the derivation of the theorem of Pythagoras. It not
only demonstrates that the area of the square on the hypotenuse

. equals the sum of the areas of the squares of the legs, but it shows

the actual transformation. The same derivation can be extended
from the 1ight triangle toi the ohlique triangle. In this form it
demonstrates the cosine laty of trigonometry (Fig, 24).

The further plans for geometric drawing continue up to the
senior grade of high school and include an introduction of the de-
scriptive geometry of solids with both plane and curved surfaces.
The methods used remain the same. The cxamplcs elaborate espe-
cially on those facts which display geometric contents in their
most complete form, for instance, the study of regular solids. The
coustruction of geonmetric models by the student can complete this
approach. In the last years more specialized work which includes
problems of physics (mechanics and optics), of projective geom-
etry, and of architectural drawing is carried out by the students.




CURVE-STITCHINd IN GEOMETRY

| Carol V. McCamman

1

WHILE using the mathematical lxbrary of Dx. Sophia H Levy
of the University of California, I Was atracted by a little book
entitled 4 Rhythmic Approach to Mathematics.! Its numerous

illustrations were designs, some simple, some intricate, many beau-

tifully colored, but all composed of straight lines. I found that all
of them had been produced by a simple plan of stitching on
cards, and that many had been worked by very voung children.
I immediately made some of the designs mnyself and was fasci-
nated by the possibilities of the method.

My enthusiasm for; these designs was shared by my geometry
classes, and also by many others who saw them. The first year I
took about twenty minutes of a class period to describe the method
to my students, and showed them several of the designs 1 had
made. This was all that was required to interest some of them
in making their own designs. These designs, shown to the class, in
turn aroused the interest of others. *

The next year, in order to have every student take part in the
work, I spent a full class period in explaining the method and in
analyzing several designs made by former students Fach student
was acked to plan a design of his own, which he would later work
out in colors of his own choice. Not only did most of the students
have then plans the following day, but many had started stitching,
‘and sofiie brought in completed pro]eus. Two class periods were
long ‘enough for everyone to get well started. Any further tiine
needed was spent outside class, In many cases students made addi-
tional deslgns, some of the more enthusiastic members producing
as many as six or eight. '

The method used in making these designs is described in 4
Rhythmic A pproach to Mathematics. This book, Yong out of print,

tSomervell, Edith L. 4 Rhythmic Approach to Mathematics. George Philip & Son,
Lid., London, 1906.

82
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was reproduced * in 1941 through the efforts and support of Mrs.’
W. F. Dummer, of Chicago, and interested teachers. In an intro-
duction to the book, Mrs, Mary Fverest Boole, the wike of the Eng-
lish mathematician Geoige Boole, explains the way in which this
method “of evoking the geometric instinct” was developed on the
basis of the ideas ol Boole and of the French mathematician Bou-
langer. The purposes of curvestitching,-as stated by Mrs, Somer-
vel', are to provide the child with a background of pleasurable
“experiences before he begins the actual study of mathematics; to
develop in him an awareness of the intimate relation between
number, form, movement, and the process of thought; and to
enable him to translate, by means of his sense of relation, any of
. these into terms of any other,

When curve-stitching is done by students of geometry, both the
methods and the aims are, of course, different from thgse f
young children. However, the work in an important sens¢ pro-
vides a background of expertence for mathematics yet to be
studied, particulatly anal/lic geometry and projective geometry.
To many beginning sludcms of analyvtic geometry, the concept of
an envelope is abstract and meaningless; curve-stitching consists,
actually, in constructing such a curve by making stitches which
are the tangents to it.

I shall indicate briefly how to make several of the basicicurves.
The parabola is obtained by connecting equally spaced points in
opposite directions on the sides of an angle (Fig. 1). Stitches are
made from 4 to A%, from B’ 10 B, from C to C’, from D’ to D, etc.
In making this and similar curves, the following rules should be
observed:

(a) Trom the first hole on the lower side of the angle put the
needle into the first hole on the other end of the upper
side of the angle,

(b) On the *wrong” side of the card, always put the needle into
the next hole; put all nizots and marks on this side.

(¢) On the "right” side, put the needle into the hole next to the
beginning of the last long stitch.

Many interestitg designs arve based on circles. For example,

! Planographed copies are available at fif'y cents each from Miss L. k. Chisstman,
1217 Ehndale Avenue, Chicago, Hlinois,
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draw two concentric circles and prick them so that the number of
holes on the larger civcle is twice the number on the smaller circle
(Fig. 2). Then stitch from A to A%, 1 to B, G o ¢, I to D, ete..

Figme 1 Figue 2

continuing to connect successive points until cvery hole on the
outer circle has been used, To do this it will be necessary to go
around the small circle twice. The curve cbtained can be varied
by changing the ratio of the niunbers of points on the two circles,
and also by stitching clockwise on one circle and ¢ounterclockwise
on the other. ’

An interesting design is obtained by
working one-third of a circle against its
tadius (Kig. 3). ' .

An almost endless variety of designs can
be produced. Young children, especially,
will be interested in the “curve of pursuit”
(suggested by Mis. Somervell), in which
the stitches show the successive intentions

Fipure 3 - of a dog as he chases a vabbit, while the
' curve obtained represents his path.

Students wsing this method should be encouraged to originate
their own desizns and color schemes. As the author states, *Verbak
explanation: of how to work the designs represented would have
4 quite faise appearance of being very complicated.” It is relatively
difficult to copy designs others have made, but practice with needle
and thread Tor an hour or so will enable anyone to start making his
own designs.

When 1 first heeame interested in these designs, T wondered
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whether, in geometry classes composcd largely of boys, the work

“would be stigmatized as “embroidery” and “sissy.” I need not have

worried. Not once did anyone seriously suggest that curve-stitching
was a'feminine occupation. On the whole, the boys seemed 1ather
more interested than the girls—perhaps because of the novelty
—and produced designs which were more original and, in most
cases, better executed than those of the girls, '
When the completed designs were exhibited, the students voted
for their favorites. One of the best liked was a pale pink and blue
design, very carefully worked, made by one of the_stalwarts of the
football team. An intricate and lacy design was made by a boy
noisy-n voice and manner, who was so unfamiliar with sewing

‘that K¢ thoughtsthe needle had to be tied to the end of the thread.

A particularly striking design was made by a Chinese boy who
at one time had been considered incapablegof taking the regular
mathematics cowses. His chief difficulty wadgdis inability to ex-
press himself in a strange languade. His dcswn, carried out ‘in
bright colors of fine silk thread, showed excellent workmanship
and originality. S

I have found curve- smchmg A valuable supplement to the regu-
lar work in geometry. It requires only a small amouat of class
time. It makes the students aware of geometric relationships and _
develops their interest in the geometric basis of desigr~They
seem to find real satisfaction in planning and making the designs.
The imcrested and critical appraisal which the class makes of
each new design is an incentive to good work, as is also the favor-
able comment the designs receive when they arve exhibited in the
school hall. Some students who have not been doing well in ge-
ometry find in this work a new opportunity to be successful and
to earn the praise of their classmates. In many such cases, the
increased interest in geometrv seemed to carry over to subsequent

‘work.




- WINDOW TRANSPARENCIES .
J. Anna Tennyson

PuriLs enjoy making trarisparencies that simulate stained glass
windows. This project may be the culmination of the construction
work in intuitive geometry,

A small preliminary design is made on white paper. All lines
are doubled, as most of theipaper is to be cut away and only the
narrow strips that outline the design are, to be left. Black cover
paper, not too stiff, is cut to fit the windowpane to he covered.
‘The oniginal design, enlarged to proper proportions, is constructed

oon the black paper. White or light colored pencils make construc-
tion lines that are most easily seen. The paper hetween the narrow .

strips that represent the leaded seams in a stained glass window

is cut away by means of a razor blade or small, sharp scissors.
There is now left a sk.leton-like design. Thin paper of-various

colors or colored cellophane is used to replace the cut-out paper.
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To heighten the resemblance to stained glass. the paper may be
oiled or dipped in melted paraffin before it is used.

J'he finished transpavencies are suggestive of mathematical
forms and figures and create an atmosphere in which pupils are
better able to enjoy and appreciate the role of mathematics in
the art of design. .

At Christmas stars and geometric Christmas trees used as basic
figures in :he design add a festive air to the classroom windows.

StSlawi



MATHEMATICAL DEMONSTRATIONS AND
. EXHIBITS

. -~ Fhillip S. Jones

Tue VARIETY of interested and appreciative comments elicited
from both student and adult spectators at the annual demonstra-
tion-exhibit: prepared for several years past by the mathematics
department of The Edison Institute of Technology has led to the
conclusion that more should be done about this method of in-

creasing interest in and appreciation of mathematics. Scattered

periodical articles' have tol 1 of occasional mathematical exhibits
and the fun and pedagogical values derived from them. However,
repeated expressions of surprise at the fact that mathematics had

anything to exhibit outside of textbooks or a variety of apparatus’
ready to supplement blackboard demonstrations proved that the

advice to “dramatize the role of mathematics in modern life” 2 was

not only excellent and deserving of more attention, but needed
to be carried out in more concrete ways than are used at, prescnt.
It is the aim of this account of portions of past exhibifs and o
the article on ‘‘Mathematical Apparatus” (pages 212-225)‘-@8 focys
more attention upon the values of dramatization and to offer a
few practical suggestions which m1y help teachers in starting such
a program,

These are the principles which have guided the construction
and arrangement of our exhibits. (a) An exhibit must gain and
retain the interest of the viewer. (b) Hence, it must be geared
to the level of an intclligent bu: non-mathematically trained stu-
dent or adult. (¢) It must not so cater to popular interest and
lack of training that 1t nakes mathcmatics seem trivial or a col-
lection of purzles, recreations, classical solved and unsolved prob-
lems and paradoxes. (d) It must sustain intevest in mathematics
by pointing out that the subject is alive and “on the hoof” where
it mav be seen in daily life by any observer, and by suowing

! Reference numbets 1 to 32 refer to nates at the emd of this article.
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. its more obscure applications and r:latjonships. (e) As a school
demonstration, it should show largely the actual materials of daily
class instruction, and, in this connection, should use the instru-
ments and gadgets ¢n hand for classroom instruction. (f) Accom-
panied by diagrams and -divect explanation, it should demon-
strate relationships conclusively and tell an interesting story where
a similar but static display is ineffectual.

With this last point in mind, each of the sections of these ex-
hibits has consisted of a table display of apparatus or models
behind which stood a student to explain the mathematics of the
section by using the apparatus and models plus a set of drawings
and pictures tacked to a display board behind him. Thus each
part of the demonstration was carried out tangibly by moc-ls,
many of them movable, audibly by the students’ discussion, and
visually through disgrams. The organization of one exhibit was as
follows. \

Skcrion b Tk Coxte SEG1ions axp THE Fruese (Ko, 1)

On the table. String models of the conic sections and ruled
quadric surfaces (these were made in the school machine shop,

Figure 1. The Conic Sections and the Ellipse
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2

but could easily be made from cereal boxes) ; drawing board and
paper with two thumbtacks stuck in and a loose string tied around
them ready to demonstrate the pin and string construction of an

_ ellipse;® an elliptic trammel or ellipsograph.®

Pictorial display. Poster A listed the members of the conic fam-
ily, explained their family name by mention of their historical
origin in the study by the Greeks of the right-angled cone, and

showed by diagrams of elliptic and parabolic orbits one of their-

earliest applications at the hands of Kepler and Newton.

Poster B showed two exact drafting-room constructions for
ellipses, one using concentric circles, the other being a projective
or so-called *parallelogram” construction.*

T he student. The student explained the nature of the conics as
shown by the string models and amplified briefly the outline of
their history and use. He then demonstrated the pin and string
construction of the ellipse and the operation of the elliptic tram-
mel, while explaining the frequency with which this curve is met
in the drafting room.

SecrioN 2. THe ELLipse AxDp ParaBora (FiG. 2)

On the table. An elliptical "billiard board” made by a student
in the school woodshop demonstrated the property of the ellipse
of reflecting anything starting from one focus back to the other
focus, thus furnishing the principle und-rlying the construction
of whispering galleries, such as thag in the Capitol at Washington,
D. C. Two focusing flashlights: png disassembled to show the
reflector and the movement of the bulb; the other used by the
student to demonstrate the result of moving the bulb into or out
of the focus of the parabola :

Pictorial display. Poster A contained a diagram of an ellipse
showing several tangents and the focal radii to their points of con-
tact, also a picture from Life® magazine showing an experiment
with au elliptical light reflector at the General Electric Nela Park
Laboratories.

Poster B showed a projective or parallclogram construction for
the parabola. Diagrams showed the use of the focal properties cf
the parabola in the spotlight and reflecting telescope.

T he student. The student demonstrated the elliptical billiard

X
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Figure 2. The Ellipse and the Parabola
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board and focusing flashlight as a part pf an explanation of the
focal properties of the two curves and their uses. -

SeEction 3. THE Parasora, CATENARY, MAXIMA AND Minima
(Fic. 3)

On the table. Stoppered glass tube partly filled with a colored
liquid and mounted so it could be rotated about i vertical axis.
thus showing the parabolic shape of the surface of a rotated fluid
and demonstrating a device which, when geared to the drivers
and properly calibrated, served as a speedometer on some early
trains, the speed being determined by the height to which the oil
would rise.®

It has been suggested to the author that, if mercury were used
as the liquid and a light source with nearly parallel rays located
above, the focal property of the parabola could be demonstrated
and the variation in the location of the focus with a change in the
shape of the parabola could be shown by varying the speed of
rotation. In either case, a warning is in order to start the apparatus
at slow speed and with a small amount of liquid to make sure
that the tube is perfectly centered before proceeding.




o

kigure 3. The Parabola, Catenary, Maxima and Minuna
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Also on the table were two pairs of ringstands of the same
height, side by side, from which were suspended two cables. of

the same length, one loaded horizontally to show a parabolic -

shape, the other a free-hanging catenoid cable. (To have this set
up as accurately as possible, the *cables” should be flexible and
the load suspended from the one should be large m relation to
the weight of the cable.)

A soap solution and wire forms for demonstrating minimal sur-
faces, and two tin cans, found in a grocery store, which had the
same volume but different shapes and surface areas completed the

array of apparatus.

F.ctorial display. Poster A showed a picture of the Detroit-
Windsor Ambassador Bridge and of a high tension line. Poster B
was a diagram for and solution of the problem of determining the
dimensions necessary to give .the beam of maximum strength
which can be cut from a given log.

The student. The student began his discussion by explaining
wherein the rotating tluid demonstrated another occurrence of
the curve which the spectator had met in the previous section.
He then called attention to the parabolic cables of the Detroit-

\\
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\?indsor Ambassador Bridge? but emphasized ihat free-hanging
cables, such as high tension wires, are not parabolic but catenoidals
The catenary, he continded, is a curve with many interesting
properties and uses in its own right; for instance, it is the sail
curve® as could be shown by fastening a handkerchief to parallel
uprights and allowing a fan to blow on it; it likewise provides
the busis for computations miade by surveyors in correcting for
the sig in steel tapes and chains;? it finds a place in architecture;!®
“and, as demonstrated by the-soap solution and wire forms, it pro-
vides the curve which, when rotated, traces out thé surface of least
avea, which can be used to join parallel circular rings.! "The prob-
lemn of “least” and “largest” incidentally, the student e‘ined.
occis in many places in mathematics and its applications, ¥ch as
in determining the dimensions for the strongest beam that can be

.. °
R o

cut from a given log or in determining the dimensions for a tin. ..
can which will give the minimum area for a fixed volume. -

SECTION 4. PLANE AND SPHERICAL. "TRIGONOMETRY AND GRAPHICAL
Comruration (Fic. 4)

On the table. A large model screw’ thread and a spherical

aurunin® Twan?

Ligute 4. Plane and Spherical 7 piponaHEy aind Graphical Computation

Aruitoxt provided by Eic:
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blackboard made in the school shops. On the blackboard were
laid out the equator, the meridiah of Greenwich, and the latitude
and longiiude lines for New YorRk and Paris; then in colored chalk
were drawn the great rircle and the loxodrome joining the two
cities. At the end of the table, for fiee distribution, was a pile of
mimeographed *“Graphical Computation Charts,” nomograms on
a single sheet for multiplication and division and for determining
circumnferences and areas of circles.

Pictorial display. Poster A (not shown in Fig. 4) comprised a
diagram and solution for determining the helix angle of a U. S.
Standard Form Thread; a diagram and solution of the spherical

~.triangle for the distance and bearing of Paris from New York.
Poster B showed photostats of alignment charts for tension in and
horsepower of' belts.?? Poster C showed photostats of aerial naviga-
tion computation charts.!®

The student. The student first explained the sulution of the
screw thread problem by plane trigonometyy, and then discussed
the problem of geodesics,!* the contrast between great circle and
rhumb line sailing, and the use of spherical trigonometry in navi-
gation, He then emphasized the usefulness of graphical computa-
tion in industry and navigation and passed out the mimeographed
noniograms,

SecTioN 5. MEecHANICAL CoMmpuTATION—SLIDE RULE (FI6. 5)
N . o .
Nn the table. A set of Napier's bones'® made b)f@e student
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Figure 5. Mechanical Computation-~Slide Rule
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demonstrator, a Gunter's scale, a circular, a polyphase duplex,
and a log-log-trig slide rule.
Pictorial display. A large classroom demonstration slide rule.
The student. The student discussed the historical development
of logarithmic scales from Napier and Gunter to the modern slide
rule and demonstrated each device. )

Secrion 6. MecHANICAL CoMPUTATION: PLANIMETER AND CAL-
curLaTor (Fia. 6)

On the table. A polar planimeter set upon a diagram con-
structed from data of an experiment on hysteresis; an electric .
calculator.

Cde
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Figme 6. Mechanical Computation: Planimeter and Calculator

Pictorial display. A picture from Life magazje showed a pla-
nimeter in use in determining areas of wood lots from agrial
photographs; graph and discussion of representation of work by
an area.

CThe student. The student explained and demonstrated the two
machines and their uses.
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SECIION 7. FAMOUS PROBLEMS AND RECREATIONS

On the table. Angle trisector, made in the school machine shop, .

embodying the method of Archimedes; a rack of books labeled
“Mathematics Goes Best Seller,” including the well-known biog-’
raphies and popularizations of the last few years by Bell, Hogben,
Kasner and Newman, several works on recreations and puazzles by
Ball, Heath, Steinhaus, and a little sct of cardboard jigsaws copy
righted under the title "Geomgtricks,” then popular in the stores;
and, finally, a pile of mimecographed rvecreations, puzzles, and .
games for free distribution. ‘

Pictorial display. The display comprised Poster A, “Solved
Problems”--the three famous Greek problems; Poster B, “Un-
solved Problems”’—Fermat's last theorem and the four-color prob-
lem,

The student. The student explained the problems listed on the
“placards (diagrams were shown for trisection and the four- color
problem), demonstrated the angle trisector, and passed out mim-
cographed material. .

The appearance ot the placards was immproved by making them
of unifom size (227 x 28y with uniform borders, and by using
India ink for all lettering and diagrams (red for construction
lines and special diagrams) .

The greatest difficulty with the student demonstrators was
that when they had worked out their display, made their placards,
and studied the historical and theoretical background, they were
not only prepared but very willing to talk too long. This danger
was overcone by having them stick to a direct and concise expla-
nation of the materials on display, adding historical and other de-
tails onl as needed to answer questions,

Unuqu stonably the students who worked hand o put such ex
hibits into operation had the greatest increase in mathematical
knowledee and interest and also the most fun. However, the spec-
tators and fellow students profited through stimulated interest in
and added apprediation of the mathematical side of the world
about themn, '

Exhibits of this type obten gain in coherence and real teaching
values if spectators can be routed thivugh in dehiniwe order so that
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the different sections can be phnncd as parts of a whole dewlop
ment of some genceral topic. If this is done, each student demon-
strator should take care to point out the relationship of his sec-
tion to those preceding and following as well as to the general
theme of the exhibit. '

' Svcersted lTories FOR EXHIBITS

Severa) unifying topics which might be used as suggestions for
either entive exhibits or sections of larger exhibits are briefly
described below. o '

The conic sections. To materials such as those discussed above
might be added the following: a model of rolling ellipses or ellip-
tic gears;® maps showing the occurrence of conic sections in map
projections of the sphere, particularly "the gnomonic or great

“circle sailing charts;'® a spring gun, a water can with holes

punched in the side, or a hose arrangement to show the parabola
as the path of a projectile. Further uses of the focal property of the
parabola in construction of auditoriums, directional micro-
phones, heat reflectors, etc., could be diagrammed and explained.
The derivation of all the conics as sections of a cone of light may
be set up with apparatus as simple as a flashlight and a picce of
cardboard or be made as complex as one wishes,™ Conic com:
passes could be built and demonstrated.®
Computation—graphic and mechanical methods, instruments.
The material on nomograms, intersection charts, Napier's bones,
Gunter's scales, slide rules, calculators pictured and discussed in
connection with Sections 4, 5, and 6 could be amplified with
demonstrations of the abacus, navigational computers, some of
which can be made inexpensively,® special slide rules;*! of aerial
navigation problems solved by vector diagrams which could also
be made more conerete to spectators by setting up triangles of
forces with spring balahces from the physics laboratory; of arith-

“metic shortcuts and discussions of calculating prodigies:** and

machines in advanced mathematics  (harmonic analyzers, inte
grators, tide caleulators, ete)) . ‘The use of the carpenter’s square,
micrometers, ellipsographs, and other measuring, drafting, and
calendating tools might be appropriately demounstrated in such an
exhibit. '

O

RIC

Aruitoxt provided by Eic:
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"Mechanics, mechanical motions, and machines. A simple me-
.chanical' apparatus can be built to draw a spiral of Archimedes®
and to show its use in uniform motion camns® and centrifugal
pumps.® The limacon of Pascil 8 gives the shape of a simple har-
monic motion cam which should also be related to the trigono-
metric functions and wave motion. Rolling ellipses or elliptic gears
have already been mentioned; rolling cones provide a method of
obtaining a variety of speeds from uniformly rotating shafts. The
involute of a circle® may be traced by the unwinding of a string
from a circle, and its importance and c@mmon occurrence in the

. design of gear teeth pointed out. The locus of a point on a circle
rolling on a straight line is a cycloid,® a curve easily demonstrated’
-mechanically or constructed by methods of elementary.geometry,
which has an interesting history, a modern use in gearing, and a
}ﬂacc in theoretical mechanics as a tautochrone® and a brachisto-
chrone® There is a considerable amount of elementary trigonome-
try in screw threads and gears, models of which may be maie of
¢ \wood or metal. Parabolic and catenoidal cables have been men-
tioned previously; the shape of a beam or of its bending moment
dizgram bent under some loadings is represented by a cubic or a
parabolic curve.

The straight line. The question of how to draw a straight line
is related to the question of what a straight line is, and may be
used to introduce a discussion of logic and the philosophy of
mathematics, as well as to introduce demonstrations of mechanical
constructions using the Peaucellier inversor? and the hypocycloid
traced by a point on a circle rolling on the inside of a second circle
of twice the diameter. A variety of linkages giving both approxi-
mate and exact parallel and straight-line motions have avisen from
the needs of machine design, that of James Watt being of histori-
cal interest.** Straight-line geomeniv and projective constructions
for curves using only straight lines to lodate points or draw tan-
gents are found to be fun for students and of interest to spec-
tators.”® Related to this topic also is tHe general problem of short-
est distances or geodesics mentioned earlier and also that of the
significance of a straight line on a map. This latter is of particular
importance today. An explanation with a globe, several maps, and
sets of computations of the straight line as representing a rhumb
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line or constant bearing course on a Mercator map and as repre-
senting a great circle on a gnomonic projection will attract inter-
est. This leads natwally to, the topic of map projection. P
Map projections. This topic would make an entire exhibit,
with a discussion of the many gifferent types of maps, their his-
~ tory, their adaptation to particular purposes, and popular miscon-
“ceptions traceable to them, with globes, drawings, maps, aerial
photographs-and surveys, ‘the instruments of geodetic surveying,
and the nature of the dependence of navigation on maps.?

Mathematics and the wan*T This topic suggests apparatus such
as a spring gun and diagran\gs for demonstrating trajectories and
problems in ballistics, range finding and gunnery,* acrial photog-,
raphy, navigation, and aeronautics. Probability and statistics play
a part in war in a number of places, such as in ballistics and
cryptanalysis® and might warrant a separate exhibit.

Probability and statistics. This exhibit can be made interesting
through apparatus to show a mechanical construction of the prob-
"ability curve by chance distribution of balls into cells; through
the computation of 1 by experimentation,3® discussion of appli-
cations in gambling, insurance, popular polls, football forecasts,
theory of evrors, ballistics, cryptanalysis.

Wave motion. This is the common characteristic of so much in
niodern physics (and war)—sound, light, ra ilffmat, fluttering
“wings, and vibrating propellers—that a demonstration of the wide
variety of applications of trigonometric ana¥ysis could hardly
fail to interest everyone.®' This can be done-{by the use of an
oscillograph or pencils fastened to vibrating ro sxo: tuning forks,
plus superimposed graphs of corresponding/ fundamental sine
waves and harmonics. Simple harmonic motion apparatus dis-
cussed in another paper (see page 220) could be adapted to draw-
ing sine waves. An interesting serics of relationships is demon-
strated by wrapping a paper around a candle, cutting the cylinder
at an angle to show an elliptic section, and then unwrapping the
paper to show a sine wave.™

;
Every reader will undoubtedly be able to add to those listed
briefly above many suggestions for the dramatization of mathe-
matics. A skimming of the recent popularizations of mathematics
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by Hogben, K'\sner and Newman, and Bakst as cited in the notes
vill suggest other opportunities for dramatization. All that re-
mains is to take action. Try it! It's fun!
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p. 107. .

Other references on minimal surfaces are: Douglas, J., “The Problem

of Platcaw,” Scripta Mathematica, Vol. 5, p. 159, July 1938; “Soap Films
Automatically Solve Problems in Higher Mathematics,” Life, Vval. 12, p.
118, March 16, 1942,
‘T'hese photostats were from Lipka, J., Graphical and Mechanical Compu-
tation (Wiley, 1918), an excellent elementary reference on nomography.
See also artide on "Nomographs in High School Mathennuic™ in this
Fearbook., A very nice, though complicated. nomographic chart for ele.
mentary computation as well as the quadratic equation is pictured in an
atude by R Ford, *An Alignment Chant {or the Quadratic Equatpn.”
American Mathematical Monthly, Vol. 16, p. 508, October 1939.

5. 'These charts wete from Lyon, Thoburn €, “Practical Air Navigation,”

Cioil Aevonantics Bulletin, No. 24, 1940, pp. 147, 152

Kisnery, B and Newman, }., Mathematics and the Imagination (Simon
and Schuster, 1940), p. 146, gives a good popularized discussion of the
general problem of geodesics and adds (p. 181) a bit of fun interest with
its spider and fly problems, as docs also Ball, W.-W. R, Mathematical
Recreations and Exvsays (Macmillan, 1910), p. 118. '

~ A tmamslation of Napier's own description of his bones or rods is given

in Smith, D. E., 4 Sowce Book in Mathematics (McGraw-Hill, 1929),
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16.

17.

18.

19.

20.

re
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p. 182; Buakst, A., Mathematics, Its Magic and Masjery (Van Nostrand,
1941), p. 117 In the same chapter are also discussions of the abacus and
other computing devices as wall as arithmetic short-cuts.

Bradley, A. D., Mathematics of Map Pro;ect:ons and Navigation, pp. 24 ff.

Yoder Insttuments, 1938, o

Karpinski, L. C., Benedict, H. Y., Calhoun, J W., Unified Mathematics

(D. C. Heath, 1922),- Chap. XXII, presents many applications of conic
sections.
tHurlburt, Everett H., “A Simple Optical Device for Demonstrating the
Conic Sections,” School Science and Mathematics, Vol. 41, p. 828, Decem-
ber 1941. Tells of an interesting spectator-operated device, wherein the
guest picks his curve, pushes the button, and the device does the rest.
Lof, J. L. C., “The Conic Compass,” School Science and Mathematics,
Vol. 38, p. 842, November 1938,
A cardboard and celluloid “computer” ready to be cut out and assembled
comes with Lyons, T. C., Practical Air'Navigation. This computer consists
of a circular slide rule with special markings and an arrangement of cir-
cular grids giving graphical solutions for vector triangle problems involv-
ing air speed, wind velocity, course, and ground speed.

. Diserens, R. 8., “Special Slide Rules,” Product Engineering, June 1942,

pp. 340 ff. This. article includes helpful hints on construction as well as
pictures and a bibliography. Also Mackey, C. O., Graphic Solutions
(Wiley, 1936), Chap. II, p. 8, the theory of slide rules. Davis, O. S., Em-
pirical Formulas and Nomography (McGraw-Hill, 1943), pp. 147 ff.

. Ball, W, W. R., Mathematical Recreations and Essays, Chap. XIII, pp.

350 ff. Macmillan Co., 1940.

23, steinhaus, op. at. p.o 37, Also Yates, R, C., Tools (Louisiana State Uni:

versity, 194, Section VI, Line Motion Linkages, pp. 82 ff.

. Keown, R, M. and Faires, V. M., Mechanism, pp. 11 ff. McGraw-Hill

Book Co., 1939. MR

5. Sce texts in projective geometry, French, op. cit.; Yates, op. cit.; “Harvard

University Sophomore Makes Line Drawings,” Life, March 18, 1940, p. 43.

c Bradley, AU Dy of erts Also, by the same author, "Gnonwnic Projection of

the Sphere,” dmerican Mathematical Monthly, Vol. 47, p. 694, December
1940. Deetz, €, H. and Adams, O. S., “Elements of Map Projections,” De-
partment of Commerce, Coast and Geodetic Survey Special Bulletin, No.
68, 1938. “Maps,” Life, 13:5, pp. 57 fl. August 3. 1912, Steinhaus, I1..
ap. it pp. 94 fI. Bauer, H. A., Globes, Maps, and Shyways. Macmillan
Co., 1942,

. The general relationship of mathematics to the war should become

familiar to students working on such an exhibit through reading Morse,
M. and Hart, W., "Mathematics in the Dcfense Program,” American
Mathematical Monthly, Vol. 48, p. 293. May 1941, or the Mathematics
Teacher, Vol. 34, p. 195, May 1941, and other related articles, particularly
those in the May and November 191 Mathematics Teacher ((The Brown



Demonstrations _ ~ 103
F) N
Univerzity Center for graduate study in applied mathematics in dc(cn\ﬁ_'_
is discussed on pages 238 and 830 respectively of these two issues). Sce
also: United States M litary Academy, Some Military Applications of Elet
mentary Mathgnatics., 1942. An interesting mimeographed collection with %
diagrams and some acrial photographs. ‘g

28. “Field Artillery—How to Fire a 75 mm. Gun,” Life, Vol. 10, p. 64, Febru- "
ary 10, 1941, Thomas, J. M., Elementary Mathematics in Artillery Fire. ¥
McGraw-Hill Book Co., 1941. Levy, S. H., Introductory Artillery Mathe-
matics and Antiaireraft Mathematics. University of California Press, 1943. ;

20, Ball, W. W. R., Mathematical Recveations and Essays, Chap. X1V, pp. :
879 ff. Macmillan Co., 1940. Mendelsohn, C. J., “Cardan on Cryptog-
raphy.” Scripta Mathematica, Vol.'(_)', p. 157, October 1939.

80. Interesting and suggestive® popularized discussions of probability may be
found as follows: Bakst, A., op. cit., pp. 329 ff.—the computation of = by
chance is discussed on p. 350. Hogben, L., Mathematics for the Million
(Norton, 1987), Chap. XIL pp. 571 ff. Kasner, E. and Newman, J., Mathe-

o matics and the Imagination (Simon and Schuster, (1940, pp. 223 fI.

31. Karpinski, Benedict, Calhoun, op. cit., Chap. XXVI, p. 407.
32. Karpinski, Benedict, Calhoun, op. cit.,, p. 419. Steinhaus, H., op. cit., p. 59.

.
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EAST HIGH SCHOOL. VITALIZES MATHEMATICS |

H. W. Charlesworth

For A NUMB&R of years East High School of Denver has been hold-
ing a mathematics exhibit. These annual events have become
quite spectacular, each year growing in importance as well as in
size. The Fourth Annual Mathematics Exhibit of April 8 to 11,
1942, filled the entire floor space of the boys' gymnasium, which
was aftractively decorated in red, white, and blué. Since these
exhibits were open during school hours and at least two evenings,
they were seen by the entire student body and visited by several
hundred patrons and out-of-town teachers and their pupils. A
visitor to one of these exhibits could easily imagine himself to be
at a world's fair. '

SPONSORSHIP OF THE EXHIBITS

The exhibits were started and are still sponsored by the Eu-
clidian Club, the mathematics club of the school. Because this
club wished to give mathematics the prominence it deserves in.a
modern high school, the exhibit was chosen as one means of show-
ing the value and importance of mathematics in modern life. It
has proved to be more than was hoped for. Now it is listed in the
student handbook as one of the traditions of the school.

These exhibits require a great deal of planniug and work on
the part of teachers and pupils. They are a -cooperative school
endeavor. Any pupil, group of pupils, class or club may enter a
project, serve on committees, or help in some way. The real suc-
cess of the exhibit depends upon student participation. More than
three hundied pupils shared in some way in making the exhibit
of 1912, @

The exhibits are financed by the sale of souvenir pencils and
magic slates and by money donations from the various school
organizations and clubs. The exhibit in 1942 cost approximately
$150.
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General View of Eshibit Room. Theme: Mathematics, A Universal Language

B
.

Mathenrties and Licht--A Part of Fxhibit on Mathanatics and Physical
Stience. Boath Prepated by Four Boys




\ ' / S Vo
106 Eighteenth Yea.{‘book

THE D;svuw

The exhibit is the result of pupil study and research. The one
\ stipulation is that the exhibit must show the applications of
mathematics. It must not be a display of classroom work or a -
collection of papers or notebooks. Pupils work up a project for
the exhibit, alone or in a group. Although actual work is done
outside class time, it is expected that many projects will originate

in the classrcom work. , - .

" The project may be worked out in any field, provided -that the -
purpose is to show the use of mathematics. The project may be
original or not. It may be the result of a hobby, provided, of
course, that it gives prominence to the use of mathematics. It is.
expected that pupils work with the advice and help of teachers

=\and others. .
The: results of the project must be colorful and displayed at-
tractively, and must be accompanied by appropriate posters and
. explanatory materials. Much freedom is allowed in this display,
“and pupils are-encouraged to decorate the exhibit space allotted

to them. A group project, one involving five or more pupils, a
class or a club, is given an exhibit space of at least eight feet by
ten feet.

. The cooperation of local business and industrial concerns is
encouraged, provided no advertising as such is done. Pupils who
get help from community organizat}ons are expected to study and
work out the problem for themselves. We want it to be an educa-
tive process. The cooperation of out-of-school groups has been
very satisfactory and has proved to be a great help in relating
school and community in mutually beneficial ways.

THEME AND DECORATIONS

Every annual exhibit has a theme. Two recent ones have been

\ “Mathematics—A Universal Language” and “Mathematics in the
World of Tomorrow.” We symbolize the theme by a large central
exhibit picce, usually a composite geometric solid occupying floor
space of about twelve feet by twelve feet and standing from four-

teen to twenty feet high. In 1942 we constructed a stellated
icosahedron about thirteen feet in width; this was suspended from

the ceiling and made to revolve, apparently revolving on the apex
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of a square pyramid. This piece was doue in red, white, and blue
to conform to the general scheme of decoration, as were also ‘the
hooths and other exhibit units. Significant wording was printed
on the four lateral faces of the pyramid.

VALUES DERIVED FROM THE EXHIBITS

ThiIV}Jun originally set have been realized, many of them far

beyond expectations. We are learning how 'to bring about and
develop other values, some of which arc not obvious and are slow
in development. These annual exhibits bring our mathematics
department into close contact with other” departments of the
school, which cooperate in a very fine'way. The exhibits have also
helped to improve community and school relationships.

Despite certain curricula changes that have tended to dis-
~ courage the election of mathematics courses, the subject has more
than held its own in our school. We believe that these exhibits
have helped greatly. The values to the participants cannot be
measured, but we are confident that they far exceed the actual
cost. It is truc 'that the exhibits mean a great deal of work, but
we heartily recommend them to any school desirous of keeping
mathematics in its proper place of prominence in a modern high
school.

RECORDING THE EXHIBIT

Fach year we print a mimeographed Looklet which tells how we
plan and conduct our exhibits. It gives brief descri tions of several
typical projects and lists many others. (Supply exlausted.)

We made movies of the 1940 and 1942 exhibits. The latter
was a student project from 50ginning to end, constituting one of
the major projects of the exhibit. T'he group of sthidents who made
the movie were allowed twenty-five dollars for the entire job, and
they did it for slightly less. Nine hundred feet of film were ex-
posed, about five hundred feet of which were retained. It is a good
picture, a 16-mm silent film accompanied by a typed narrative.
This film, Mathematics in the World of Tomorrow, will be lent
for the cost of wansportation both ways. The mimeographed
booklet, together with the namated tilm, gives uite a complete
story of our annual exhibits
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EMPLOYING VISUAL AIDS TO TEACH LOCUS
IN PLANE GEOMETRY ‘

Edna Hitchcock Young

Tue Toric “locus” is truly a difficult one in the teaching ol plane
geometry. No doubt many teachers and students have emerged
from such a unit both discouraged and confused.

The usual definition, *“A locus is the path of a point which
moves so that it always satisfies a given geometric condition,” is
itself meaningless to the majority of students. Up to this point in
the course each higure in geometry has been static; then suddenly a
concept of motion is introduced. To add further to his bewilder-
ment the student is expected to be able to prove that every point
on a specific locus satisfics the given condition and cither that
every point which does satisly the condition is on the locus or
that any point not on the locus cannot satisfy the condition. Alter
completing the work on locus, both teacher and student experience
a mental jolt when they view the results of a simple test on per-
haps only the fundamentals of locus. It is safe to predict that the
resulting figures will range from circles and parallel lines to «v-
cloids and rectangles and even some indescribable figures—to say
nothing of the accompanying proof, if the student has cnough
mental fortitude to attempt one.

It is a natural temptation to omit the unit entirely or to skim
over it superficially, thereby reducing its demoralizing effects to a
minimnm. Yet the unit on locus is a biidee between the studs
of the theories of geometiy and tacir practical application in the
ficlds of mechanics, construction, navigation, and analytic geom-
etry. It is also valuable as a comprehensive review of the relation
of many geometric facts to cach other.

It was a determination to preserve the study of Iocas that grew
into an experience most satisfying to me. In the spring of 10136,
a neophvie teacher. Twas grected by a dlass of some thirty students
who had been weeded from the dlasses of thiee other teachers in

' 109

O

RIC

Aruitoxt provided by Eic:

PR



110 | Eighteenth Yearbook

an attempt to reduce excessive teaching loads. I would not have
admitted it then, but I will now—I was panicstricken and there-
fore I clung firmly to the text. Things ‘began to run smdothly te-
ward the end of the unit on circles, but I hate to recall the subse-
quent wotk on locus—it exhausted me and “finished” that class
so far as enjoyment of geometry was cancerned. No matter how
much T tried, I could not vecapture their interest.

By fall I had recovered from my case of *“‘locophobia™ and re-
turned ‘to school resolved to oust this dread disease from the class-
room. With the very first constructions, such as angle bisectors
and perpendicular bisectors, the term “locus’ was introduced, this
time with emphasis on its derivation from the Latin word mean-
ing “place.” “Where are some points which are each equidistant
from two fixed points 4 and B?" I asked. After marking several
such points with compasses, the students “discovered that the
“place” or the "locus” of all of them was the petpendicular bisector
of AB. It was quite obvious te themn that any point on this per-
pendicular bisector was equidistant from 4 and B, and that every
point elsewhere was nearer to either A or B. This procedure of
talking about locus was injected into every construction problem
from the beginning of our study, so that with the arrival of the
unit on locus the term itself was nothing new.

'To launch the unit with enthusiasm and to introduce the con-
cept of motion, we tried to visualize the path of the center of
an automobile wheel as it rolled along the street. This was not
ditheult, but the path of a point on the circumference of the same
wheel proved maore stimulating. Heated arguments followed; some
students thought the locus would be a straight line parailel to the
surface of the road; others suggested that it would be a circle; still
others imagined a series of loops like an old-fashioned penmanship
exercise. Fven after they had gone home and observed actual
wheels in motion and experimented with their mother's chinaware
and panury equipment, there was still a difference of opinion.
Finally one enterprising lad—I wish I could recall his name, for
[ am greatly indebted to him——conceived the idea of bringing a
model into the classroom to terminate the controversy. He made
one of a wooden wheel, with a radius of about four inches, which
rolled along a stiaight track. By inserting a pencil near the circle,
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he actually traced a cycloid on a board mounted behind the re-
volving wheel, This model, although cinde, was convincing. -

The discussion of the locus of the center of a circle of given
radius which remains tangejt to the sides of a triangle or rec-
tangle brought forth diffegnces of opinion again. But the idea
of making models had m'k“en hold and soon there were many
models, not the elaborate polished variety, but simple cardboard
models to be used today and discarded tomorrow. Some students
ventured to apply the same method to squares, pentagons, and
regular hexagons, as shown in Figure 1, at the left, below. In each
case o model displaved why the internal figure is a polygon, while
the external figure has rounded vertices.

Mg

Figure 1 Figure 2

More and more models were brought to class; interest in them
seemed to grgw. Many students told of the construction difficulties
they had enfountered and the ways in which they had overcome
thert. Some were really ingenious. For example, while using the
model for the eycloid, the class observed that it was difficult to
make the wheel roll, for it had a tendency to slide on the track.

N
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- Many suggestions were made, such as stretching a ’ﬁ?ég_'e of inner
tube around the wheel to increase its traction on the track. The
result was an improved model, but one still imperfect. Someone
suggested the use of a strip of corrugated cardboard on the outer
rim of the wheel and a strip of the same cardboard on the
track. It was found that stretching the corrugations on the
curved surface prevented perfect synchronization with the cogs on
the flat surface. Then spikes were inserted on the surface of the
wheel and the track was replaced by 3 soft, easily penetrated
material. This time it was observed that the spikes on the wheel
had to enter and leave the track at angles instead of along the
lines perpendicular to the track. This difficulty may have been

overcome, but the problem was solved when a student found -

that a piece of flexible wire held securely in a position parallel to
the track and wrappéd tautly around the axle of the wheel pre-
vented its sliding and made .it revolve as it progressed along the
track. '

Enthusiasm for models need not weaken the demonstration
phase of the work. Many students, once understanding the mean-
ing of locus, prefer to imagine the path of the point or to discovar
its form by referring to related theorems; others continue to de-

end upon a model as an aid. For example, alert students would
associate the locus of the point of intersection of the diagonals of
a rectangle having one side fixed in length and position, with the
“perpendicular bisector of the fixed line. However, many students
lacking this facility to associate ideas abstractly would realize that
the problem becomes the locus of a point equidistant from the ex-
tremities of a line, upon examination of a model such as the one
shown in Figure 2. Although my experience has been too limited
to justify generalization, I have found that frequently the bet-
ter students prepare the poorer models. Often they have fine
ideas. but seem to lack the mechanical skill to execute them,
while some of the poorer students create excellent projects. Per-
haps this is the natural result of the proportionally greater num-
ber of poorer students participating in “shop” courses. However,
this difference in ability is most helpful in maintaining a halance
- between the discussion of models and geometric demonstrations,
To clarify this point, let us consider an example. A problem fre-
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quently encountered is to find the locus of the mid-point of a given
line-segient which moves so that its extremities remain on the
sides of a right angle. The alert student immediately associates
this problem with the theorem that the mid-point of the hypote-
nuse is equidistant from the three vertices; hence he knows that
"the mid-point must always be one-half the length of the given
line-segment from’the vertex of the right angle, and that it is there-
fore an arc of a circle with its center at the vertex and its radius
equal to one-half the given line-seginent. It would be criminal to
stifle his clear thinking and imagination by compelling him to
make a model. At the same time there are students incapable of
this kind of abstract thinking“who, witli the cover of a pasteboard
box and a ruler or short stick, can discover for themselves the
form of the locus and can see the concrete application of the
theorem. Frequently a model inspires the creation of a new prob-
lemn, such as the locus of a fixed point other than the mid-point of
given line-segment which moves with its extremities on two per-
pendicular lines.

Thus thé two extremes of ability can work together on the
same unit, cach contributing to the growth of the other through
verbal demonstration or physical evidence. |

1. 's somewhat difficult for the teacher to decide whether models
should be required, whether proofs should be required, and how
to measure the individual's achievement. e problems, like
~all other problems in-teaching, can be answer y in terms of
the abilities, interests, temperaments, and aspigations of the indi-
vidual members uf the class. It seems advisable to allow the student
considerable freedom in the selection of the particular kind of
work he will do; but, bright or dull, he will need guidance in his
cff/orts.

It has been my experience that the following procedure is help-
ful. First, the term locus is introduced as soon as possible in con-
junction with the most” simple cons.ruction problems so that,
when the locus unit itself is approached, the term is already under-
stood. Since the Pythagorean Theorem may be applied to several
locus problems, especially -those involving circles with chords
Cor tangents; and since the unit iself is valuable as a compre-
hensive review, it is best to postpone the locus chapter until well
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near the end of the course. A discussion of the cycloid or the cardi-
oid stimulates interest in the unit and challenges ‘even the better
students to build models. If the students fail to take the initiative,
a few models from previous years aré brought into the classroom
in order to motivate greater interest. Students like to manipulate -
things, and soon there is a discussion about how to improve one or
what principles are involved in“the other. However, only a few
models are carried from one class into another, for 1 firmly belicve
that great value is derived from a child’s studying a problem, plan-
ning a model, and carrying: these plans through te a finished
product. Aftes we have discussed many problems, each studgnt
is requested to select a specific problemn upon which he is to
become an authority. He/may do one of,two things: he may
describe the locus and prove it quite formally to the class; or
he may prepare a model and demonstrate to the class how it
operates and what theorems it illustrates. The first procedure is
within the range of only the better students, but through them the
entire group becomes acquainted with at least the essence of the
geometric proof of a locus problem.

The second procedure is open to all students, for the only ma-
terials necessary can be found in their own homes or the school’s
industrial arts shop. An,embroidery hoop or a coffec-can cover
makes an excellent circle. In Figure 3 a can cover was used to find
the locus of the mid-point of all chords of fixed length in a given
circle. The chord is a strip of wood with a piece of lead fastened
at its mid-point. Figure 4 shows an cmbioidery hoop being used
as the fixed civcle in finding the locus of the center of a circle of
given radius, which remains tangent to the fixed circle. In this
model the student made use of the line of centers in order to show
both internally and externally tangent cirgles.

A simple yet very cffective model can be made entirely of card-
board. In order to show the locus of the vertex of a right angle
whose sides pass through two fixed points, it is necessary only to
mark the two points on cardboard and cut a slit from one to
the other. A second picce of cardboard, cut to a right angle, in-
serted in the opening is movable. By rotating the right angle and
pressing it finnly against the ¢nds of the slit, the student sces that
the vertex traces a semicircle. I'wo pins, one eas ™ at the two given
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points, may be substituted for the slit, and acute or obtuse angles
may be substituted for the right angle. Each of these may be used

as the vehicle for the application of the basic theorems about in-.

scribed angles.

N
[

Thus wires, strings, tin cans, rubber bands, pencils, nails, pressed

wood, and countless other common materials find their way iritol
the classroom in the forms of triarglés, circles, parallel lines, ele-

vator shafts, as shown in Figure 5. The models need not be per--

manently finished products, for only a few are to be preserved.
However, frequently very fiuc models are prepared and these are
uscful in motivating the work of future classes or in suggesting
possible variations to the students of less creative initiative.

The final emergence from this unit is no longer accompanied by

a distaste for everything mathematical. True, students may still

be unable to write a formal proof, but they have experienced the
actual application of some of the basic principles of geornetry and
have gained an insight into the relationship of one part of a geo-
metsic figure to another. ' '

Nothing lost by the-better student; something gained by the
poorer student! Is it ot possible that models could be used. else-
where in mathematjfs to increase the efficiency and pleasure of
hoth the teacher wnd the learner?

~



LINKAGES

Robert C.!! Yates

THE MOST PROMINENT motion is c{rcular. The conversion of the
easily attained circular motion into motion along a straight-line
is of prime importance to the engincer and the mechapic. This was
especially true seventy-five years ago when modern njachinery was
in its formative stage. Steam had only recently been a plied to both
land and water vehicles, but poorly riveted boilers and clumsy
levers improperly lubricated played havoc ~lifeand limb.
The generation of line motion was no(doupt of concern to
_ mathematicians from the time of Aréhimedes afid, because no solu-
tion was apparent, many confused this problem with that of squar-
ing the circle. A solution was first given by Sarrus in 1853 and an-
other by Peaucellier in 1864, both of which lay unnoticed until
Lipkin, a student of Tschebyschef, independently recreated Peau-
cellier's mechanisin. .
Fanned by Sylvester’s enthusiasin [14],* interest in general link-
. work immediately flamed high to attract the attention of men
like Cavlev, Kempe, Hart, Darboux, Clifford, Koenigs, Sir Wil-
liam Thompson, Darwin, Mannheim, and a host of other minds.
The cpidemic was so fierce and so universal that the subject was
drained .lmost completely dry in the short span of four or five
years. ‘The drop in interest followed Sylvester's departure for
America and Kempe's proof of the revhiarkable theorem that any
algebraic curve, no matter how complex, can be described by a
linkage [8, 15].
We shall confine our attention for the most part to linkages
that produce line motion. Al Im%h the drawings given here seem
“to indicate otherwise, there 13730 necessity that baxs or links be
straight. Indeed, such a requirement would beg' the question. The
“line segnent joining two joints is the effective distance—the only
requirement is that all bars be plane inextensible members.

* Numbers in brackets reler to references on page 129,
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In making models of the vafious linkages, gne: should gbtain
colored cardboard (poster board) about 12-plyN\an eyelet p§nch,
and boxes of No. 2 and No. 3 eyelets. Use the No! 2 eyelet to Yoin
two links; the No. 3 to join three or four links. Wi oto-'
trimmer cut the cardboard into strips about one-half inch wide, "~
and mount the model on a cardboard background. To insure
greater'accuracy, two bars of the same length should be punched
simultaneously [15], : '

T PeAauceLLIER CELL

The Peaucellier cells [5, 11, 15] are displayed in Figure 1, where
OA — OB — AR = BR = a; AP = PB = BQ = Q4 = b. It
is obvious that the points O, P, Q, as well as points O, P, R, remain
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" collinear as the cells are deformed. If X be the mid-point of the

variable distances PQ and OR, we have in either figure:

(04)2 — (4X)? = (0X)? and (AP)? — (4X)? = (PX)*

Subtracting: . ’ » :
(OX)? — (PX)? == (0A)% — (AP)? =a* — b%,
or (OX — PX)ON 4- PX) = a* — b~

Thus, in the left figure, since PX = XQ and OX + PX = 0X +
XQ - ()(l, -

(OP)YOQ) == a® — b
In the right figure, OX 4- PX ::: RX 4 PX = PR,
(OPYPR) — a* — b
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‘T'hese relations constitute the fundamental property of the Peau-
cellier cells,-a property that characterizes them immediately as

mechanical inversors [15]. . _ .

3

Figure 2

For line motion, a seventh bar of length ¢ is attached with one
end at P and the otlier end, M, to the base plane. The point O is
sittached to ihe plane so that OM == ¢. Then Q deseribes a straight
line perpendicular to OM as shov:n in Figure 2. To prove this, let
the linkage be placed in an arbitrary position as indicated. Draw a
line through ) perpendicular (o the line OM of fixed points, It
is cvident, since the right triangles OSP and O Q are sinilar,
that

OP/OH -~ 05/0Q  or  (OH)0S8) = (OP)0Q).

But (OPYO()) is constant and so theicfore is (OH)(OS).
Thus, since S is a fixed point and this product is constant, H is ac-
cordingly fixed and the point ( lies always on the perpendicular
to OM at 11,

The other airangement of the Peaucellier cell will produce line
motion it P is attached to the plane and O is made to traverse a
-circle passing through P. The demonstration is similar to the fore-
going, '

A line motion Hinkage announced by A, B. Kempe [6, 7, 8, 15]
1s built hrom portions of the Peaucellior cell. The “Rites” APRT
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Since triangle PO’R is isosceles, L RPO’ = ¢ 4 208 — T,

&
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~
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and RO'ST of Figure 3 are proportxonal That is, AP = AT,
PR = RO’ = RT, 0’S = ST, and

‘AP/PRs= PR/ST.

N

Sinice the two Kkites are in union as shown, they have a common

angle at 7" ungd’ thus are similar throughout all deformations.

Figure 3

Let £TAP = 20 = AIR()' and ZAPR = ¢ = LATR =
Z RO'S. ’Ihen
LPRO’" = 2% — 2¢ — 46.

2

and therefore L APO" = = — 20,

A-

- Ttus, since ZPAT = 28, PAM is a right uiangle with the line

joining P and O’ always pc;pendlcular to the bar AT. Accord-
ingly, if we fix O’ and move AT parallel to itself, then P will de-
scribe a line perpendicular to A7. To do this, attach a bar O4
equal in length and parallel to O’S and fix the point O.

Remove the bar 04, free the point O’ from the plane, and fix
P. Then attach to T ‘one end of a bar which is equal in length
to AP. Fix its other end to the plane at Q so that PQ —= A4T.
This arrangement permits O’ to move on a line perpendicular to
PQ and the motion is somewhat freer than the foregoing.
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A linkage of special importance is e four-bar crossed parallelo-
gram of Hart [, 8, 191, The bars are cqual in pairs, i.e., (Fig. 4),
AD = BC, AB = CD. We sclect four points O, P, Q, R on the
bars-in a linz parallel ta BD and AC. These will remain collinear
as the cell is d’cffﬁrmed. Diaw the circle through 4, P, and Q.
Singe its center is on the perpendicular bisector of PQ, the line

e symmetry of 4 and C, ther: € also lies on the circle. Let the

Figure

“circle cut the bar 4D in the point T. This point is a fixed point
of the bar. For, by the secant property of the circle,

(DT)(DA) = (DP)(DC), '

in which the right member is a constant since I, P, and C are fixed
points of the bar. In the left member, D4 is constant, and thus
T must be a fixed point of AD. That is, throughout all deforma-
tions, A, T, P, O, C, points fixed on the several bars, are always
concyclic.

Now, since O is a fixed point of the bar AD, we have also by the
secant property: - '

(O(00) - (OTHOA) = constant.

1 hus, since the product of the variable distances OF and 0Q is
constant, this remarkable four-t mechanism has the same funda-
mental property as that of the  caucellier cell. For line motion,
following the principles of Figure 2, we may fix O to the base plane
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and caus~ ) to move on a circle through O, Thus P describes a
stiaight line, ;

The Hart cell has further interest. If we unionize two such cells
by utilizing a short bar of oee as a long bar of the other, as shown
in Figure 5, we may produte linear motion upon an entirely dif-

Figure 5 +

ferent principle [6, 7, 8, 15). In the left-hand figure, ABCID and
ADFE are both crossed parallelograms. The angles of the first at
A and C (i.e, 8) are always equal; those of the second at 4 and F
(i.e., 9) are likewise equal. Generally, however, 6 s< ¢. But if 0 is
to equal ¢ throughout all deformations, the two crossed parallelo-
grams must be sim‘lar and their correspondmg sides proportional.
That is, 1f 8 == ¢, then

AE/AD — AD/AB,
or (AD)? = (AFE)-(AB)

Accordingly, if the bar A be fixed to a base plane, the rotation of
AB about A produces an equal and opposite rotation of AE about
A. Thus, if A be extended to G such that AG = 4B and the two
cqual bars GP and BP be added, the point P will be forced to
move along the straight line passing through the two fixed points
A and D.

T
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Special Zmlc should be made of the connection here with the
Kempe linkage for trisecting the general angle. It is obvious in
the left figure that two more bars may be attached to the linkage
to produde thrée equal angles at A4-—the three unionized crossed

i . . . . .
parallelograms having their corresponding sides proportional. (See

article on Trisection elsewhere in this volume.)

f

[ Ornfr Line Morion LINKAGES

We present here two linkages whose underlying principles differ
from those of the foregoing. The first mechanism, outstanding
for its/ingenuity and simplicity, was devised by Hart.[4, 5, 15].
T'wo stts of equal bars, 4 C = BD, PC = PD, are joined as shown.

1
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Figine b

“Ihe points A and B are fixed to a base plane at a distance A apart.
1f P be moved so that the angles at € and D are always equal, then
fttiangles A PC and BPD will be congruent and AP always equal to
[Br. Thus P will lie always on the papendicular bisector of the
Psegment AB.
' "I he requirement that angles at Cand D be always equal would
i seem diflicult indeed to arrange mechanically. Surprisingly enough
{ such is not the case. For, let 4G = BD - a, PC = PD = b. Then
select two points R and S on AC and BD, respectively, so that
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RC = SD = b3/a. .y

Then RC/PC = (b*/a) /b = bja = PC/AC. /
Thus £PAC == LRPC = £(SPD = (PBD = x. I‘"urthcrmury(
/-APC = /PRC == /BPD == y, Now since PR = PS; PA = PB; _
and y 4 2 == £APB, then triangles "APB and RPS ave siyﬁlar. .
Accordingly, ' :

PR/PA = RS/AB — RC/PC = bya.
If we take the constant distzmce;-"ABZequal to a, then

That is, if P describes the, bisecting line of AB, then the distance
between the moving po{:lts R and § is constant. Conversely, the
angles at C and D will yemain equal and the point P will describe
a line if R and § are joined by a bar of the proper length.

Before attaching the linkage to a base plane, lay it open so that
P is at the uppermost point. The mechanism forms the letter “A”.
In this extreme position fix the points 4 and B along any desired
line. . -

The second linkage for line motion is due to Kempe [8, 15].
As shown in Figure 7, the following lengths are selected: 4B =
BC = CD = CP = 4a; AD = DC’" = C'D’ = C’P = 2a; AD’ = a.

\
NN
C'o o : ’.,- :“_ 0|'D‘8'
........ - ﬁ/'
/
' \\ : "\ -'
‘_"‘.\‘ ,"_ A 7
.‘."("-" N oo -
TN iy
8 p : o : N
Figute 7

o®
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E

The points A4, 1, and B are attached in a straight line to the base
plane. We shall show that P lics always on this line.!

From the sclected lengths, quadrilaterals ABCD and ADC'D’
are similar, since they contain a common augle y at 4. Thus, angles
of the first quadrilateral, i, x, ¥, 2z, are equal to those of the
second at corresponding vertices. Moreover,

£ADC =x and ., 2CDC =2 —x = LGP
But 2ADC' =2 and 2CDP-—=%—z2= LCPD.
Accordingly, £GP = (2 — X) + (7 — 2) =% ¥

and thercfoie the points B, P, and D’ are collinear. Consequently,
P must movr on the straight line A D’B.

It shonld be noted that any point on the bar PC, other than G
or P, describes an ellipse.

AvrroxiMate LiINg Morion

The linkages discussed thus far have yielded exact solutions of
the problem of converting from circular into straight-line motion,
Prior to the appearance of the Peancellier cell, there were, natu-
rally, a number of devices that produced motion along an approxi-
mately straight line. The most notable of these was the three-bar
linkage of James Watt, father of the modern steam engine [6, 15].
This ., displayefl in Figure 8 1. P is the mid-point of CD and
AC = BD.A{nd B are anached to the plane so that CD is per-
pendicular to A€ and B when they are parallel. Watt reasoncd
that the circular motien ol € counterdcted that of D so that a
point I> midway on the traversing bar would travel along a “neu-
tral’” path approximating a straight line. 'T'his device enabled him
to reduce the hieight of his engine house by five feet, a step which
must have represented a capital saving. A cuvions quotation from
a letter of 1784 to his son 1eveals his enthusiasim: . . . though 1
am not over-msious alter Lune, T am more proud of the paraliel
motion than ol any other invennon Thave ever made.”

UThe requirement that 007, and 88 De colhnear would seem to beyg the guestion.

However, sinee it is possible by the compises alone to ostablish sach points, an’
objecti - on this scoce contdd net he jostthed e aitnle on Georrtbreal Toals,

(pp- 201 211

O
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l.gwe 8 \

" An interesting special case arises when it happens that AB =
2a; CP = PD = a; AC = BD = a\/2 Then the lucus of P is the
familiar lemniscate.

‘The arrangement of three bars in Figure 8 II is the approxi-
mate line motion of Tschebychef given in 1850. Here, 4B — 4a;
DP = FC = a; AC = BD = ba.

In 1860, R. Roberts devised the three-bar linkage (Fig. 8 III)
which produces a better approximation to line motion than either
of the two foregoing mechanisms, Instead of a traversing bar, there
is the plate CPD which carries the tracing point P. Lengths are as
follows: AC = CP = PI) = DB and 4B = 2(CD).

We cannot pass on without mentioning the general three-bar
linkage shown in Figure 9 1. This mechanism produces a compli-

Figure 9
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cated curve of the sixth degrée [10]. If the triangle 4BC be Jdrawn
similar to the plate PQR, the circumcircle of ABC will pass
through the double points of this sextic curve.

Figire 9 II exhibits a most remarkable property of the thrcc-
bar linkage. Sclect a triangle ABC and any internal point P. Draw
lines through P parallel to the sides of ABC, thus determining a
triple three-bar mechanism as shown. (The three-bar part ABPQR
ol I, for exarnple, might be the same as that in 1T when extended.)
Now, no matter how the linkwork be deformed. triangle ABC
remains always similar to itself. That is, for instance, if 4 and B
“are fixed. P describes a three-bar curve, and the free point C re-
mains at rvest. On, if A, B, and C are fixed to the plane, all three
of the three-bar mechanisms produce the sume curve in mutual
harmony and cooperation.

PARALLELOGRAMS
The parallelogram has occupied from the beginning a promi-
nent position in the theory of linkages [15, 16]. Its use as a basis
for the familiar pantograph is illustrated in Figure 10, A rhombus

. ﬂ A ﬁ\
s
7/ N\
A\-| / \“\.
W 'l' \\\
u »\n 4 )
. \ (1
/'.' // v ‘.
7 / X \ ’ \,\'.
A\ AN AN
N SN ® EE
\ FEENN S VAN
SN £ N K
C' ' ; {:.-, vy, O .
: [ i ( 3 - LI 4 ’
» \ P - P p P P
Fipure 1o

MANP has two legs extended to points O and P so that O, P,
and P are collinear. Triangles OMP” and QAP are always similar
and thus

ONM )] oror 1,2,

or OF == 2(0F).
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Accordingly, if O is fixed and P be moved on some curve, the
point P’ traces a curve similar and similarly placed to the first
but reduced in size by one-half. ' ’

An obvious extension of the pantograph to one with multiple
copying points is shown also in Figure 10.

Clearly, the rhombus may be replaced by a general parallelo-
gram if O, P, and P are kept collinear. This leads to the general
pantograph shown in Figure 11, I. The bar MP” has been replaced

Figure 11

by another bar OB without changing the effectiveness of the origi-
nal parallelogram. The point P* on BN which is collinear with O
.and P is the copying point. Variously selected points P on the bar
AN extended will produce an assortment of reduction factors de-
termined by:
OM/0O4 L= OP /0P,
or 0P’ = [(OM)/(0OA)] - (OP).

The linkage of Figure 11 II is offered for its novelty [14, 15},
Five rhombuses are joined together as shown. In all positions, M
is the mid-point of BC, while G is the lower trisecting point of the
line seginent AAl. Thus G is always the centroid of the variable

triangle ABC.
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Of considerable importance to linkage theory and the descrip-
tion of highdr plane curves (including the conics) is the crossed
paralselogrampalready introduced here in Figure 4 [1, 2, 3, 4, 8,
12, 15]. Further study may be had through the listings in the

attached bibliography. e
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GRAPHICAI. REPRESENTARION OF
CONPL‘E’X ROOTS '

v
Howard ’F Fehr -

CoMPLEX NUMBERS usually are first introduced into\high school

such quantities as rocts of an equation, it becomes necessa
extend the number systemn to include complex numbers.
usua] treatment of such numbers in the bigh school is mechan-

al and meaningless, but the Argand diagr. m can and should be
used to represent such numbers as points in .. >lane. '

The study of the quadratic function can well begin with the,
construction and study of its graph. In this way, it is easy to see
that one of three conditions prevail: the x-axis cuts the graph at
two distinct points; or it is tangent at one p-int; or there is no in-
tersection. In the last case the student is told that the roots of f(x)
= 0 are imaginary; frequently he uses this word in its ordinary
literal sense and thinks of the roots as purely fictional. It would
be better to use the word “complex” instead of “imaginary.” It
is the purpose of this article to show that the actual graphical loca-
tion of these complex roots is within the comprehension of the
average high schoo! junior and senior.

Consider the function § = x> — 4x - 8. The graph of this
function lies entirely above the x-axis. Hence the roots of f(x) =
J are complex. From the graph it is evident that the roots of

?—4x 4 8 =4 (y = 4) are equal; if y > 4, there will always
be two real roots. For the high school student who has not studied
complex numbers, the equation x?* — 4x 4 8 — 0 has no roots,
while the equation x? — 4x 4 8 = 6 has exactly two roots. If he
solves the first equation, he finds the answers to be x = 2 =+ 2i,
but these values do not appear on the usual graph.

130
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A common method of constructing these complex roots makes

~use of tangents to the graph. Thus in Figure 1, let the axis of the

parabola meet the xvaxis ar o, From o draw tangents AR’ and
AR; then draw RR’. Let KRR meet the parabola’s axis at Q. Then

> X
y-x-4:1+8

R

Fraure |

lay oft on both sides of the x-axis A0, - 1. = RQ. Considering
YOX as a complex plane, ; and P.. then represent the complex
roots of the cquation,

There are two principal objections to the use of such a con-
stinction in the high school course: hirst, the dual use of the plane
15 rectangular coordinates to vepresent functions of a real variable
and also as a complex numuber plane s contising and hikely to
lead to crroneous concepts; second, the proof that Py and P rep-
resent the complex roots requires more advanced mathematics
(such as a knowledge of slope, cquations of tangent lines to a parab-
ola from an extanal point, and some vather imvolved algebraic
manipulations) than can he expected of the high school pupil,
This methad can be extended, however, to cubies and higher equa-
tions, and the interested reader can find more information ia the
article by Franveller Tisted as areterence on page 138,

Most tcachiers will find the following method better suited to
high school aluehia,

We shall constiact the graph ot &% - 4v .. S with both its real
and its complex branches. In order to do this. we consider only

Q i

RIC
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real values of the function but bath real and complex values of
the variable x, as shown in the table below. Designate the function
by y and solve for x.

X
2+ 2 [-_
2+1 -
2+0
2+
2+ 2

2 + 3§

St O LW CY o |\

y=x2—4x 48
x*—4x 4=y —4

x=2\y—4 7

It is evident in this form that:

(a) There are two values of x for each value of y.

(b) If y < 4, the values of x are complex.

To construct the graph, we use the horizontal plane as the com-
plex number plane in which values of the variable x are located.
Through the point of origin of this plane we draw the y-axis per-

Figure 2
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pendicular to the plane. Then for each value of y (asgiven in the
- table) we locate the corresponding two values of x. Fory > 4 the
points thus plotted gi¥e the ordinary parabola, which we call the
real branch. For y < 4, the points fall in a plane which is perpen-
dicular to the YOa plane and two units from the point of origin. .
These points form an inverted parabola which we call the com-
plex branch. It is readily seen that this latter branch cuts the
x-complex-number plane in the two points 2 == 2i, which are
the roots of the given equation. These points are actual inter-
sections, as shown in Figure 2, and need not be imagined.
The construction can be attackéd more generally by letting x
have the complex value a - bi, and finding the conditions under
which y is real. Thus if y = x% — 4x 4 8, we have

y = (a+bi)2—4(a+bi)+ 8:qz—b2—4a+8+i(2ab——4b) .
- If y is real, the coefficient of { is zero; hence
9%ab — 4 =0, andb =0 or a = 2.

If b = 0, then y = a® — 4a + 8, which is the real branch of the
quadratic drawn in the YOa plane.

Ifa =2,y =4 — b2 This is the complex branch of the quad-
ratic in the plane a = 2, which is parallel to the YOb plane. The
complete graph, therefore, consists of two branches; and for any
real value of y, the graph will always have two and only two cor-
responding values of x, either real, equal, or complex.

A permanent model can be made by using three glass panes,
cemented together so as to form the Y Oa plane, the aOb plane, and
the plane of the complex branch a = 2. The y, Oa, and Ob axes
can be painted on the respective planes in black. The parabolas
can then be painted on their planes, preferably in contrasting
colors. Thus the real branch a? — 4a 4 8 can be painted in blue
on YOa plane, while the complex branch 4 — b* can be

ﬁ 1R red on the plane a = 2, The intersections 2 == 2i can
casily be labeled in the x-plane.

Fach stydent can make his own model from ordinucy graph
paper. Fjxgt, fold the sheet in half, lengthwise. Draw the OY and
Oa axes(gh both sides of the folded paper so that they correspond.
Next, 1ocate the axis of the parabola which is always at x =
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— b/2a, and draw this axis to correspond on both sides of the
folded paper. Slit the lengthivise crease from the right edge as
far as the parabola axis and fold each slit part into three equal
scctions, making the middle one bend outwsgd. (Sce Fig. 3.)
‘Then, by holding the slit ends together and pressing from both
ends so that the middle sections bend outward, the paper is di-
vided into two perpendicular plancs, the YOa plane and the com-
plex branch plane. Label the axes accordingly and plot the graph
of each branch on all visible faces of the paper. Then looking di-
rectly toward the YOg plane, one seces only ihe real branch of
the parabola; it does not intersect the x-axis. Turning the model
90° around the y-axis, one sees only the complex branch of the
parabola, which intersects the &7 axis at -+ 2i. Hence the roots are
2 =+ 2i. When the entire graph paper is unfolded to a plane, it
appears as in Figure 4.

To graph the general quadraiic, we proceed in the same man-
ner. Thus we substitute a -+ bi for x in

y = px* 4 gx + 1.

v =pla4 bi)? 4 gla+ bi) 4+ r
cnz pat — pb? 4 qa - v 4 bi2ap + q).
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1f 3 is veal, the cocflicient of i is zero; hence cither
b 0 or a= q72p
If & = 0,y == pa® - ga - ris the real branch.
- “{.{ - pb* 4 7 is the complex branch.
e cubic equation can be treated in a similar manner. In this
Ase there me two complex branches which are located on the two
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Figure 4
bmmtl”s of a hyperbolic cvlinder whose elements are perpen-
dicula¥™ to the x-plane. Ihxs is best illustrated by a particular
cquation. ety a o xioheAs hefore, let y be real and x com-
’!plc x, and substitute a - ln lm X,

\ RN I FL R 7R S 0T ) W B §
at o Babt w6 4 bildaE b -1y,

It 5 is real, the cocthcient ot 7 1s zevo; hence

o0 or 3a® —b* -1 =0,
it h - 0y at . - 6. This is the rea’ branch of the cubic
(quuum which is the ;xut usually eiven in the YOua plane,
2. b 1 0,y 2 —8a® 4- 2a 4- 6, which formula gives
the values of the function on the complex branch. Notice that
a? .o b? [ is the cquation of a hyperbola in the aOb plane.
Flence amy complex number a 4= b1 that satisfies 30 — % — 1

will give the 1eal value - 8a? - 2a 4- 6 to y. 'T'hat is, any complex

O
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number on the hyperbola in the aOb plane substituted in the
original equation will produce a real value for y, which is plotted
above the complex value of x. The fact that the values of y for the
complex branches are given in terms of a only makes it easier to
evaluate and locate the points on the graph. Thus if a = 1,
y == —8 4+ 2 4+ b = 0; and the points on the hyperbola are
b~z 2ot b = == /2. Hence the omplex roots are 1 = iy/2. Simi-

’ larly if a i 2,y = —54,and b = = /11. When x = 2 + i\/11,
the value‘of the function on the complex branch is —54.

REAL BRANCH

/ COMPLEX BRANCH

” 0
LY T
4 ’
. .
’ 7 ’
< ' L i P a
S 7 =
&L, A0 R
(o) .

/y=x‘-x+b .

Figure 5

Uigure 5 shows how the complex branches begin at the maxi-
mum and minimum points of the real branch and have all their
points dircctly above or below the nyperbolas in the «Ob plane;
that is, they lie on the hyperbolic cylinders. Such a graph shows
immediately the values of y for which the cubic equation has
three real voots, two equal roots, or only one real and two complex
roots. It clearly shows that a cubic equation always has three and
only thiee 1o0ts.

The extension to the quartic equation should now be obvious.
The quarnte function has thiee complex branches. Thus if y = x*,
substituting a <= bi for x gives

y oz la e byt = at — 6a?0? - bt - dabi(a® — b2).

If y is to be real, eithera == 0, b — 0, ora® — b2 = 0.

ERIC
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If b = 0, y = a*, which is the real branch.

If a = 0,y = b*, which is the normal complex branch.

Ifa = b,y = —4d', '

Ifa=—by= --4b‘,}
branches. Thus a plane y = % cuts the graph of y = x* always in
four and only four points. If & is positive, there are two real and
two complex roots; if k is zero, there are four equal roots; and if
k is negative, there are four complex points of intersection.

With a slight change in method, the complex intersections of

which are the two remaining complex

-~

Y

' o
*‘*‘i 2
// ;\//l ,"\/
\ ] R4
\~~“'f
g !

"

Figure 6

some conics can be shown as in Figure 6 above. In the circle

)

x? 4 y* = 4, we notice that if x > 2,y = = V4 — x* is a pure
. imaginary number. If we agree to give only real values to x, then
for x > 2 and x < —2 we plot the pure imaginary values of y
in the horizontal plane, since the real values were in the vertical
plane. This is equivalent to substituting iy’ for y in the equation
of the circle from which we obtain x® 4- (iy’)? = 4 or x* — y'2 = 4.
Hence the complex branch of the circle for real values of x is a
hyperbola which is plotted in the horizontal plane. .
The following problem illustrates how the complex intersec-
tions of two quadratics can be shown by using the above method
of graphing the complex branches. Let it be required to solve the
set of equations x* + y2 = 25 and 3y* = 16 x. By ordinary algebra

. —25
we find that the solutions are x == 3,y = =4 and x = - ,—
. 3
=N : :
Y=g The ordinary graphs of the real branches of the circle

and parabola show the intersections (3, 4) and {3, —4). If we draw
the complex branches, the other solutions will be apparent. The
complete graph is shown in Figure 7.
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~"The complex branch of the circle is the hyperbola 8 — y? = 25.

‘T'oobtain the complex branch of 3y* — Mox, x real, lety == @' 4 bi.

Then 3(a® — b* - 2abi) == 16x. For x veal, the coctlicient of i
iszeroand @ = OQor b = 0. If b == 0, 34® = 16x, which is the real

-

Frowme 7

branch It e -0, 3864 161 This is the comples branch which
is plotted in the horizontal plane, he intersection of the hyper-
boliand the complex branch paabola gives the complex solutions.

Iris evident that the complex intersections of a snaight line
witha confe cumot be shown i this way, since in a linear func-
ton i x s complex so iy, and conversely, There is no real value
tora linear function it the vaviableiscomplex.

.')-." ’ /
' I{m RENCE -

LoFresiveroewe AU E " The Graph ob Fov) [or Complex Numbarss dwerican
Mathematical Monthly, Vol. 24, p. 409, 1917.°

2o Grantan, T MO "Complex: Roots of 4 Polsnomial Equation.” American
Mathematic:! Monthiy, Vol 48, p. 237, 1941,

3.5, Fentrawa, Geometiisehe Danteliung der Komplexe Werte
LesttzestteresLunctionen ot veclen L guments, Tok, 1907,

LoPuirrress A Woand Browse, W Graphee dlgelng or Geometrical Interpre-
talinne of the Theory of Lyuations of One Unknown Quantity. Henry Holt
and Company, Now York, 1887,
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A DEVICI@‘F()R TEACHING THE FUNDAMENTAL
OPERATIONS WITH DIRECTED NUMBERS

Hortense Rogers

._L...i _ag
[ L Ve [§ 2] e

- D

AnouT 1925 an automobile race track was built near the highway
between Rock Hill, South Carolina, and Charlotte, North Caro-
lina. People from far and near attended the races held there. One
day a studentteacher of mathematics in the Winthrop Training
School brought ta class a poster with a race track on it. This
poster suggested 1o the snpervisor the idea of using a race track
for teaching the operations with signed numbers. The results
showed real interest and a better understanding on the part of the

students, and so the device has been used. with variatons, for

cighteen years, “The bovs and girls enjoy the race, and directed
numbers take on a 1eal meaning for them, The operations are
rationalized though their conerete experiences; the examples used
are Hterally made by the students. Fintheinmore, fiom a study of
these examples they make theiv own algebraic rules which are
later stated in good form. They do not guestion the jules for
using signs. for to them those rules we reasonable, Although 1t
takes a litte longer to teach addition of divecred nmbers in this
wav, the thinking done and the undentanding acquired by the
students justify the slower progress made in the beginning of the
study.

A dlear understinding of certain concepts should precede the
studv of the operations with divected or signed numnbers. T'hese

130 '
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concepts include: directed or signed numbers, negative number, '
positive number, the sign of a nur-her, the absolute value, the '
reading and Writing of such numbers, the number scale, direc:
tions on the scale, the meaning of a number negatively directed
or positively directed with respect to another number, and so on.
As each operation is introduced, a definition or ineaning of the op-
eration should be given to and understood by the students. The
meaning of addition used with this device is in keeping with that ™
given by Breslich and Everet ..}

The teacher may introduce the idea of having a race in any “ay'
he wishes. The students will soon be enthusiastic and, with some
guidance, will plan the race themselves. The following account
may make it appear that the idea, carefully detailed, is handed
out te the students. This is far from being the case. They really do
discuss, plan, and make decisions. They will discuss the different
kinds of races; and, after deciding on an automobile race, will
talk about teams, tracks, cars, distances, and provision for these
in the classroom. They will divide into teams and will appoint
at least three commniittees: automobiie, track, and planning. These
committees will be working simultaneously and will be ready by
a set time. Each committee will need some guidance.

The automobile committee. Fach team has an automobile com- -
mittee. This team decides that the cars must face to the right, the
positive direction. All members look in magazines or newspapers
for pictures of cars. Fach committee selects from those submitted
the one its team will use. They mount the picture on cardboard;
then they cut it out, carefully following the outline of the car.
Next. near the top of the car they punch two holes through which
a string on the race track is to be run. If convenient, these holes
can be strengthened with nickel brads. The cars are now ready
and ae turned over to the track builders.

T'he track committee. This committee is composed of one or
two members from each team. They usually select front black-
boards for the race track and use as much space as possible. They
fasten siall strips of wood across the extreme ends of the black-
board. In cach of these strips they place as many staples as there

JF. R, Breslich, Prablems in Teaching Secondary School Mathematies, po 120,
Chic U,O ( niversity Press. 1931, Also, . 1. Evereit. The Fundamental Skills of Adlge
bra, p. 5. Burean of Publications, Teachers College, € olumbia University, 1908,
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[
are teams. Then they tie strong twine to the staples at one end,
run on the automobiles, and tie the twine to the corresponding
staples at the other end of the blackboard. Now, after placing all
automobiles in the middle of the strings, they draw clear lines
just behiind the tracks. They do tlus more casily if they use a
yardstick. By starting at the middle of the line, they measure off
accurately spaces one and one-half inches wide, marking each
with it very short vertical line, but making each fifth line a little
lonuer than the others. ‘The marks appear as straight mileposts
dong the tracks. 1t is well to select as a marker of the posts a
pupil who can make good figu es. Starting at zero, he puts the
minus and plus mnmbers abose the difth posts only. The com-
mittee s job at this point is completed.

The planning committee, 'Fhis committee, which may be com-
posed of a few from cach tean or of the whole class, decides on
all other questions. They may decide ona relay race so that cach
pupti may actially drive o e he order of diiving should be
acreed wpon to snit the 2o The nest question s how far each
il drive, Games snowbich spinnes are wsed e recalled, and

ey L crde ot g st v hut with the additional spu'ifi(‘n-
Vo b B boaTor o e and positive numbers, Each car will
vrane e -~ aned on the conmter, The spine
Tle i u

e st CLonos capty nambers
from minus .\ aaod substitute for o« spinner
for cach ten o o ored hoy with many slips of paper each bear-

o smat sboncd monnnon Tach plaver draws a slip and moves
his car the distanee specibed thoreon, 1t all teams me to diaw
from the sane box, there shou'd be in the box at least ten of cach
pumber used.

Detinite instiuctions for cach driver ate agreed upon as follows:

(ay He tells where the s before he starts.

(h) He spins, and s the class what he gets. e also states in
whit divee tion the sien tells hitn to go and how far the ab:
solute value tells him to go,

() e goes to the race track and, after actuwally counting the
nnmber of spaces in the correct divection, lie moves his car.

() He tells where his car is then.

O
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Of course, all games require a referee-scorekeeper; usually the
teacher serves. The following are his duties:

(a) He writes fairly large and spaces the scores well.

(b) He writes the name of each teamn on a board. If there is a
lack of board space, he can use paper and before the next
class session make mimeographed copies of the scores to
give to the students. The use of the board is preferable
for the class discussion.

" (¢) He writes for each driver the following: .
(1) The number showing where his car is when he staits.
(2) Under that, the number he gets when he spins.
(3) The number showing where his car is after he moves it
the driving distance.

o
A study of the sample score board that follows will make clear
the method of keeping the scores,

Thesstudents select the name for their own team, Thcy usually
“decide that the winner shall be that team whose car is farthest to
the rizht after a specified number of players on all teams have
driven.

These preliminuy arrangements having bccn completed in class
ar out of chiss hours, the group 1s readv for the race. They first
ave o trial beat in which only one on cach team drives. The
race is on! The bovs and girls enjoy the activity; they have lots
of fun and much freedom. Such comments as “put on your
brakes,” “don't go in reverse,” some groans, some applause, and
so on, are in order. As an award they put blue, red, or )cll()\\
asterisks on the winning cars. Invan mbly they reqquest to race again
the next daav. This privilege is sometimes, but not alwavs, granted.

Of conrse, the time spent on such an activity must be used for
real teaching and real thinking. The adding of signed numbers is
kept in mind while the students are counting the distances %nd
moving the cams. Thev are quite willing to accept the fact that the
results we the correct sums. But they cannot always have cars anc
tracks. It is now the teacher's task to guide the class in using these
examples which they have made themselves to discover how to add
directed numl-ers without the aid of the number scale. Toward
that end then study the score board, a sample of which follows.

O
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. ," y ScorRE BOARD
oy

Silver Streak
0 — 8 — 4 —13  —13 — 4
—~ 8 +1 =9 =0 +9 + 7

—8D — 10  .13B —13D ~4©® 4 3C

+3 48 46 0 42 44
Nk — 2 — 6 +2, ¢ 42 +10

+8A 4+6C 4 0E FD 44 A FlHA

[
9 \

' Lucky Thirteen

0 -5 + 1 — 9 —12 —12
-5 -+ 6 —10 — 3 0 . +10
- 5D 41 G -— 9O —12 B3 —12 D - 20
9 + 5 + 8 } 6 3 —
a7 Ao .9 Y - o

b B 01
Spitfire

0 0 10 o s o7
— 9 -1 I D f { --10
- 9D o n 2 C N 7\ .. 3®
-3 R 41 e — 6 -l
— 5 Y -3 10 - 10 — 8

— 8D 401 G A4 A BT ~16 B -2 B
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As an aid in studying the combinations on the score board the
students mark, using 'capifal letters, groups of examples having
certain combinations. First, they find all the suins when each ad-
dend is positive. They mark these with an A and study them.
These observations enable them to discover the answers to the
following questions:

(a) What is the sign of the result?

(b) Is this the sign of cach one marked?

(¢) What is the absolute value of this result?

(d) How can one get this absolute value from the absolute
values of the two given numbers? It may be necessary to
suggesy the answer by asking which one of the four opera-
tions one cdn usc. '

() Is this true of the absolute value of cach one marked?

The class is then guided in stating all this in one good clear-cut
sentence. Then the teacher writes on the board:

In adding two positive numbers, use the
the absolute values.

- sign and

The students should read this together several times, filling in the
blanks with the words plus and add. Later it would be well for
one child to go to the board and write the words above the blanks.:

Now have the students mark with a B all sums made from
two negative numbers, Follow the same procedure as above, ask-
ing similar questions and using a similar sentence.

Next, have them mark with a G all sums made from a negative
and a positive number. Ask the same first question. Also, ask
whether _,this is true of all mamked with a ¢. The answer is no.
Honce, have them draw a citcle mound each € alongside the
auswers that are negative and leave only a G for all that are posi-
tive. Again have them study the two groups for a clue as to how
to decide on the sign. Although this procedure will take more
time than was required for the preceding groups, nearly all the
students will discover and agree that the sign is"the sign of the
one having the larger absolute value. Then thev can study these
numbers to find how to get the absolute valie. The sentence
which the group formulates will then be written on the board:

O
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In adding a negative and a positive number, use the sign of the
number having the ——— absolute value and ———— the smaller
ahsolute value from the greater absolute value. (The correa
words here are respectively greater and subtract.)

Similarly, they mark with a D and study the examples with one
number and a zero. The sentence will be:

~

In adding zero and either a negative or a positive number, the
answer is the ——— negative or positive number. (The correct
word is given.)

Similarly, they mark with an E and study the examples with
the answer zero. The sentence will be:

In adding a negative and a positive number with the same abso-
lute value, the answer is

What other combination gives zero? The answer Is “two zeros.”
This step may be omitted. )

These generalizations should be followed immediately by prac-
tice in applying each rule discovered and stated by the class. Some
examples worked by applying the rules should be checked by
using an automobile. The top track and car are usually left on the
board for several wecks. This plan keeps a number scale betore
“the class, but permits the use of the board for other purposes.

The automobile race, with necessary variations, has been used
to teach subtraction and multiplication of directed numbers also.
The interest of a given group should determine how long to con-
tinue itssuse. It is a device that has proved profitable for many
students and it probably will clarify for others a basic matter
that has often proved a stumbling-block.
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TRISECTION

Robert €. Yuales

Tue prosrLEM of trisecting the angle has been a fertile source of
mathematical ideas and to it much of the history of mathematics
owes its origin, For some time it has been known that the general
angle cannot be tiisected by straightedge and compasses [10]; yet
many still entertain a hope that the impossible may be accom-
plished [15]. Certain angles, notwoly 902, 54°, 9°, do admit of tri-
section by staightedge and compasses. Some_geometrical tools, a
few of which are to be discussed herve, are #apable of solving this
poblem. There ae anves® other e the straight line and
circdle. which present means by which the general angle may be
trisected [151 Outtanding among these are the quadratrix, the
conchoid, the nisecnis ( special Hmacon), and the parabola.

\
N
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To understad the problan and o ostablish o impussil)ility

of snaightedue compass trisection in the general casel it is neces-
salv to fonm an interpretation in the field of analysis. Let the
SA0B 03y bz T oand suppose one of the tiisecting lines to
be O, so that - TOR f. Scelect an arhitviny length on O as
the unit distance and draw the parallel AC to OT, mecting OB

* An inhlimtude, i faor,

1o
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and C1.O, we have: f
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N,

extended at €, Then ZDCO =< 4. Ngw draw OD equal to the
unit length so that triangle AOD is is%cccl_cs with base angles 26
(since they we alternate interior angled, Z2DA0 == 2A40TY. It
is evident, since £ADO is the sum of the opposite interior angles
of triangle DCO and £ DCO = 0, that ADOC = 0. Thus triangle
DCO is isosceles and DC = DO = 1, Let x denote the distance
0, 2y the distance AD, and a the prgjection of OA upon the
side OB (i.c., cos3h) . From the similar vight triangles CMD, CNA,

N2 = (v ey /(L 2y = (1 ) N

The elimination of y here produces:
.\ _

AV 8N - 9 = 0

Since we may construct the qauntity @ == cos36, we may think
of this as being given with the angle AOB. If the point C, or its
distance x along OB, can he determined, the problem is at once
solved by conneeting ¢ to 4 and thea constructing the trisecting
parallet OT". "T'hus the geometrical solution of the problem is

“equivalent to the algebraic solution of the carresponding trisec-

tion equation. : :
This canbic equation cannot in general be decomposed into
factons with real constructible cocthicients [5, 13] and thus its roots
sovat he ohtained B cooia b toamd compisses. S
fne carpentor’s square [12, T3] is essentiatly a 1™ formed by
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joining rigidly together a segment and its perpeéxdicular bisector.
Let £AOB (see Fig. 2) be trisected. Place the edue QS of the
“T* along one side OB of the angle and mark two distinct points,
¢ and C’, at a distance PQ (= a) from OB. Draw CC’. Insert the
segment PR so that P falls upon 04, R on CC’, with the edge QS
passing through O. Then 2 AOB is trisected by QS, for, from the
congruent 1iTht triangles POQ, ROQ, ROM, .

LPOQ = £ROQ == LROB.

The tomahawk [6, 15] is similar to the carpenter’s square, It
is formed by rigidly attaching a tangent line to a‘semicircular disk
whose diameter is extended the length of the radius (sce Fig. 3.

N

Figuie 3

Its application to the trisection of a given angle AOB is innne
diate. '

The two foregoing insttuments may also be used to draw the
cissoid and duplicate the cube (i.e., extract the cube root of a
selected segment) [17}. '

A single staightedge carrying two arbitrarily placed marks, P
and Q, will tri ct the general angle if assisted by the compasses
[3, 8, 15, 17]. Let the distance PQ be 2a. Upon one side OB of the
given angle establish 07 -5 a. Draw T'X and 7'Y perpendicular
and paraltlel respectively to 0. Place the ruler through O so that™
P and O fall on these lines as shown. ‘Then OPQ trisects £ AOB,
as shown in Figume 4, page 19, For, if M be the mid-point of PQ;
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_ “ PM =MQ - MT == a )
" and | LMQT = /MTQ.
- Since 4(),\} T is an cxterior angle of triangle MQT, and further
since MT = OT = a, then
LMOT = LOMT =2/ MQT).
But since OQ traverses two parallel lines,

2400 = £0QT.
. Thus
LMOT =2(£240Q)

“and OQ is a uisector of £ 40B.

Figute f

[t should be noted that as Ptravels along 7 X with the straight-
edge alwass through O, the path of Q is one branch of the con-
choid of Nicomedes, one of the curves prominent in the history
of trisection [15,;17].

As P and ¢ travel upon the fixed lines T'X and TY, the padh
of any selecred point of Q) is an ellipse having the fixed lin s as
axes of svipmetiy, T he envelope of the lines PQ, and of the fa:aily
of cllipses thus formed, is the astroid, the fourcusped member of
the hypocydoid fanaly [16, 17].




150 Eighteenth Yearbook

- The paper and cone [1, 15] combination affords an interestin
trisection arrangement. A right circular cone is constructed, hav,

Figuie 5 \
!

ing its slant height equal to three times the base radius, The cone
is placed so that the center of the base is coincident with the ver-
tex of the given angle AOB = 30. Thenarc AP == 310. A sheet of

. paper is now wrapped around the cone, and the points A, B, and
J” are marked on it as shown. When the sheet is removed and
flattened out, the angle A1 B is one-thivd the angle AOB, as shown
in Figure 5, above. For, since A8 = 3, '

. arc AR 2 3r (LA B
and thus
J2AVB =20 = (h/_f()“)‘%

-

The fmstument of Pascal |1, 13,0 16] is composed of tlnee
bars and incorporates a straight groove, or slot, in which a point F
slides. The two bars, OF and OF, are taken equal in length and
hineed together at (), "The grooved bar XD is extended to C so
that CF = OF —= OF — a. T'o trisect a given angle AOB, fix the
bar OF upon a side OB of the angle and move the! point G until
it falls on the extension of O.1, as shown in Figure 6. Now, since

) LOCE 2 COE - band 20KF - 2OFE - 20,

LAOF 35,
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Figure 6

Other features of this mechanism are noteworthy. If the bar
OF is fixed, as is the case in trisccting an angle, the path of C is a
limacon of Pascal. If, instcad, €D is fixed, any selected point of
OF (orany point rigidly attached to OF) describes an ellipse sym-
metrical about CD. If C is fixed and O be moved along a fixed
line CA, then F describes the cycloidum anomalarum of Ceva,
a curve resembling the lemniscate,

The common pantograph [ 1, 9, 15, 16] is formed from a hinged
paraliclogram with extended legs. If the Pascal device of Figure 6

M
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is reflected 1in the b:u"(il), the result (if the bars OF and O'F are
extended) is the :qxpfii“*us shown in Figure 7. Let X and Y be the -
points of intersection ot*the sides of a given angle AEB, with the
circle having E for center and EO for radius. Fix the diagonal
groove along the bisector of the given angle and let the point ¥ /.
move until the bars OF and O’F pass through X and Y. Theyy
L OFO" = (£ AEB)/3, for it is obvious that ,,/'7
A€ XP = arc 00’ = arc 'Y

and since arc Q0O == arc Pl”,

LXED (PEP -~ (P'EY = (OFO'..
The grooved bar may be discarded, of course, if some other ar-
rangement is made to guide the point F along the bisector.

Crossed parallelograms [%, 13] form a trisector. Let OABC be
constructed from fowr bats, cqual in pairs and crossed. That is,

‘)G A[r; HE A5
LT . /7\\
NP oy \
L

. 3 Vi
/ /. 3 Y
/ / /% RN '\\'\‘ |\
/::’ % SN \7‘ \“ \ \\
/9.7 e, ' 9 /e
4}7 / NG
o4 8 ‘(Z)

Figure ¥

OAd =BC - a;0C - AB . < b, with the bais hinged at O, A, B,
and €. It is evident that the angles at O and B \rcmain equal
thy wugh all deformations of the parallelogram. A second crossed
parallelogram is joined to the first as shown, so that DE == OC = b
and OD — CE == c¢. Generally, £DOC 5 £CO.i. However,.if
these angles are to be equal, the tygo crossed parallelograms must
be similar and have }nnporti(mn}‘sidcs. and conversely so. (See
Fiz. SY Thus, if

Do MUCRE
then ab - b/ o b ac
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If a third crossed parallelogram be joined to the second in simi-

lar fashion, three equal angles will be formed at O as shown in
-a Figure 9. The four lengths involved form a’ geometric progression.

bouine y

" The bars 04, OC, 01, etc., may be extended to convenient
lengths for the sake of appearance.

[ A
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13.
14.
15.
16.
17.
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PAPER FOLDING

Robert C. Yates

T'ne arr of paper folding has been transplanted into the field of

_ plane geometry with fascinating results by the Indian, T, Sundara
o Row [12]. With a few assumptions, it is not difficult to show that
all Euclidean plane constructions may be effected by folding and

creasing [ 16]. '

It must be remarked here at the start that a crease in a sheet can

be assumed straight not because two planes intersect in a line,

but rather for the following reasons. Let P and  be two points of

the paper that are brought into coincidence by the folding process.

Then any point o of the arease is equidistant from P and @, since
the lines AP and 1Q are pressed into coincidence. Hence the
crease, being the locus of such poimjs o, is the perpendicular bi-
sector of PQ (15, 16]. We make the three assimiptions:

() that we may place one point of the sheet upon another and
thus create a straight crease;

(b) that we may establish the crease through two distinct
points;

(¢) that we may place a given point upon a given line so that
the resulting crease passes through a second given point.?
This implics the ability w fold @ crease over upon itself
or upon another. N

ISLEMENTARY CONSTRUCTIONS

With these assumptions, the fotlowing exercises may be intro-
duced into classroom activities. T'hey are presented merely as sug-
gestions. Interested persons will have no tiouble in extending the
list. A particularly fine medium for folding is the wax paper in-
variably found in kitchen cabinets.

(1) Fstablish the arease thiough a given point P perpendicular

TWe assume the point and line we so situated that this may be accomplished.
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to a given line L. (Fold L. over upon itsclf so that the crease passes
through 272.)

(2) FEstablish the crease througha given point 1op: rallel to a
given line /.. (Obtain two perpendicular creases.)

/a

Figure 1

(3) Obtain the foot D of an altitude of a given triangle 4BC.
Now fold the vertices 4, B, C over to . This model illustrates the
three basic and important theorems (Fig. 1):

(a) the sum of the angles of a triangle is 180°,

(b the line joining mid-points of two sides of a triangle is
parallel to and equal to half the third side; and

(¢) the arca of a triangle is half the product of a side and
its altitnde. A large model made from cardboard and
Scotch tape will prove its worth. \

(4) With a given triangle, fold the sides over upon themselves
to obtain the angle bisectors and the incenter.

(%) With a given triangle, fold each vertex over upon the other
two to obtain the perpendicular biscctors of the sides and the
circumcenter.

(6) With a given triangle, fold cach side over upon itself so
that the crease passes through the opposite vertex. These creases
are the altitudes which meet in the orthocenter. The triangle
farmed by the feet of the altitudes is the triangle of least perim-
eter that mav be inseribed to a given triangle [2, 10, 14, 16].

(7) With a given tiangle, establish the crease through each
vertex and mid point ob opposite side. ‘Fhese creases are the
medians which meet in the centroid.
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(8) With a given square, fold the corhers to the center. The
creases form a second square whose area is half the first. This con-
tinued process illustrates the sequence

172, 1/4, 1/8, 1/1§, . . . 1/27,

which occurs frequently in every algebra course.
(9) With a given square, fold and crease the inscribed square.
Find the intersections of creases bisecting the angles between the

Figure 2

sides of inner and outer square. These intersections are vertices
of a regular octagon (tig. 2); or

(10) Crease the quadrisectors of the angles of a given square
and thus obtain the vertices of a regular octagon (Fig. 2).

THe Conics

If the word “line” in assumption (c) be intirpreted to mean
“curve,” the construction of the conic sections becomes per-
missible? [5, 7, 13].

Ellipse. For the ellipse (Fig. SA) fold a point 4, selected within

a given circle of radius r and center O, over upon the circle as at
X. Let the crease YZ.meet OX at P. Then, since YZ is the perpen-
dicular bisector of AX, AP = PX. Thus OP 4 AP = OP 4 PX
— OX = r, a constant. Accordingly, the locus of P is the ellipse
with 2 and A as foci. The crease YZ is tangent to the ellipse at P
since 7 APZ - £ZPX .- £ OPY insures the optical property.
Special cases arise if A is taken on the given circle or at its center.

*This implies the constiuction of all those curves known as “podoidal.”
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If the former, the locus is a single point—the center of the circle;
if the latter, the locus is a circle.

- Figuve 3

Hyperbola. For the hyperbola (Fig. 3B) the point A is sclected
outside the given circle. The locus of P, the point of intersection
of the crease Y7 and the extended radius OX, is the hyperbola
having O and A as foci and all creases as tangents. For, since YZ
is the perpendicular bisector of AX, AP = PX. Thus AP — PO
-. PN — PO - ON -rand £dAPZ .. £ZPO. The asymptotes -
are the creases determined by points X that are intersections of
the given circle and the circle on 04 as a diameter. The equilat- -
eral (rectangular) hyperbola results if 04 =r- V2.

Parabola. For the parabola (Fig. 3C) a point O is folded over
upon a given line L as at X. The perpendicular to L from X
.nects the crease at . The locus of such points P is the parabola
having I. as directrix, O as focus, and the creases as tangents. For,
since PZ is the perpendicular bisector of OX, OP = PX and

LOPZ - /2PN,
\

REecuLAR POLYGONS )

‘The foregoing examples represent only a part of the exercises
possible by folding and areasing. "The scope of this set can
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~ be considerably extended if we admit a process of “knotting” a
paper strip whose edges are parallel [8, 9, 16]. For example, the
regular polygons with an odd number of sides may be formed from
a single strip (Fig. 4). For the pentagon. tic a-single overband

> Figure +4

knot, tighten carefully, and press flat, To form the heptagon (not.
constiuctible by straightedge and compasses), first tie an over-
hand knot as in the construction of the pentagon, Before tighten-
ing, however, pass the lead under and back rhrough the knot.
Regular polvgons with an even number of sides may be formed
similarly by means of two stiips of the same width (Fig. 5) . The

Figure 5

O
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hexagon results from tying the sailor’s reef or square knot (i.e.,
tuck the ends of cach strip into a loop formed in the other). The
formation of the octagon is very much more involved.

N e

90‘

10.
11

12

13.
14
15,

16.
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LINKAGES IN THREE DIMENSIONS

Michael Goldberg

A cLos¥p HINGED chain of seven or more links in space is always
movable. For fewer than seven links, the linkage is generally”
rigid. Figure G is such a rigid five-bar linkage. However, special
conditions may permit motion of a hinged linkage of six or fewer
links. Several examples are included in the accompanying illustra-

tions, and their specifications are listed on page 162.
i
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The links are pictured as rigid tetrahedra, each of which is
hinged to its neighbors along two oppusite edges (except for
Figure |, il which the links are flat plates) . The length of a link
is the length of the common perpendicular between the hinges in
a link. The twist of a link is the angle between the hinge axes
in the link. '

re— T .
[ — _
T - Twiat 1)
= Len:th ?a
- ‘-\5
/...-—._—___‘__—__/
b e

Tw.nt 3’
Leng'h a

S ‘
Twigt £33
lengih <A :

The developments of thiee tetrahedial links arc shown. These
may be used as templates to cut picces of drawing paper which
may be folded and pasted, by means of the ilaps, to form the
tetrahedra, These three forms suflice to make the linkages A, D,
., K, and C. The links may be joined by adhesive cloth, prefer-
ablyv on the inside of the Tinks, where it s less likely to work loose.

Linkage A can be formsed by using two links of the 902 twist
and two links of the 30° twist. Linkage D can be formed hy using
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“two Jinks of the 90° twist, tWo links of the 30° twist, and one link
of the 60° twist. Linkage H can be formed by usrﬁ, six links of
the 90° twist. Linkage K can be formed by dsing seven links of
the 09° twist. Linkage C can be formed by using two links of the
60° twist and two links.of 120” twist obtained by assembling the
tetrahedron “inside-out.”

The construction of linkage J is given in an article by ‘the au-
thor noted below.
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THE PREPARATION 1'\1\'1) USE OF NOMOGRAPHICG*
CHARTS IN HIGH SCHOOL MATHEMATICS

Douglas P. Adams

THE siMPLE alignment chart has proved a very attractive problem
for elementary students. Some of them are delighted with-its prac-
tical value; others are pleased by the simplicity of its operation;
a few are interested only in its mathematical properties.

Plane geometry and logarithms are a sufficient foundation to
carry the student far into the elementary aspects of the subject./
A number of competent treatments of alignment charts have been
written which require no more advanced mathematics than these
high school subjects provide. The prime need for accurate draft-
ing of the chart once it has been worked out frequently causes
interest in the subject to arise in the school’s drafting department.
Whether, in general, the mathematics department or the drafting
department is the better equipped to support this interest is an
academic question obviously varied in answer and of small ap-
parent value, High school students have a way of answering it by
themselves. .

The present article touches only one type of chart among
several, all of which are quite simple. This type, Lowever, is enor-
mously valuable and is without question the one which should be
thoroughly mastered before any others are investigated. If suf-
fictent interest is shown, other types can be treated later.

Let us see how simble it is to develop an alignment chart, An
ordinary square-cnded trapezoid has been drawn in Figure lA.
In elementary school it is customary to turn this figurc so that
the two parallel sides are also parallel to the bottom of the sheet.
These twe sides are then called bases A4 and B, and we quickly
show that if a- thivd parallel € 1s drawn halfway between them,

® An alignmont chart is a particular tspe of nomogiaphic chat, "Fhe general
term "nomographic chart” is more widels bnown and the two e frequently,

though improperly, used intarchangesbiv, Tn this artide only the alignment chart
will be discussed.
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its length will be the average length of the two and will be given
the foomula € = (1 4 B) /2.
In Figure 1B, scales have been measured off on each of thesc
three lines with zero points at the square end. Points 4 and B lie
on these scales at the distances 4 and B from the square end.

A
01 2345678910112

A : i L Z...'_.'
T
i
/ ¢
| 2 34 5 6 78 9\IO U
7 CrA+B)/2 | % | ! { % ] ! |
HI bl N

0|'254ssra§|'ougxaz
Figuies 1A and 1B

Then the slanting line will cut the middle parallel at a point
distant € == (A4 4- B) /2 from the square end. These facts are
cqually true for any trapesoid, suchas the one shown by the dotted
line. Figure 1B shows this dotted, slanting end cutting the upper
base at .+ == 7, the lower base at B == 5, and the middle parallel
at G - (- By 2or (7T4-5) 2 =0

\ Figures 2.\ and 2B are identical with Figures 1A and 1B except
that they have been turned vestically. Figure 2B also contains a
third straight-line and illustrates how this simple rudimentary
alignment chart could be put to use hy placing a straightedge or
straight line through numbers on the outside scales which it is

12~ - 2 - 28
/ o 1l / un
10 . cio 10
//1 9 ‘/ 9
Al 8 8
7 4 7 ?
8 6 8 L 6
CiRA+BY/2 s s } Los
4 4 . 4
3 3 3
2 2 13
i i 1
] o o

Pogures 2% and 2B
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“desived to add. One-half the sum of these numbers is then given
by that number on the middle scale which is cut by the straight- -
cdge. '
Figure 3A is a more general trapezoid with two slanting ends
and with bases 4 and B and a middle paiallel of length € = (4 4-

-2-10 1 2 3
1 F

CATBN 2
. ’ ] '
. ——
o1 2 3 5 6 7 8 9101 2

8 ' 8
Figures 3A and 38

P

P

J

By 2 Figuie 3B shows three scales Taid out on the parallels as they
were in Figure 1B, with the zero points of the scales over at the
left and lying on the oblique line which forms the left side of the
trapezoid. As in the preceding case, the length of the middle paral-
lehis € = (A - B) /2 and the middle scale will be cut at that
number by the slanting end line.

In Figures 4\ and 4B the parallel sides have been made vertical; !
in Figure 4B a straight line has been drawn through the randomy

points A4 4, B IT which crosses the middle parallel at the
nwnber € - 00 By o (F - T2 e Ty,
10 i . 128
9 10 / i -
P o 10
/ 4 9
AG 8
8 3 ?
) 6
siaegle
a ¢ * 3 - -]
2 4
! 3
1o} 2
i . i
T - . T 0

Faojrares 40 and 18
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Four things should be :i('(:cptublc to the reader by now.:-

(1) It should be clear that if the numbers marked on the mid-
dle scale are doubled, then a straight line through the 4 and B
nmmnbers he wishes to add cats the middle scale at the true value
of the sum, not at one-half that value. Figures 5.4 and 5B illustrate

A C 8
2 - - 24 - 12 L2
"o 22 / 1t ETERIN
o - - 20 10 10 <
9 /la/ ' 9 9 !
] 16 8 8 ,-'
AR S 14 7 T -7
6 1IN 12 6 -8
5+ 10 3. 3 5
4 / 8 4 - 4
3 ' 6 3 3
2. 4 - - 2 2
] 2 ' |
o] Q -2 \ o

. . -2
A= A+B=C
Fronres 5A and 5B

this point and are cach complete alignment charts for the formula
A 4- B == C for theirvespective ranges of A, B, and C.

(2) He shoulkd obscrve that the zero points of the three scales
for this very s'uﬁplc chart are always collinear, This is proper be-

canse, when o 0 and B 0,C B 0 and the three

values shonld te on a straight tine. - - -

(3) e should not hesitte to extend any of the scales up or
down throngh positive or negative values as far as need be to cover
the range of variables which interests him. In so doing he will

simply be creating a new trapezoid with the same properties that

the first one had.

(4) e should realize that any restticted portion of the chart.,

such as that shown in Fizue 5B, is, standing alone, a perfectly
good and usable chart even though the zero points of the scales
may happen to He ouwtside il

N revsiranive Prosres (Fra, 6)

We wish to have an alismment chart for the cquation A -i- B8 -
¢ on which the A-scate tans brom 5 to 10 and theB-scale from 25
to 30. tlow should the middle parallel scale be graduateds

O
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Solution. The A-scale zero point is 5 units below the base liné
c* the chart. The B-scale zero point is 25 units below the base line-
of the chart, or twenty units lower than the A-scale. 'The 4, B,

. A c B .
IO—I—‘ ' T“QO . —-I——-SO
i. ~4—39 -4
s»—l— —+—38 —:»—-zs
- ——37 —-
. o—y- ——3¢  —-28
-+ . —i—38 —-
7 - w34 —ieg7?
R —i-33 -
gobe 32 26
. - -3 -k
L —i-30  b-25
A+8=C
Figure 6 g

and C zero points lic on a straight line, as we observed before, be
cause when A = 0 zn{l(lliji =2 0, C == 4 -+ B 7= 0. Hence, the
C-scale zero point is halffvay between thc A-snale :md B-scale zero
points or 15 units below the base line of the chart. Hence the base
line of the chart will cut at number 30 on the C-scale. Do nat for-
get that, to make the C-scale read the direct sum and not half the
sum of A ++ B, the graduations should be twice as close as the 4
and B scale graduations.

Alternative solution. The lowest number on the C-scale (on the
base line) will be the sum of the lowest numbers on the & and
B-scales, or 30. Graduations are then made twice as close as those
on the A- and B-scales, so the middle scale runs from 30 to 40.

[rrusrranive Prosirar (Fic. 7)

We wish to have an aligmment chart for the equation 4 - B =
¢, on which the A-scale runs from =10 to --20 and the B-scale
runs from —5 to 35. '

Solution. We can place the three zeros of the 4, B, and C-scales
on a straight line parallel to the bottem of the sh(ct and complete
the chart as before, with the Cescale twice as densely graduated as
the A- and B-scales, and show in the completed chart only such
values of 4, B, and C as were included in the given ranges. The
diagram will then be badly lopsided, the A-scale hanging 5 units
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below the end of the B-scale and the B-scale rising 15 units above
the end of the Ascale. : ' '
Preferable solution. Plan to'have the three zeros on a slanting
tine. “The B-scale is 10 units longer than the A-scale. Plan to have
the B-scale project 5 units higher on cach end than the A-scale.

Then the lowest B-graduation, B ="—35, appears 5 units below
C 8 35 A ¢ 28 e 18
— 10— : -
A 1 : + .
20, - - %0 | %° 91 -, 28 14
- . 08 8 I 24y 13
. - 40 i ‘ - op
. T e ~_::- — 12
10 - o 30 ‘ 20 6 - -, .i 20 _l 11
T2 15 5 - ~j 8 -1—19
o 0 - . 10 4 1 - 1_-IG ‘1:9
~ 3 I i N -1-8
. o] + 5 - ~
| : : 2 %~ -4 N -7
g G » 10 Y - i >
10 Lo-1% lj o S o
. b e 0 . } Ay
AitB=C A+(8+3)=C

Figume 7

Figure 8

the lowest -graduation, A4 == —-10, and the B zero point will be
10 units below the 4 zero point. The C-scale zero point will be
halfway between the 4 and B zeros on the middle scale and hence
5 units above the B-zero point. Make the remaining graduations
on the Gscale twice as close as those on the A- and B-scales.

I.LUusTRATIVE ProsreM (FiG. 8)

We wish to construct an alignment chart for addition on which
the A scale 1uns hom 0 10 10 and the B-scale runs from 5 to 15
B is also alwayvs to be inaeased by three before being added to 4.
‘That is, we wish to have an alignment chart for finding the vaiue

of Cwhere € .= 4 (B 4 3).

Solntion. Substitute B -« B 4= 3 where B’ runs from 8 to 18,
becse B ran hom 5 to 19, Solve the problem as has been done
before for the relation € =~ 4 -1 B Then diminish each B’ gradu-
ation by 3 to find the corresponding B araduation. Graduate only
i B.

‘I e limitations of the type of chart we have just been studying
are appisent. An alignment chart is always used in connection
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twith a formula which, divectly or indirectly, has practical signifi-
cance. Hence, the nanges of the - and B-scales way differ very
greatly. Such a diagram will be very lopsided if it is made accord-
ing to the method used abové. Hence the question arises as to
whether the longer of these scales could not be squashed down
or the shorter expanded or both steps taken until they were equal

. w.inf'l\:ngth and filled perfectly the sides of a rectangular chart of

specified dimensions. The graduations of a uniform scale after
condensation or expansion would still be uniform among them-
selves thioughout the length of that scale but closer or fargher
apart than the graduations of a different scale which had not been
so treated. Thus, if it were desired to reduce a scale whose length
was 40 inches into one whose length was 20 inches, the distance
of each graduation from the zevo point of its scale would have
to be multiplied by 14. 'T'his relationship can be expressed in an
equation.

Let AyA. be the distence between any two graduations 4; and
“12. -
Then Ad; = my (4, + A,)

BBy = my (Bl/l/— B,)
- GGy = m¢ (Cy — Cy)
The fast of these three equations siniply savs that the distance
o1 between graduations A and . is not given by A, — A, but
by my (-~ ). This is the same as saving that the distance be-
tween graduations Ay and Ly is greater or less than 4y — A,
according to whether myg is greater or less than 1. The other equa-
tions make the conesponding statements abour the other scales,
g, g, me are cach called the scile multiplicers for their scales
and cach will be used to enlarge or reduce ity scale until it just
fitls the space available for jt.

The question whicli then arises is whether, after thus condens-
ing one or both of the A and B scales, we can st use an arlange-
ment of two parallel A and Bacales with a middle parallel Cscale
to give an alignment chart for the cquation A - B - - € as we did
above. The answer is that three parallel scales can e so used but
the innev scale will not be centrally placed.
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Let S be the distance between the A- and B-scales, or the avail-
able chart width, and let Jiy e be the distance from the (.-scale to
the o -scale.

My S

‘Then hio = .
t‘l. g
¢ Mg - Nig

Thus we know where to place the C-scale once my and my arve

known.

I "STRATIVE PROBLEM

We wish to construct a large alignment chart for the equation
A o B = Cona 197 x 247 sheet with about a two-inch margin.
For various reasons we propose to condense the B-scale by a scale
multiplicr my == 4. but to keep the A-scale its full size, so that

my == 1. Wheie should the Cescale be placed?
Solution. my = 1,
My -z 1.

Since we wish about 4 two-inch margin, the distance between
scales should be takew as 15, Then

-.’ pommtesd l.r).

. S‘ 3
[ hen we have Iyp == "

{7 -} iy

. ]l.l.( }.) &
K
5.2
fpe =y T e o

The renaining question is whether the Cscale will be con-
densed by some multiplicr nee when is different from my and
if so what its multiplicr we should be.

The foumula for me can be worked out and will be found to be

My . iy
M - ‘

iy '9 i'IIH'
TTTUSIRATIVE PROBLEN

We wish to comstiact a chant tor the equation A - B = € with
the A-and B seales 15 inches apait. Assuine it Is necessary to con-

O
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dense the A-scale by a multiplier 1 /3 and to expand the B-scale by
a multiplicr-3. Where will the C-scale lic and what will be its
multiplicr?

Saolution, my 13 my = 3,8 = 15,
| S

ny - mp
513
1/3 4-3

15
310

Henee ~ /1,4‘(: =z

I

3

2
"!A‘- Mp

m 4 + mp
1/3.3

17353
]

1073

3
10

iy

|

I

InrusiraTivie ProsrLes (Fic. 9)

We wish to construct an alignment chart to represent the for-
mula 4 4 B - C, where A is to range from 0 to 100 and B is to
range from ---20 to 60. 'The lamgest piece of paper available is
19 x 247 and a wtwo-inch margin is desired.

Solution. Let us place the A- and B-scales 15 inches apart, and
let each scale be 20 inches high. The A-scale will have a multiplier
1.5. The B-scale will have a multiplier 1/4.

S my

T + mp
1515
/5 1/4

it ()2:7.

”1(‘11 X h.i.C
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Mme = M4 Ms
my 4 Mmp
R VAR VA
T 154174
= 1/9,
The lower :dge of the chart runs through 4 = 0, B = —20.
and hence through C = —20.

3 AC ;]
A C B . ’220 1 -80 -—-~30
160 —J_—lso 80 l ‘-8 i
%0 {140 8 | T
-+ 80 - !
0 i 16 RIS FIVE INCHES -4—29
~ % 120 40 - :—-. f ; | ! ‘1”
70 ~a |‘—J -'_'_ —t——
S -:1:-!00 4 s 1
~ ~———30 12— =
0~ +\ ! 1 S "“"'ﬁi—‘“
T 80 T 80~ "7 ,
80— + ~._ —e20 077 .- T
+ 60 \‘:’"\ 8 — =
40—+ —+ —_ 10 -, 40 T
SO—t FIVE INCHES e -~ 6 = =
'F?TITTTTl haa 0 - - -
20 —+ P i —20 - 4 -~ 30 —28
0 e o 0 2 O —.—
: ——— —_—— -_-J _ 20 -

- . I 1
0 ——=20 ——-20 © ~1-28
A+B=C SA+B-7)=C+2
Figure 9 § Figare 10

ILLusTRATIVE ProBLEM (Fi6. 10)

We wish to make an alignment chart which will fill a rectangle
about 157 x 207 to represent the equation 34 4 (B - 7) =
(C + 2). 4 ranges from 0 to 20; B from 25 to 30.

Solution. The given equation can be reduced to the form

JA 4+ B = C 4.
We can nmuake a substitution.
Let A7 =34 5
B’ =B
¢’ =G4+
Our given cquation can then be written

A" B =
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where A’ ranges from 0 to 60; B’ ranges from 25 to 30. We are well
equipped to make a chart for this equation in 47 and B’.

(:1(‘.!1'“' my’ oz 1/3
mp — 4
me = 4.178 ' '
R VZ: -
=4/13
e oo 19-1/3
T8
= 15/13.

Thus we havé fornd where the € (and hence C-) scale will lie,
and have found the ¢ multiplier . We could easily graduate
! the scales in values of 4’, B/, and €, but hope to be able to gradu-
ate in A, B, and C, our original variables. This is done as follows:

Let A0,
Then A 232 0. )
Sintee ol L 0 occurs at the base Hine of the chart, that is where
A7 ) occurs.
Let ' A : 5.
Then A’ = 15,
A7 L0 ocas at the base Hine, and o7 == 15 will occur above it

ata distance (1/3) 15 -2 55 so that is where the graduaticn A4 =5
lies. Al other o graduations can be similarly worked out. It will
be found that the twenty units of A turn out to be evenly distrih-
uted thhoughput the twenty units of length of the o-scale, just as
desired. Nevertheless, the steps taken through A’ and the evalua
tiqn of my are unacoidable.

The Bscale is identical with the Bescale and offers little trouble.

The Cseale s found as follows: The lowest value of € is given
bv adding the lowest vatues of o and B, and cquals 16, Hence the

-

luwesy value of 715 25,




~I
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Let us now find, for example, where € == 20 occurs. .
' ¢ = C 4
¢ ==29.

The distance of € == 29 above €2 == 25 (at base line) is given by

ni20 9ny . (‘H),_ 925)
A 13 '
N 16
‘ , ’ 13

/ ' - — 1.93,

Although we have now discussed the general mechanics of con-
struction and operation of the three-parallel-lines typejof chart,
we have not yet touched that particular application w ‘hith mikes
it so very valuable. The chart would scarcely be worth t}le atten-
tion we have given it if it could not be used for xnllltnplxqauon as

well as for addition. : i -
{

1

ILLustraTive Prosues (Fic. 11)
An alignment chart to fill a 10” x 15” rectangle is desived for
the equation U+ ¥V = 1V, where U runs from 1 to 1000 and ¥

runs from ! to 1000, _
U W v

50 - - L =10
. - +—20 S
40 - - FIVE 'YImES - : £
( - : ol | . s -// N
U w \ v - M i
1000 ~— Ce. %98 1000 P -
: "3 Z'_ .- . b
. < ——-100000 - 20 - ‘ o -
. 3 . : -}-5
. : - .
100 ‘_..._. --+--10000 —?‘-Ioc - L R
L5 : 8000 : P ~ 4
. —--1000 - . ' +
- 1 500 - o . B
10 ~=100 10 ‘ ' -3
1 50 : d -8 -
: T
- -- 10 4
.. - * ‘-4 ]
. T I - T
1 ARSI < $ - . z_ .03 —_—
LU=l QU VE=3
Fizure 11 Figure 12

ERIC

Aruitoxt provided by Eic:
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Solution. 'I__'ak—in_ the l.(;ézi-r.i}hxll.x_—(-){l;ol-liﬁéi_(—le;-—of tll—ec}iu;xtlo;lT
we have g S - ' e
, “log(U - V) =logW - i
log U 4-log ¥V = log W".
Let ' A =log U
B=logV
C=loglV,
. where A and B both range from log | to log 1000 or from 0 to \d\ '
& Then, on substitution, our given equation becomes one with
which we are familiar; namely
A+ B=C¢C.
 Then m4 = 6.66
_ mp = 6.66 .
; . Mg —= 3.33 - o
\ hA.c' — mA'S——-- v
Mg+ Ny
~ — (6.60)15-
T A.66 4 6.66
_Bs
2
="17.5,
and the C-scale will lie in the center ot the chart. We wish to grad-
’ uate eventually in the original variables U, 17, 1. This can be
done through the equations '
A =logl’
B — ]Og vV
! C =logW.
11 us the graduation U =: 30 implies an .1 araduation: N
14 =log 30
= 1.4771.

3
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The lowest A reading on the base line is .
Y Aol
= 0.
The difference between the readings A = log 80 and 4 = log |
is 1.48. ,

But m4 = 6.66, so that the distance between the readings is
_ 6.66 X 1.48 = 9.85.
Thus the graduation U = 30 occurs 9.85 above the base line. :

\

ILLusTRATIVE PrOBLEM (FiG. 12)

We wish to construct an alignment chart on a 15” x 20” rec-
tangle for the formula 2U - 1* == 13, where U ranges from 5 to 50
and ¥ from 2 to 10, -

Solution. Taking the logarithm of both sides we have

log [ (2U) + (V)] = log (W?)
log (2U): 4 log (V*) =log (W?)
log 2 4 log ,Uo-{.- 2log ¥V =38 log V.

Lct. : _ log2 4-logU =4
2logV =8B
3log W = C.

Our original equation becomes one with which we are familiar;
namely,

A - B == C, .
where 4 ranges from (log 2 4 log 5) to (log 2 + log 50) . Hence
the total range in A is given by (.30 4- 1.70) — (.30 4-.70) =1,
B ranges from 2 log 2 to 2 log 10, giving a total vange of 1.40.
Then  my=-20,m,:=14.28.

Hence

20(14.88)
20 L 14.88
= 8.33.

My -2

. I
s o
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The position of il}e C-scale is: given by ’ |

15(20)

'34,0 = 34 38 = 8.75.

How should the gxaduauon W == 5, for instance, be placed?
We have

C=38loglV¥ _ .
==3logb
= 8(.70)
- = 2.09. )

The lowest value of W (on the, base line) corresponds to the
lowest values of U and ¥ (on the base ling) ; hence, for IV on the
base line we have '

[

9520 =W oo
340 =1
but C=3loglV
= 1.60.

Tlie difference between these two values of G is 0.49.
- Then the distance between the two readings, which is also the
distance from the base line to the graduation W = b, is given by

me ((49) - 833 (AY)
= 112,

Thus the graduation IV —: b occurs 4,12 units above the base line.

The illustrative problems we bave solved above all have about
the same approach. The rules noted below should be followed
carefully.

(1) The equation for which the chart is to be made must be
put in the simple form A +- B == C, by the use of the simple
variables 4, B. C. This may require thc applu ation of logarithms
and several substitutions.
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(2) The ranges for the simple variables A, B, ¢ are conmputed
from the vanges of the original variables in conjunction with the
equations of substitution between them and the new, simple
variables,

(3) The multipliers my, my for the simple vanables 4 and B
can now be determined since the height of the chart is known and
the ranges of the simple variables have just been found in (2),

(4) The position of the inner scale can now be found from
the velation

m 4N
S

h:‘." -

where 8 is the preseribed listance between the outer seales.
(3) The madtipiicr me can be evaluated from-the relation

5

Mme <= m"- ; M .
Ny - my

(6) We now calibrate the seales in terms of the original vari-
ables by finding the values of the simple variables to which they
correspond and learning where these latter values would lie.
Naturally we choose those convenient values of the original vari-
ables which we wish to have appear on the chart.

ILLustraTive Prosres (Fia, 1)
We wish to construct an alignment chart on a 197 x 247 sheet
with about a 2-inch border for the cquation
(4 2) 0o Py,
The range of U s from 0 1o 23, T'he vange of §is hrom 1 to 30,
Solution. "Taking logarithms of both sides we have
(D 1/8log (U -} 2y 4 18 log 1" ‘l()g‘ (W 4-4)
Let A== 1/31og ‘U 4-9)
B ..78logV
C. . log(V 1.
Then we have achieved the simple form:

.‘I --}- Ii - ().
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. L] »

(u+2) v" =W +q
Figure 13

* (2)-The range of the simple vatiable A is from 1/8 log {2)
up to 1/3 log (30), or from .10 to .49.. The range of the simple
variable B is from .78 log (1) up to .78 log (30) or from 0 to 1.15.
The total range in 4 is .39. The total range in B-is 1.15.

(3) Then my = 20 := 51.02

.39
My = 131(25 = 17.36.: |
(4) The position of the C-scale is given by~
g Soma 15 (51.02)
’ may 4 my 51,02 4- 17.36
‘ = 1119,
(5) The multiplier m¢ is given by
My m
Mo
()l :02) (17.36)
(’31 02 -+ 17. 36)
= 12.95.
Let us find, for example, whcrc the graduation U == 1 would

lie.
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WhenU =1, 4 = 1/8 log (} 4+ 2) = .16, We sav that the
lowest A reading is .10, and the difference between -this reading
. and the lowest A reading is .06. The distance between these read-
ings (or the height above the base line of the 4 graduation cor-
respondmg, to U = 1) will equal the product of the multiplier m,
and the difference of these readings, or U = 1 occurs at a height
" of (51.02)(.06) == 3.96 above the base line. Other U-giaduations
are computed in ideniical manner, '

It is important to systematize computations. Once a routine has
been set up the labor for a dificult chart will not be as great as it
at first seems. A measvuring-scale graduated in decimals is nclpful
but not indispensable for laying off the Tesults,

It should be emphasized that the material in this article.is not

intended to be a basis for teaching the subject of alignmnent charts
to the average high school student. It should, however, prove an
adequate guide to those able, ambitious, and aggressive young
people who enjoy wrestling with new probleins once they know
that a fair fight promises a liberal reward.

v




THE CONSTRUCTION AND USE OF HOMEMADE

INSTRUMENTS IN INDIRECT MEASUREMENT

. Vﬁgil S. Mallory .

I't 15 probably true that teachers of mathematics in gencral and
those in the senior high school in particular are more inclined to
emphasize abstract theory and manipulations than the practical
uses of mathemaiics. There is considerable truth in the statement

that most teachers of mathematics consider that the only equip- "

ment necessary in the classtoom i§ a blackboard, a piece of chalk,
and a bit of string with which to draw circles. That this atti-
tude on the part of mathematics teachers is detrimental to effi-
cient teaching should be obvivus to any intelligent person.

Knowledge of the transfer of training and how transfer takes .

place through the conscious effort of the teacher to initiate real
life situations, or situaiions so closely related to those in real life
that the student cannot fail to see the application, must cause
many real mathematics teachers to realize the necessity of using
many practical applications of mathematics. The oft-repeated and
justifiable criticism that a student frequently cannot apply his
mathematics in a field as closely related to it as physics emphasizes
this need. Yet frequently one must go to the science laboratory in
order to find such obvious applications of mathematics as are

aflorded by studying the relative volumes of the cylinder, cone,

and sphere through actual measurement instead of only through
theoretically derived formulas, a comparison which should be
made in the mathematics classroom. Moreover, it is not unusual
to see a teacher present board measurement (where it is taught)
without a single piece of board in the classroom with which to
show a board foot and without any attempt to use the doors and
desk tops in the classroom actually to measure and examine board
fect. ,

The 1cason for this apathy is not difficult to find. ¥Many teach-
crs of mathematics have not had any engineering or shop training

182

»
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7

and do not know the applications of mathémaucs that should
unite theoretical and practical work. On the other hand, many
who do know about the possible applications fail to realize that
for the students book problems and book explanations cannot
take the place of hboratory demonstrations and field work. This
is a fact that science teachers understand full wcll What
is more, laboratory and field work, with the necessary plannm;,
and accumulating of material, is more difficult and time consum-
ing than assigning the *“next ten problems in the book.” Only a
real teicher is willing to expend the extra time and effort re
quiredi.

Unless the teacher has definitely in mind the objectives he
lLiopes to attain in presenting field problems or laboratory work in
mathematics, the work will become aimless and lose niuch of its
educative worth. Although no attempt will be made here to cata-
logue all of them, there are definite values which this type of work

can contribute to the education of the child, and which can be.
readily attained. Some of these are:

(1) An appreuatlon of the reulity of mathematics and of the
way it functions in everyday life.

(2) An appreciation of the approximate nature of all measure-
ment and of the need {or the intelligent determination of
the number of significant figures to be retained in a final
result.

(3) An appreciation of the omnipresence of the opportunity
for error, its possibility not only in calculat i but in .1pp11-
cation, and of ways to discover and avoid such errors.

Thus the child soon learns to look for error in the calibration

of protractors and yardsticks, in the use of fler ible tapes, in fre-

quent applications of the unit (such as the use of a footrule vs. a'

100-foot tape in measuring a length), in careless reading of meas-
ures, in séale drawing through use of a soft nencil, and in many
other ways. '

(4) An appreciation of the function relation that is direct and

dramatic.

Thus the child who discovers that an enor ¢f less than a degree
in layving out an angle on his scale diawing may cause a large
vatiation in the apparent height of the tice or flagpole has a real

~
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appreciation of the fadf that in a triangle the side opposite varies
with the angle. '
(5) An acquamtance with and skill in using various simple
ineasuring instruments.

(6) A liking for mathematics and a desire to learn more about

a subject that has such interesting applications.

When this type of work is properlysconducted, children gen.
erally enjoy it. Thus it provides an excellent device for motivating
the more theoretical or manipulative work.

Field work in measurement can be taught in every grade from
seven to twelve. Indirect measurement with solutions by scale
drawings provides a natural motivation for the general mathe-

. matics of grades seven to ten;.in la*er grades the trigonometric

functions can be used to solve’ problems, although the value of
scale drawings in the actual solutions should not be minimized,
No class in trigonometry is complete without field work.

Entirely aside from the cost involved in providi.g expensive
equipment, there are both practical and pedagogical reasons why
inexpensive transits made in the school shop or at home are better
for classroom use than are the ready-made ones. The most in-
portant reason is that the protractors, the working part of the
measuring device, are seen by the child, and are not complicated
by adiusting devices, a knowledge of which he must master. Fur-
thei.. ore, costing less than seventy-five cents each and readily
made in the school shop or at home, the msuumcnts can be plo-
vided in quantities sumucnt for class use. S

The class that looks at and admires the store-bought transit
while the teacher demonstrates it never attains that facility and
appreciation of measurement which can be obtained by having
every four members of a class work as a crew with an instrument
itself. The use of cloth tapes will eliminate the expense of the
repair of tapes and instruments which is inevitable with more ex-
pensive instruments. By working in crews of four, students gevelop
an c.prit de corps and,a healthy sense of competition that have
most beneficial results.

Teaching devices for any type of school, while informal, require
the maintenance of ordered discipline. Class instruction covering
every detail of the work, the assignment of pupils to crews, the
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- measurements to be made, the scale to be used, and what euch

crew is to do when its measurements are completed should he
given before the class leaves the classroom. The measurements to
be made should be confined to a limited area so that the teacher
can easily oversce the groups and give the nccessary individual

- instruction, T!wrc will be more of this instruction and correction

of proredures for separate crews the first time the class goes out
than later on,
As far as possible cach crew should be composed entirely of boys

- or entirely of girls. The teacher should make certain that everyone

E

has a chance, at some time or another, to experience all the tasks
from sighting the object to using the tap'c. Fach member of a
crew should have a notebook in which he makes a freechand draw-
ing of the problem before leaving the classroom and on whiclh he
places the measurements as he obtains them.

To be most successful the field work should be preceded by
lessons in scale drawing so that the students will acquire the
ability to transfer their notes to a carefully made scale drawing.
Practice should also be given in changing measurements to the

scale agreed on. Thus if the scale is 1: 20, how long a line on

the paper will be represented by ameasurement of 93 62

In making the scale drawings the most satisfactory method is
for cach student to be provided with a sharp, hard pencil, a con-
pass, a ruler, a protractor, and an inexpensive drawing set. 'The

drawing set may consist of a drawing board (about 147 x 187 or.

larger), a T-square, a 45°-right triangle, and a 60°-righ triangle.
Such equipment, made of wood, may be bought at little cost from
school supply houses or may be made of plywood in the school
workshop.

Each crew should have a homemade school transit provided
with both vertical and horizontal protractors, a 25-, 50-, or 100-
foot cloth tape (sometimes obtainable in 5 and 10 cent stores),
and half a dozen 147 x 67 dowel sticks {obtained in a bardware
store) for the head tape-man wo mark the point where the end of
the tape comes and for the rear tapeanaan to pick up. The num-
ber of these dowels that the rear tape-man has at the end of a
measurenent will tell the number of times the full tape measure-
ment is contained in the distance measured.

O

RIC

Aruitoxt provided by Eic:
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Even if drawing bomd, ‘T-square. and triangles cannot be ob-
tained, the project need not be given up. The next most satis:

factory method is to use large sheets of graph paper. The grid

lines will furnish perpendicular lines and measures to aid in the
construction, Graph paper ruled ten linés to the inch is also coq-
venient to use in making measurements to tenths of an inch-and
estitniates to hundredths of an inch, always a desideratum in cal-
culated results.

T'HE HoaMEMADE TRANSIT

Iypes of problems. "The following five problemst show the
types that can be solved with the homemade iransit. In each case
the student should solve, by scale drawing, a similar problem so
that h¢ may know how to proceed with his solution as soon as
he has obtained the field measurements. 'If the class has studied

the trigonometric functions, that method may be used as a check -

on the drawing. The teacher should know the answers to the field
problems but obviously should not indicate them to any crew un:
til all have completed their work.

1. Find the height of the school flagpole (or a tree or the school
building). ‘

f’ l. a
;‘(1 ..... \ ............................ B
i i
E C
Frgme |

‘The problem involves measuring, with the vertical transit (Fig.
Dy angle a, and with the tape the distance 4B, and the height CB
ol the transit, and is solved by making a scale drawing of a right
triangle. In measuring /\113 it should be noticed that the line 4B

lroblenns aud diwines om Matlons, Mathematies for Everyday Affairs, used
by permission of the publisher, Benj. H. Sanborn and Co.
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*

is horizontal and does not follow the contour of the ground. In
measuring the height of the transit, notice that this is not taken
at AFE, but that a pupil determines the point B at which the
*horizontal line 4B intersects the pole, The flagpole or tree should,
in this problent, be on horvizontal ground and perpendicular to

the ground. Similar problems using the right triangle in either

“the vertical o1 the horizontabplane can be casily devised.

2. A surveyor wished to find all the dimensions of a triangular field

which indluded part of @ swamp, He also wished to know the per-

pendichlar distauce o4 1o BC (4D). He can measure angles B
and € with his prouvactor and BC with his tape. (Sce Fig. 2.)

Figuie 2

This problem imvolve the solution of an oblique triangle,
aiven two angles and the included side. "The horizontal protractor
on the tramsit is used in measuring the gngles. A scale draying
solves the problenn, '

“Natral tenain tor the problem would. of cowse, be a swamp,
a pond. o 4 wonds with point A marked by a tall tree. Lacking
these, an imaginay swaup or pond can be used or a point 4 so
far away that its distance is more easily found by measuring the
parts indicated above than by a direct measurement.

Figure 3

N’
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3. T'wo boys swam from a point on one shore.of a lake to a point on
. the oppusite shore, and they wished to know how far they had
swum. I'hey found it by measuring AC and BC dnd angle C.

This problem involves the solution of an oblique triangle,
given two sides and the included angle. The horizontal protractor
on the transit is used and a scale drawing solves the problem.

Instead of measuring the distance 4B across a~swamp: or lake
(Fig. 3), the distance 4B through some school building may be .
measured. The distance through a small hill or woods can also be
used instead to show how such distances may be measured.

4. Some Boy Scouts nad a camp (C) in th¢ woods. They knew that
town A was directly west oll camp and 3 miles from camp, that
town B was 414 miles {rom camp, and that the distance between
A and B was 3% miles. They wished to find the compass bearing
in grder to go directly from C to 8, knowing that the direction was

something east or west of north. (See Fig. 4.) N _
R 8
\
- | ’ N
A
A c
Figure 4

‘This problem involves (he measurement of three sides of an
oblique triangle. Practical problems of this kind are not as casily
found as in the.other cases. The solution is, of course, by scale
drawing. '

5. A surveyor wished to find the height above ground of a church
spire. He found it by measuring side AB and angles 4 and DBC.

(Sce Fig. 5.)
This problen: involves an oblique triangle with two angles and
the included side to be measured and the solution by means of a
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scale drawing. Any situation ‘where a building has a tower or a
“cupola set back from the edge of the roof is suitable. There are

Figure §

many modilications of this problem: (a) At the seashore or at a
lake (or on a level plane) to measure the height of a cliff or
tower from which observations are made by using the angle of
depression of two buoys or other objects’in the line of sigh* and
‘a known distance apart. (b) In (a), to find the distance apart of the
bioys or objects when the height of the cliff or tower is known.
(¢) To find the height of a flagpole on a hill by measuring 4B
and the angles of clmatxon of its top from points 4 and B and of
its foot from either point 4 or B.

: e 1212° __,I
- " “ I}
How 1o MAKE A SiapLe ‘TraNsI? .

Cp =
The table top. Figure 6 shows the e ‘ ™~

table top of the transit.'It is a piece / Yt \
of wood (three-ply wood is best) 4§

1214 inches square and 84 inch . WD/\&S'R
thick. Draw a circle with 5-inch ra- ( R

dius on this. Drill a 34-inch hole -
through the center and drill and

countersink six %g-inch holes € ™ .

spaced as shown at C in the draw-
ing. Figure 6

! Taken from Mallory, V. S, Mathematics for Fveryday Aflnirs, by permission of
the publisher, Benj. H. Sanhorn and Co.
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The legs Tor the tansit are tinee dowel sticks, 34 inch in diam-
cter and 3 feet long. They can be oburined at any hardware storve,
l'wuw shows how one end ol the dowel stick s shaped to be

N i —— 91'6.(0—'\_4 l“_’/ﬂ.
1

—

9 3

% _ _ Uy'-o "..—1_
. | \ a::ﬂ ¥
3 -

Figuig 7

-

attached to the table top. Figine 8 shows how the leas e attached
to the table top by means of l inch by linch angle irons. Use -
Peinet by Sg-ineh Hat-head stove
bols to fasten the legs to the angle
nons and table top.

The horvizontal protractor. Glue
a4 paper protractor (Fig. 9) to a
picce of heavy cardboard or pressed
wood  F2-inches square. You can
make the protiactor from polar co-
ordinate paper. Mark it from 0° to
_,.AN‘J IS0 i each divection. Drill a hole ..
Figme § with s¢-inch diameter in the center

as shown,

I he pnnmx is i by inch dowel sidck Figo 10y with one end
sharpened as shown. “T'his firs i i the —
Ly-inch hole drilled in the 34-inch P ntE ir 2
dowel stick shown in Figure ll. At \
A serew eve s placed (o attach a
lead sinker for a plumlb bob, The

comipleted  trunsit for measuting
hovizontal angles is shown it Fig.
e 12,

The verticat protractor. To meas.
we the anele of d('pu'“inn o1 the

angle ol elevation in finding the
height of an object a vertical pro Ficine 9

~
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L. . 4 - le - 3-
n .
! v F\ " '1-—— 3' e ° o
o ——— \A %D
Figure 10 Figure 11

" tractor, shown dn Figure 13, replaces the horizontal protractor
and pointer. A semicircular protractor marked from 0° to 90° in
both directions is glued, to a semicircular piece of stiff cardboard
or pressed wood and a ¥ ¢-inch hole (K) is drilled as shown in
Figure 14. At B are screw eyes to be used for sighting.

! U

Figure 12 Figure 13

This protractor is fastened at K to the 34-inch dowel stick
shaped and drilled as shown in Figure 15. The drawing in Figure
16 shows the details of fastening the protractor to the dowel stick.
A sinker hung by a string at
KA (Figure 18) acts as a
plumb bob to enable one
to rcad the angle of cleva-
tion. Figure 17 shows a 14-
inch dowel stick used to
support the upright. (See
E, Figure 13.) Figure 14

.e
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OTHER DEVICES FOR INDIRECT MEASUREMENT

]

Other homemade devices for making indirect measurement are
perhaps better known.,

|L i | o~
E H e’ N

* Jde0 sl » K I -‘: @

hVIEY o: Iy 7 - 5

Figwe 13

An isosceles right triangle of cardboard held so that one leg is
horizontal and so that the hypotenuse can be used as a sighting
edge will give the height of a tee when the observer stands at a
point where the line of sight intesects the tree top.

E~a ¢ __’J

: a4
— ICad s oA o
Figure 16 Figure 17
The measureinent of the shadow of a yardstick and of the
shadow of a tree at the same time will give the data necessary to
determine the height of the tree. ~
' The use of the geometric square, cross-staff,
drumheads, a wooden right triangle, and other
historical devices,® not as obvious in their ap-
plications, can also be used for indirect meas-
urements, as can the hypsometer and clinom-
etert :
The plane table,® mevely a drawing board
mounted on a tfipod, and with some kind of
sighting arrangement (an alidade; it may be
only a ruler with.two pins mounted for sight-
ing), is an excellent device for making maps
and determining inaccessible distances and angles. It is frequently
used by the United States Army. ‘

Figine 18

'a See Mullory, V. 8. New Plane Geomet  (New Edition), pp. 330-336. Benj. H.-
Saunborn and Co., Chicago, 1943.

¢See Schuster, G N, and Bedford, F. L. Freled Work in Mathematics. American
Bouk Co., New York, 1935.

® Ibid., pp. 19-61; or Mallory, V. 5., New Plane Geometry (New Edition), pp. 372
373. Benj. H. Sanborn and Co., Chicago, 1943.
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This type of work is probably more diflicult to arrange in the
larger city high schools than in suburbian or country schools where
outdoor [lacilities are readily obtained. But even in a city high
school the ingenious teacher, through the use of the classroom,
corridor, auditorium, playvground, or park, can accomplish a great
deal.
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ACCLASSIFICATION OF MATHEMATICAL INSTRU-

MENTS AND SOURCES OF THEIR PICTURES
/
Henry W. Syer

TreAacHERS who wish to enliven their mathematics instruction
and make it more practical will welcome mathematical instru.
ments which can be used for this purpose. However, there are so
many hundreds of different machines that it is impossible to col-
lect them all. Moreover, many of the interdjting historical models
are available only in large citics or at great expense. Therefore,
the following list of illustrations of mathematical machines has
been compiled.

\ﬁcturcs should not be considered a substitute for the machines
themselves, which should be brought into the classroom and
given to the students to manipulate and examine at first-hand an
as often as possible. Pictures should be considered a method to
increase the total number of instruments with which the class can
become familiar. They can be used in everyday instruction as’the
sourc\§ of problems in geometry and algebra, as correlative mate-
rial for*outside projects, for club pxo&,mms and for bulletin board
displays. -

The tinal classification of mathematical instroments given at
the end of this article is complete and elastic egough to include
any future instruments which may creep into my file. The sources
of pictures listed, however, include only plcturcs large enough to

be of use in the classmom ¥ ~

' PLANS FOR FUTURE DEVI:‘.LOPMENT

There are two ways in which these pictures of instruments can_
be made available to luuh schools inexpensively, First, photo-
graphic. planographic, and photostatic  veproductions  could
easily be made large enough for schools to mount on bristol board
and keep in the art collection or mathematics office to be circu-
lated to the teachers. The second method is even less expensive

194
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and calls for photographing the pictures in convenient sets on film
strips which can L¢ pm|utvd One set of these film strips has
already been completed and is now on sale.*-

The first of these methods has the advantage that the pictuves

can be arranged in any order, can be used by many students or

“classes at the same time, and can be left on permanent display.

The second method, however, has thc advantage of very inexpen-
sive duplication, casy control by thefteachers, and the possibility of
heing seen by a large group at one time,

Concise, accurate descriptions of the Instory and use of the
machines, together with their methods of operation, should ac-
company cither the set of photographs or the filnn strip. Care

must be taken that, in an attemppt to be complete, one does not-

make these deseriptions abstruse, They should be simply worded,
and should give only essential information for quick understand-
ing by sccondary school students,

Lisrs pF SOURCES

There are two chief sources of pictures of mathematical instru-
ments: dirst, muscims, commercial instrument companies, and
private collecims: second. hooks on the history of mathematics in
general or on caleulating machines in parncular. These will be
found in the bibliography that follows and in the list of abbre-

\l.i?mns under the chassification of inshuments.

E

’
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CLASSIFICATION OF MATHEMATICAL INSTRUMENTS, WITH SOURCES*

In- the following classification will be found the name of the
instiument, followed by a few selected sources of pictures large
cnough to be of use in the classroom. :

SECTION I MEASUREMENT -INSTRUMENTS

‘ .« 3
Part A, Laboratory Instruments
I. Discrete Uity
Hand Counter--Cenco Caz. - . .
. Hand Multi-Counter- (67:8.2, Mul. Counter ¢
K Photo-Electric Counter
Test Scorer—International Cat,
2. Length
Gambey Compmator- - (2:215)
Flectrolimit Compaaior - P g w
Calipers - Cenco CGata: B, & 8. Cat.
* Abbreviations nsed:
(2:245 = Book 2 ol Bibliography, page 215, ) ——
G782 Mul. Counter, p. @) - Bouk 67, section S.2, put entitled “Mui, Coun.
ter,” page 2,
B XS, = Biowne and Sharpe Co, Providence, R,
Cenco Cale = Catalog of the Central Scientitic €3, Chivauo, 111
Comp. < Used in “From Comp™ to mean pictire supplied by the manufacturer.,
International Cat. < Catalog of the Internations] Bosiness Machine Co.
K ¢ F = Reuffel and Faser Co, New Yook Cins,
, CRW s Canlog, Kelvin White Co. Boston, Mass
MIET o Masaachusets Institate of Technoloay, Cnnbridue, M,
PROW - Pratt and Whitnes, Toolmakers, Haatford, Conn,
I'vledo = Toledo Soales Co. M oledo, Oluo.
O
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Micrometer Screw—Cenco Cat,; B, & S. Cat.
Spherometer—Cenco Cat.
" 8. Mass and Weight
Historic Sets of Weights
Money Changers Weights— (52:128)
Pile de Charlemagne— (2:233)
Analytic Balances
Balance de prumou——(2 248)
Modern Analytic Balances--Cenco Cat.
Comumercial Scales—Toledo
Retail Scales, Metal Chart, Postal Scales, Brine Solution Scales, Platform
Scales, Oil Barreling Scales, Counting Scales, Paper Ream and Box-board
Scale, Yardage 3cale, Motor Truck Scale, Double Penduluia Principle
4 Time -
" Clepsydra— (45:49)
Lamp Timekeeper— (45:54)
Sun Dials
Ancient— (66); Pillar Dial— (66); Modern— Cenco Cat.; On Gema Build.
ing, Graz; English; Cluster of Sun Dials at Bedales, Sussex, England;
Pocket Sun Dial—(8); Brechte’s Pendant Sun- Dial (26:136) E
Calendar, Coffin Lid of Tefabi—Isis, Vol XVII. :
Business Time Printers—International Cat.— (67:8.1, Int. P.S. I)-Clock
Systems, International Cat. '
Stop Watches—Cenco and International Cat.
5. Speed and Velocity
Speed Indicator—Cenco Cat.

. S

u

Part B. Applied Instruments
1. Surveying . -
Groma—So. Kensington Museum (52.236), (54:124)
Baculum-- (55:347), (52:287)
Range Finder— (55:363), (2:71) ¢
Semi-circle— (35:205) ]
Quadrant— (52:234, 240), (55:352)
Plane Table-- (52:219), (2:57), K & E Cat,, (34:208, 213)
Circumferentor— (52:248)
Theodolite—So. Kensingtonn Musewin~ (2:52), (2 51)
Transit— (2:53), K & E ({z
Level— (52:230), (8). (2:69), K & L Cat.
Leveling Rod~K & E Cat
Surveying Contpass--K & E Cal.
2. Navigating
The “Bowe"— (4:86)
Sextant—{2:99), K & E Car.
Ship Log—K W Cat. ~
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‘.'

Nautical Compass—K W Cat. -

Sounding Machine—K W Cat.

Artificial Horizon—-K W Cat.

Course Protractor

Pelorus—K W Cat.

Current Meter—K W Cat. _ .
Anemometer—-K W Cat. ' .

. Astronomy

Celestial Giobe--(52:17), (J5 365), (2:77)

Nocturnal- (26:276)

Volvelles '(or Aequatoria)— (26:242)

Orrery— (26:258)

Astrolabe—Chaucer’s Time, (55:348), Italian 1558—Front (23); Back;
Front, (52:242); Back, (52:243); Front, (55:349); Astrolabe de G. Ar
senius (2:80); Use in Mensuration (55:349); Use of (60)

Armillae— (26:148)

SEcTiON 11, CALCULATION INSTRUMENTS b

Part A. Graphical Methods

. Drawing Instruments :

Proportional Dividers— (8), K & E Cat.
Sector Compasses— (52:338); (52: 342) (2%:frondis.); (35:207); (35:208)
Parallel Rules— (8) K W

Conographs—'(19); Ellipsograph (2:37); Parabolagraph— (31:269); Circle
Divisor (2:39)

Co-ordinator— (31:269)

Perspective Instrument— (19:239)

Trace-Computer— (19:164)

Nomographs

Vernier Scale

Plain Scale—{4:159); Gunter’s Scale (8)

Oughtred's Circles of Proportion— (52:346)

Alignment Charts— (10, 14, 17, 18, 40, 44)

Network Charts— (same as Alignment Charts)

Lungths of Curves —

Curve Measurer— (22:65)

Areas

Planimeter- Dise P=K & E Cat.: Corodi Precision Disc Planimeter—
(6:70); Polar Planimeter—K & E Cat.; Amsler Polar Planimeter— (6:64); (
Boy's Polar Planimeter— (6:66); Rolling Planimeter—K & E Cat.; Pla-
nimeter (46:72); (31:200, 203): Radial Planimeter, K & ¥ Cat.

Integraph—Amsler Integraph (6:65); Amsler's Integraph—K & E Cat.;

\
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Corodi Integraph—K & E Cat.; Boy's Curve Drawing Integrator— (6:65):

Integraph— (46:146); Integraph.-(32:66); Ciné Integraph—M.L'T.
. Integrometer—Hcle-Shaw (81:189,: (46:96); Integral Computer—(19:199
or 200) - : \

T

Part B. Slig_’_;‘ Rules

- ot
Lincar Slide Rule— (52:348); K & E Cat.; Cursors on Rule—(31:170).
Circular Slide Rule— (31:163); K & E Cat.; Pocket Slide Rule— (31:175)
Cylindrical Slide Rule (Thatcher)—(31:174); K & E Cat.
Continuous Slide Rule (Paisley)— (67:4.2—Paisley, 1)

Part C. Solving Equations

With Balancee— (32:132)

With Liquids--/37:135) :

Isograph—From Bell Laboratories Record, Vol. 16, No. 4, December, 1937,
pp. 130.140 )

Differentinl Analyser—Encyclopadia Britansica, 14th Fd., Vol. 4, p. 548

Wilbur Analyser—lirom M.LT. News Service

Harmonic Analyser—Michelson and Stratton, (6:74): Michelson and Strat.
ton, (22:149); Henrici, H, A—(6:71); Henrici—Cuadi- (22:141); H. A.
(19:214); H. A, (46:166): H. A. (46:170); Tide Predicting Mach.—
(81:251)

Part D. Business Machines

. Early Methods

Chinese Bamboo Rods- (54:96) (54:140)

Korean Bone Computing Rods (56:53)

Greek Wax Tablet— (56:50)

Finger Reckoning— (52:77)

Reglettes de Grenaille— (17:15); (32:8)

Tally Sticks— (52:26); (55:193)

Abacus- Sademis (Greek)— (55:162)0 Roman (Bronze)— (56:51); Use of Ro
man (67:4.0, Mult.-Div. 2); Chinese (6:10); Moadern Chinese— (56:54);
Modern Japanese (55:178); Modern Russian (§'Choty)— (55:176); Chi.
nese (57:26); Japanese (57:26); Roman— (57:25)

Knotted Cords— (11) N. S. American Quipu— (42)

Napier's Rods-- (52:339); (6:11): (67, 4.0;Mult.-Div.——5); Cylindrical Form
— (6:12) -

Product Table—Ready Reckoner (67, 4.0, Mult.-Div.—18)

. Adding Machines :

Pascal (1642)=First Machine with "Carry Principle”— (52:351). (62:11).
(2:180), (67:4.0. Mult.-Div.—7)

Leibnitz (1671)-Stepped Drum Principle— (61:132), (67:4.0. Mult..-Div.~
7), (67:4.3, Cale. Mach.~3) (67:4.3—Calc. Mach.—1)
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‘Thomas de Colner (1820)—First Commercial Mfgr. Arithmometie (2:184),
Arithmometer (6:20)

Felt  (1887)=Touch Machines. Principal of Touch Machine (18:11); ,
“Macaroni-Box"  Model- (62:52); First Comptometer- (62:56); Comp-
tometer, Karly Form (6:27); Comptometer liey-controlled; portion show-
ing mechanism (6:27, 28); Mod. Outsidle~From Comp.

Addition-Subtraction Models, Add-Sub (1842) (2:182); Underwood 10-Key
Machine—From Comp; +, X Calc. (Burroughs)—From Comp.; 4, —
Printer (Burroughs)—~From Comp.; Bur. Printing Adder (67:3.21, Simp.
Reg.—21)

Special “Plus” Model—Ten register machine (67:3.12; Plus p-4

3. Calculating.Machines ‘ ~ ) .

Bollée (1887)—First Direct Multiplier. Machine A Calculer (2:189); Plan
(62:186); Principle (67:4.3, Cale. Mach.—16); Principle (17:74), Princi-
“ple (13:40) : )

Millionaire Machine (1893). Millionaire Calc. Mach. (6:28); Working -

~=_ Dingrams (66:4.8, Calc. Mach.—17); Plates '(67:4.8, Calc. Mach.~17)

Active and Inactive Pin Principle. Front Elevation (67:4.3, Calc. Mach.—

8): Brunsviga Mach. (67:4.8, Calc. Mach.—7); Brunsviga & Interior (6: °
22); Connection Power Machine (67:4.3, Calc. Mach.~12)

Proportional Gear Principle. Diagrams (67:4.3, Calc. Mach.—15); Mar.
chatits— (From Comp.) .

Proportional Rod Principle. Diagram (67:4.3 Calc. Mach.—11); Mercedes-
Euklid Cale. Machines (19i0) (6:29) o

Miscellaneous Calculating Machines
‘Morelind (1666)— (6:14, 15)

Stanhope (1775-1777). (6:18)

Arithmaurel (1854). (2:186)

Barbour (1872)— (62:180)

Roth (c. 1888) (2:187)

Tchebichef Multiplier (1893). (2:187)

Madras (1920). (6:30)

Montoe Cale, (1923)- (6:30)

Unitas (1925). (6:21)

Calculating Machines, Encydlopicdia Birtannica, 14th Ed., Vol, 4, p- 548

1. Advanced Machines

Recording and Listing Machines

Early Felt (1888)— (62:119)

Burroughs Early (1897)~ (6:24)

Accounting Machines, Underwood—From Comp.

Burroughs Bookkeeping—From Comp.

Burroughs Typewriter Calculator—From Comp.

Burroughs Multiple Form Writer—From Comp.

Underwood Double Automatic Feed Billing Mach.—From Comp.



A Classification of Instruments

Statistical 'l.")p(- Machines
Remington-Rand Punch- From Comp.
Remington Rand Sorter--From Comp.
Remimgton Rand Printer—¥From Comp.
Remington-Rand Multiplying Punch-From Comp.
Tabulator Card all punched— (20:7)
Sorting Biush of Card "Tabulator— (20:11)

© Automatic Plugboardes (20:14)

Dilference Engine B
Babbages (1812)—-%6:32)

Scheutz (1858) and Wheclwork— (6:35) '
Miscellanecous Advanced .
Lightning Cashier— (67:98, L. Cal.—1)
Burroughs Gash Register (3—From Comp.

Payroll Machine,~International Cat.
Pavi-Mutuel Betting Machines

i

<
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GEOMETRICAL TOOLS

. Robert C. Yates

The ruLEs and tools of the plane geometry of Euclid are too fre. . -
quently misunderstood. After we grant the postulates and axioms
fixed upon by Fuclid and Plawo, the general question of con.’
structibility becomes important, a question which .concerns the
naturc of the tools and the precise manner in which they are
used. Following the dirtates of Euclid, we state the rules govern.

ing the stmightcdge‘ and compasses [6, 7]
(1) The straightedge establishes the straight line of indefinite

- length threugh two given distinct poiits. o

(2) The compasses establishes the circle passing through a given
point with center at a sccond given point distinct from the

first, ) :
These operations are the only ones permitted. An illustration of
their limited nature is afforded by the problem of drawing the

— //
’/
' e
\‘/ :
' /}\ ’ T o '
’ . .
7 . p M
: N
///
o pd o
o - .8
Te
]
Figute |

biscctor of the given angle AOB. First sclect any arbitrary point

P on 40 through which is drawn the circle with center at O.

Thismeets OB in Q. Now with center at Q draw the circle through

P, and with center at 2 the cirele through -Q. "T'hese meet in M.

and the line OM when drawn is thus the bisector. (See Fig. 1.)
204 d
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The disagreement here with the usual practice lies in the selection '
of the circles P (Q) and Q (P).* The prevalent classroom custom
allows arbitrarily drawn circles involving a process of carrying a
fixed radius, a practice certainly not granted by the ordinary rules
for such work. :
The point is again illustrated by the problem of drawing the
circle with center at O and given radius AB. Since we are not per-

Figure 2

mitted to carry the radius into position, we must establish a point
X such that OX = 4B = r. This is accomplished as follows. Draw
circles O (4) and 4 (O) meeting in C. Draw the equal line seg-
ments OC'fmd AC. Now draw circle 4 (B) to meet AC in D;
then C (D) tomeet OC in X, a point on the required circle. This
is evident since AB = AD = r; CD = CX = OC — r. (See Fig. 2.)

Thus the nature of the Euclidean compasses prescribes col-
lapsibility. That is [7], since the compasses does not incorporate
the principle of the dividers. it apparently folds up automatically
when its points are lifted from the plane. Once the demonstration
of Figure 2 is made, of course, the privilege of drawing circles
whose 1adii are not given in position is to be assumed. Consider-
able added interest is attacned, however, to problems of construc-
tion when processes ae firmly restricted to the original rules [11).

Plane geometrical tools other than the straightedge and com-
passes are generally called non-Enelidean. These include the
parallel and angle rulers, the carpenter’s square, the compasses of
Hermes, and vavious linkage devices [11]. We shall discuss a few
of the more clementary of these.

' The notation P(Q) signifies the citcle thhough Q with center P
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The parallel ruler [2, 4, 11], an instrument of indefinite length,
has two parallel straight edges. The width of the ruler may be
selected as the unit of length. It is used in a twofold fashion: first,
_to establish the line through two given points, 4 and B, and its
“parallel at a unit distance; second, to determine lines separated
by a unit distance passing through each of two given points, 4 and
B, (4B > 1). These operations are illustrated in Figure 3. Note

Figure 3

that the positions in the right-hand drawing place in our posses-
sion a rhombus and thus two perpendicular lines, an item of con-
siderable importance. :

It is not difficult to prove that the parallel ruler is equivalent to
the compasses and thus is sufficient equipment to make all plane
constructions of a Fuclidean nature [11]. As an illustration, con.

- Figure 4
\‘4’/ *

sider the bisection of an angle AOB. Place the ruler first with one
cdge along 0.1, then along OB. Lines internal to the angle de-
termined by the other sides of the ruler locate a point P on the
bisector, as.in the drawing at the left.in Ficuie 4.

L3
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The perpendicular to a line L at a point P on L is crected as
follows. Place the ruler in an arbitrary position with one edge
through P. The other edge cuts L in X. Now turn the ruler over
to establish a third parallel line and another point Y on L. If the
ruler be placed with its edges through X and Y in its two positions,
a rhombus is formned with one diagonal as XY and the other as
the required perpendicular. - R

The general-angle ruler [2, 4, 11, 12], of which the parallel ruler

1is a special case, is also capable of effecting all constructions of
classical plane geometry. To illustrate its use, construct the parallel

Figure 5

to a line L through a point P. Place the ruler with one cdge along
L and the other through P. Then repiace the ruler parallel to its
original position so that the second edge passes through P.

The perpendicular from P to L is obtained by placing the ruler
in two opposite positions on one side of L and then reflecting in
L, as in Figure 5. These four positions determine a rhombus. one
of whaose diagonals is pevpendicular to L.

An interesting constiuction, which we leave here as entertain-
ment, is the: location of arbitrary points on a circle with center O
and radius OA [11]. ‘

We have alluded several times to the fact that all Fuclidean
plane constructions® may be accomplished by the compasses alone
(1,3, 4,5, 7,8 9, 11]. This fact was cstablished by Georg Mohr
and Mascheroni in the late seventeenth and eighteenth centuries

*With the exception of the formation of a continuous straight line,
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with a theorem that created considerable interest among geome- .
ters. The proof of its equivalence to the straightedge- -compasses. . .
combination reaches its zenith in showing that the point of inter-
section of two lines, gwerL only by two pairs of points, can be "~
located by the compasses without recourse to the straightedge.
Unfortunately, space does not permit the demonstration here.

Figure 6

A beautiful construction illustrating this so-called geometry
of Mascheroni is the location of the mid-point of the segment AB
(Fig. 6). Construct the circle B (4). iNow with the same radius, lo-
cate the hexagonal points AHKC, where C is collinear with 4 and
B and diagonally opposite 4. Let C {4) cut 4 (B) in P and Q.
Finally, P(4) and @Q(4) intersect in X, the mid-point of AB.
For, if AB — PA — = 7, then AC = CP = CQ = 2r; and,
since PAX and CAP areymilar isosceles triangles,

AP/AX = PC/AP = 2.

Accordingly,
. AX = (AP) /2 = (AB) /2.

Almost all standard constructions offer special interest when
performed by the compasses alone. This tool, incidentally, is the
natural medium through which the geometry of inversion is
executed.

Although quite useful as an auxiliary instrument in general
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plane constructions, the straightedge certiinly does ndt appear
' very. powerful. Surprising, however, is the fact that it,is capable of

solving elaborate and complicated problems of construction. An
* example of this is the remarkable construction of the tangents
to any given conic from an éxternal point. As an illustration, the
tangents to a circle from an external point P are located by first

\

' (\ Figure 7

drawing three arbitrary secants from P. By cross-joining the points
of intersection of these secants with the circle as shown, the line
XY which cuts the circle in the points of tangency is determined,
as in Figure 7.” -

A field in which the straightedge plays a natural role is that of
projective geometry. (The foreeoing construetion may be recog-
nized as a special application ot Pascal’s theorem on poles and
polars.) It is here that lines and their intersections are dominant
features, while such notions as distance, angle, area, parallelism,
and the like have no interpretation whatever.

The straightedge becomes considerably more effective if some-
where in the working plane there is given either a circle with
center, a square, a parallelogram, a conic, or some other identified

_configuration. Such arran_-ments produce systems known as the
geometry of Poncelet-Steiner.

Fundamental in these systems is the construction through a
given point P of the line parallel to a bisected segment 4OB.
Draw PB and 4P, and upon the latter select an arbitrary point E.
Draw EO inteisecting PB at I. Then 4l mects BE in Q such
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that PQ is parallel to AB. This may be recognized as the quad-
rilateral construction of harmonic points or, in more elementary *
fashion, as the construction of a diameter PQ of a circle homo-

’ ~~

Figure 8

. thetic to another with diameter A OB having centers of similitude
at I and E,

A few exercises may serve to awaken an interest in this type of ’
construction: ) .

(1) Upon a fixed circle with center O, draw the diameter that

is parallel to a given line L. (Establish a bisected segment
upon L by drawing three parallel lines of arbitrary direc-
tion, one of which passes through 0.) '

(2) Given a circle with center O. From a poiut P construct the

perpendicular to a given line L.

: (8) Given a square. Draw the line through a corner parallel to
a diagonal. (The diagonals yield the center of the square
and Figure 8 applies.) : '

(4) -Bisect the sides of a given square.

The preceding discussion forms but the briefest introduction to
the general subject of mathematical tools. But it is through the
study of the nuture of these instruments that a working knowledge

. of plane geometry and a sympathy with its structures are acquired.
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MATHEMATICAL APPARATUS

Phillip §. jones

- IN THE CLASsRooM, mathematics club, assembly program, or ex-

hibit, mathematical demonstrations which use moving apparatus

as well as visual diagrams and verbal explanations attract and
retain more attention and show relationships more clearly than
do static displays.” This is particularly true if the apparatus calls
attention to the appearance or 'use of mathematics in daily life.

In Figure 1, for instance, the pin and string construction for an
ellipse, the setup for which is seen in the upper left-hand corner,
gives a mechanical construction for a curve which is continually
seen about us. This construction serves not only to visualize a
locus definition, namely, that the ellipse is the locus of a point
moving so that the sum of its distances from two fixed points is
constant, but it also explains why the elliptic “gears”* at the bot-
tom of the board will mesh. For these congruent ellipses are piv-
oted at their foci with the distance between these foci equal to the
constant sum of the focal radii; hence the radii to the point of con-
tact may vary, but their sum remains constant. These gears con-
vert uniform rotary motion into variable rotary motion and are
useful, for example, in such machines as slotters and shapers where
a slow working stroke and a quick return stroke are desired.

In constructing these "gears’ from.plywood, it was found neces-
sary to glue felt to their edges to provide traction and to join the
two foci not used-as pivots with a link equal in length to the
major axis in order to prevent the gears from falling apart at some
points of their cycle. This same motion can be obtained with a
simple four-bar linkage, as shown in the upper right-hand corner
of Figure 1. This linkage offers many opportunities to show inter-
esting geometric relationships and to give practice in functional

* The selected references at the end of this section are classified to follow the
order of development in the hody of the paper and therefore will not be referred to

for each individual topic. .
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4 BAR' LINKAGE

. ’ PRODUCES MOTION EQLivlfnT
ELLIPSE - TO THAT OF BLLPTICAL GEMS ~ - -

AEINETRIC "ONS TRUC TION

EL_IPTICAL GEARS

TAANSFORMS LMIFORM ROYARY W0 TION
N6 VARIARLE ROTARY MOTIN

Figure 1 .

thinking. -If you let the long bars (one “bar” of the linkage is
supplied by the board on which it is mounted) become uncrossed,
you have a parallelogram-which can be used for transmitting uni-
form rotary motion; if you distort the parallelogram again, you
have an apparatus for changing rotary motion into reciprocal

‘motion. If you generalize this fou bar linkage a little more by
"not requiring the opposite sides to be equal, the immediate prob-

lem (Given the relative lengths of the links, what kinds of motion .

~are possible?) leads to much real functional geometric thinking
in a situation that has many practical applications.

The property of the ellipse demonstrated by this pin and
string constructiyn readily explains why naval pilots, flying out
from an aivcraft qarrier and planning to return to another base
or to the same carrker in.'/mothcr position, find, if there is no wind,
the territory over whivh’thdy may fly bounded by an ellipse. This
is one of the so-called “radius of action” problems which a former
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”,

student characterized in a letter as being most interesting because,
. the problem is to "find the carrier or you're a dead pigeon.” e
Of course, ellipses are most commonly seen as the apparent
shape of circles viewed at an angle, The draftsmen mect them so
often that many drafting rooms have elliptic trammels or ellipso-
graphs more precise than that shown in Figure 2, but operating

Figure 2

on the sanie principle. This ellipsograph may be fastened to a
blackboard with suction cups; the knobs make it possible to draw
ellipses of various shapes by setting any desived semi-major and
SCImi-minor axes,

The student who made and demonstrated the elliptic gears
found a picee of old brass pipe, cut it at an angle, had it plated,
and then had a grand time at a public exhibit cexplaining to
passers-by that everyone knew that salami was :11\\’:1}’5\.cuu{(t an
angle, thus giving elliptic slices, because such slices were the shape
that best fitted into sandwiches—-another application of the ellipse.
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An elliptic "billiard board” is. pictured and described in an-
other article on “Mathematical Demonstrations and Exhibits”
(p. 90). as are also the paraboloid formed by .the surface of a
rotated {luid. models of parabulic and catenoidal cables, and the
demonstration of the catenary as the sail curve. The parabola and
the catenary look so much alike that persons first viewing them

3

L]

.

Fivure 3

will nced convincing that they are not the same: but a parabdc
template (Fig. 3) with a hole drilled at its focus for a piece o
chalk will ¢nable one to draw a catenary,.the center curve, by
rolling the parabola along the meter stick which is held by two
suction cups. .\ picce of stiing can be held up and shown o it
the cutve ot this catenary but not that diawn wmound the para-
bolic template, "The niangle, string, and suction cup shown at
the extteme rizht in Figure 3 provide a method of introducing
and diawing the parabola as the locus of points equidistant from
a fined point the focus, represented by the suction cup) and a
fixed line (the divectnix, represented by the meter stick) . A picce

Q
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of chalk held against the triangle is forced by the striﬁg.- which-

is fastened to the upper vertex of the triangle and to the suction
cup, to slide upward along the triangle as the triangle isslid along
the straightedge. The chalk traces the paxabola

Possibly the most common locus seen today is that of a piece of

mud on the tire of an automobile. If the mud is on the extreme

Figure 4,

outside edge of the tire, it traces the cycloid shown in Figure 4.
This curve has so many interesting properties, so many famous
names (Galileo, Newton, Leilnitz, Bernoulli) associated with it,
and. has featured in so many famous quarrels that it has been
called the Helen of Geometers, for Helen of Troy. The tracks
at the right in the picture demonstrate two of its most interesting
propetties: namely, that it is, under the action of gravity, the path
of quickest descent. the brachistochrone, from one given point to
another in a vertical plane, as shown by the fact that, when a ball
on the cvcloidal and one on the lincar path are released at the
same time, the former anives at the bottom first. It is also the
tattochrone or curve of equal time, as shown by the fact that, if
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one ball be veleased trom the top of one cycloidal, track and one
from the middle of the other, they both arvive at the bottom at the
same time. Scientists have tried to use this property in designing
clocks: '

Plywood [orms, such as those shown in Figune 5, stuck to a black-
board with suction cups, and a piece of chalk fastened to a cereal

Figure 5 -

s

box which will roll on the plvwood fors facilitate the demonstra-
tion ol the locus of a cirele rolling on anaother circle; namely, the
epicvcloid, which plaved its pait in the Ptolemaic theory of the
universe and which, with the eveloid and hypocycloid, forms the
curves used in the design of evcloidal gear teeth and gear trains.
The cinve at the leit is the two-cusped epicycloid or nephroid and
that in the center is the cndiotd, named for its heart-like shape.
These two curves can also be demonstraced as caustics. The neph-
roid is the envelope of light rays reflected from a circular water
glass or napkin ring for a light source emitting parallel rays, while
the candioid is the veflection pattein for a point source of light on
the circle.

The eveloid is the locus of a point on a circle which rolls with-

Q
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Figure 7
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" out slipping on a straight line. If a straxght line rolls on a c1rcle
the curve is that seen at the extreme right in Figure 5, which was
traced by a piece of chalk on the end of a string as the string
was unwound from a cereal box held with its base against the
blackboard. This curve is the involute of .a circle, and is used com-
monly- today in the design of gear.tecth, for which purpose it is
superseding the cvcloids. It is alsoused in desighing some cams.

A fly, represented by the upright peg or pencil in Figure 6, walk-
ing out on the spoke cf a uniformly rotating wheel, represented by
the slotted arm mounted on a fixed vertical axis, would, as seen
in the figure, trace a spiral of Archimedes. The movement of the
peg in the apparatus in Figure 6 is accomplished by fixing it to
a slider moving in the slotted arm. Thisslider is in turn fastened
one side of a stiing belt running around a fixed pulley mounted
on the vertical axis of rotation and a second idler pulley at the
end of the rotating arm. This spiral has not only an interesting
history, as its name implies, but several modern uses. The cam at
the lower left in Figure 7, each side of which is shaped as an
Archimedean spiral, converts uniform rotary motion into uniform
reciprocating motion. The casings of centrifugal pumps, such as the
German supercharger shown in the photograph, follow this spiral
to allow the air which increases uniformly in volume with each
degree of rotation of the fan blades to be conducted to the outlet
without crcating back-pressure. H. T. Brown in his “507 Mechan.

ical Movements” suggests the use of this curve as a guide for the
feed motion in a drilling machine.

The apparatus in Figure 8 consists of a base circle, a point on
the circle represented by a suction cup, a straigl:* line represented
bv a stick which is constrained by a bracket on the suction cup
to pass always through the fived point, and two nails representing
two points on the line a fixed distance apart. If the first nail fol-
Tows the fixed circle, the second nail, or a piece of chalk substi-
jtuted for it, traces out the limacon or snail curve of Pascal. This
cnrve. when used as the shape of a cam as shown at the left in
Figure 9, converts uniform rotary motion into simple harmonic

| motion. ‘T'he device at the right in Figure 9 can be thought of as

| proof of this fuct because the two followers can be scen to move
together, and the second device, which is a Scotch crosshead, 1

ERIC
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constructed according to the definition of simple harmonic motion

as the motion of the projection, represented by the crosshead, -

of a point traveling at a uniform rate on a circle, represented by
a rotating arm which has a peg sliding in a slot on the back of the
crosshead. A pencil fastened to this follower would draw a sine
wave on a roll of paper drawn past it.

Incidentally, the cardioid, or heart-shaped curve, is also a spe-
cial case of the limacon and may then be demonstrated by the
method suggested. '

Much interesting and simple trigonometry may be shown to
apply to models of screw threads and gears. The history and logic
of logarithms and the slide rule can be made more real by demon-
strations of Napier's bones and Gunter’s scale, and trisection de-
vices always involve good gcometry and have a never-ending
appeal. These items and calculating machines and planimeters
have been mentioned in a previous article (sce pp. 94 to 96).
. Many other interesting devices will be found suggested and de-
scribed in the general sources listed on ;.age 223.

The equipment which is pictured here was made and demon.
strated at the Edison Institute of Technology, Dearborn, Michi-
gan, in cmnection with classwork and exhibits by freshman and
sophomore college students. However, the conic sections fit in well
with the work done in functions and graphical representation in
many second year high school algebra courses. Constructions, such
‘as those shown on the charts in Figures 10 and 11, exist for all
the curves discussed and are so varied and simple, as well as useful
in the drafting room, that high school greometry students could

casily do them and could sec real use made of constructions for
tangents, formulas for lengths of circular-arce, and so on. Tven
junior high school students could draw many of these curves in
connection with work done in learning the use of instruments,
Certainly it seems that quadratic equations should never be left
- without a look at their graphical solution and some information
about the properties of the related parabola. The other simple loci
which were discussed earlier can add much that is practical and
attention getting, as well as thought-provoking and functional to
the study of loci. These loci are more real in their use than and
as simple in their construction as those problems about buried

5



e
’ DI I

222 Lighteenth Yeurbook

THE CYCLOID )

\
1
GAlsL A, RES Wi £ AT 0
. « « . e o wig b
.
. " wim “ “ s - . -
. ’
[
- .
¢
LI
¥
.
ThE RARAL W | QAT
/ [TER S
- (IRt 1 ]
.
e
"
s e

krgure 1V

NYILUTY T A CROLE

Licwuie 11

ERIC

Aruitoxt provided by Eic:



E

Mathematical A pparatus _ | 223

. treasure which are found in the few paragraphs on loci included

in many geometry texthooks.

Apparatus of all sorts is uscful in the classroom in giving the
student added insight into and practice in secing and thinking
about mathematical relationships, as well as in getting his interest
and attention. The students who design and make these “gadgets”
after studyipg their history and use are, of course, the ones who
get the nms[ real fun and profit from them. However, these devices
accompanicd by charts and explanations will attract attention
and bring questions and interested, understanding comnent not
only from students in the classroom and mathematics club, but
from passers-by at school openchouse exhibits or assemblies,
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MATERIALS FOR MATHEMATICAL MODELS:
THEIR SELECTION "AND US!

Joseph Hilsenrath

AN EXPERIENCED MODELMAKER, whether he be a builder of irplane
models, ship models; model railways, model racing yackts, or
mathematical models, as long as he is an enthusiast, has mayy of
the following characteristics; he never throws anything away xnd
so has an accumulation of junk around his house; he stops Xc
look at any and every windew he passes and hence seldom arrive
home on time; hg is a fairly good conversationalist and thus gains
a lot of free advice and information fiom others; he is a lover
of machinery and is. forever buying some ncw gadgets and then
doing without lunth once or twice a weck; and he is constantly
cn the lookout for some ready-made article which he can with
little effort appropriate to his needs and which will result in a
deaided economy in both time and money in the making of a
future model. ’

A lesson wh.ch every teacher can learn from this enthusiast
is to be on the alert for materials which can be employed in or
“adapted to the production of models and equipment for the class-
room. Some of the raw materials which can be used for this pur-
posc may be waste material in some industry. Ingenuity is the
teacher’s best assistant. Articles manufactured for other purposes
or for general consumption may often be adapted to instructional
purposes. The most expensive material is that which has only a
special function and hence is in demand by only a limited num-
ber of users.

An examination of commercial catalogues and publications will
give many clucs 0 available materials. These may include cata-
logues from modelmakers, supply houses, toy manufacturers, com-
mercial steel dealers; hardware dealers, stationery houscs, mail-
order lumber yards, scientific ins'rument companices, photogra.
phers’ suppliers, automobile supply stores, wholesale radio sup-
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-pliers, window trimmers’ supply houscs, as well as trade magazines
and hobby publications. '

A leisurely trip through a five-and-ten-cent store or a large
hardware house will give an idea of articles which can be used or
easily adapted to model needs. Spheres may be found as croquet
balls, billiard balls; mibles, rubber balls, tennis balls, spherical

~balloons, beads, and various other ornaments. Cylinders. cubes,

and prisms appear as candy boxes, tin cans, powder hoxes, food
cartons, mailing tubes, and toys. Cardboard or metal discs may
appear as mats or may have been discarded as waste by-stamping
industries. Wire circles are used by manufacturers of lamp shades.
Some of the small solids are madc by tov mannfacturers, and some
of the larger ones are often used by window display firms. Gears,
pulleys, circles, and links from such scts s Meccano or Frector can
also be used to advantage. :

Models can be made and used by student and teacher alike.

“Some models should Le constructed by every student in the «lass.

E

They need not be elaborate and may be restricted to those which
can be made from cardboard or string. They mav be slipped into
an envelope-pocket in the student’s notebook and can be used
effectively in developing intuitive and informal work. The teacher
may find it advantageous to produce some models in front of
the class with the aid of a few picces of cudboard, some strips
of wood of various lengths, a razor blade mounted in a handle,
a paper punch, aud some hiass paper fasteuers. Other models can
be carefullv made and kept wwailable, 1eady for dass demonstra-
tions at a moinent’s notice,

As an example of a model which can he made by students or
teachers under various conditions we mav consider the cube. A
cube may be made in all of the following wass:

(1) Twelve toothpicks glued togcther at the ends to form the

edges.
(2) Twelve wooden applicators alued as noted above, but
painted.

(3) Twelve picces of stiff wire soldaed ar the vertices amd
painted.

(H .\ paper or cardboard template folded and edges pasted
together,

Q '
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(5) Six squates cut from stiff celtuloid or transparent plastic
material and glued together at the edges.
(6) Solid cube cut from soap.
(7) Solid cube cut from modeling clay.
(8) Solid cube cut from a block of woed.
(9) Solid cube cut from aluminum, brass, or plastic (opaque
Or transparenty. '
(10) Sheet metal folded and soldered.

Numbers I, 2, 4, 6, and 7 are the simplest to make, require few
tools, and can be constructed by evervone n the class. The cost of
I and 4 is nil. Numbers 6 and 7 may be transformed into a num-
ber of semiqegular solids by cutting off che proper corners.
Solids constructed of brass or other metals require little machining
and are excellent for display purposes. :

The nature and numdier of materials and tools required will
arow along with the need and use made of models. The following
list inay prove suggestive,

Materials Toolv Requived Toots Recommended

I. Toothpicks None

2. Wooden applicators A®

8. Venettan blind slats A D ' Small drill
1 Steel strapping GoIHL L] L

5. Cardboard ARG D, E

6. Bus-bar wire G, K

7. Thin florist’s wire G

8. Steel wite circles G, K

9. Plywood A N

10. Sheet metal ., K, L

I1. Brass strips and bars H. I, O Smuall drills
12. Modelmaker's lumber A F,MON

13. Balsa wood A

14, Glass I

15. Soap A

16. Clay \

17. Colored string None

18. Plaster of paris None

19. Plastic sheets A
20. Plastic tube, bar, and rod ACNMON

* see the following paze for kev to letwes

P
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: Tools

A. Rasor blade type F. Stapler K. Soldering iron

knife! G. Pair of side-cutting L. Metal shears
B. Paper punch pliers M. Coping saw ~
C. Straightedge H. Scriber N. Crosscut saw
D. Pair of scissors I. Mectal puncls?® 0. Hack saw
E. Small hammer J. Eyelet punch P. Glass cutter

Adcecrssories

a. Paper fasteners g Wire brads L Thumb tacks

b. Eyelets . Suction cups m. Gummed letters and

c¢. Staples i. Solder and soldering figures

d. Paste, glue, airplane paste n. Paints, assorted
cement : j. Tape. masking. colors

e. Rubber bands
f. Elastic, round and
flat

drafting, binding, o.
etc, P
k. Violin Dustring

Leather strips
Golf tees

Since some of the items listed above may appear to be out of
place, a few of their advantages will be illustrated. Paper fasteners
are convenient pivots for hastily constiucted models made of card-
board or wood strips. Il more durable and accurate pivots are

“required for cardboatd or steel strips. evelets should be used. An

accurate, inexpensive pivot may be made from a piece of gut or
D-string. as follows: faj pietce the two picces of cardboard with
a needle of suitable diameter and with a knife cut a piece of gut
about an cighth of an inch longer than the thickness of the two
picces to be pivoted: «b) insert the picee of gut into the holes and
touch a heated object to cach end in succession in order to spread
the ends and form a perfect rivet which will resist the wear of
cardboard. fiber, or plastics.

Rubber bands and round clastics are ideal for setting up gro-
metric figures on theorenn boards and may be used in making a
variable model ol a vuled surface where it is necessary that the

VThere e maey sinch hnves on the puaket priced fram 10¢ 1o $1.00. The wiiter
tecomimends the “Skvwas Utitity: Knife”” Skvsay Model Arraraft Supply Co . 426
Sixth Ave,, Brooklvn, N. Y. 10¢, with & special double edued Dlade. Spare blades are
two for [0p.

PA satisfarory punch asts about T3¢0 It may be obtained in a number of sizes
from oue sinteenth inch to one quanter inch. 17 a number of sizes of holes is desired,
a Luger punch with replaceable dies sells for about $1.00 o §5600. Eather of these
will cut a hole in 4 picce of menl one eighth inch thick.

O
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veguliare alwiys stiaight lines, Suction cups may be used to fasten
models to the blackboard; some cups are available with a bolt -
which permits pivoting. Tape is valuable in holding materials in
plice durimg gluing. as a masking guide for painting, and as a
binder Tor models made ol glass, (The writer has found Kodak
dinding Tape to be most satislactory; 10 yards of 34” width cost
=0c) Leather stiips mav serve as hinges for plywood models illus- -
tratinzareas. Golf tees are inserted in the holes of theorem boards
and the.chstic s attached to them. On the broad surface or head,
small Tetters may be pasted to identily various points. Gummed
fetters amd figures will add to the appearance of a model and save
thne i its construction?

A Drightly painted model has distinet pedagogical value, but it
is important that the painting be carefully done because a model
is often made or runed by the wiy the paint is applied. Bright
colors should be sclected. A fast drying lacquer should be used;
1Ly most ceonamical to piivchase kicquer in tiny bottles often spld
in hobby stores for five or ten cents. (Evaporation makes the
Lirzer bottles wasteful)) .

Balsa woad s the muoaial prefened by some modelmakers.
For some models it is uite satisfactory; its disadvantage is its lack
of strenzth. A hobby or neighborhood hardware store may carry
varions sizes priced o 1e¢ to 9¢ cach. The following sized
stiips in 36 lenaths were found in a typical store: 17327 x 27,
L3l x 37 17167 x 17167 17167 x 47, 171677 % 147, 17167 x 27,
VATV SN AU I B R I VAR VAL SRR VAL '35 il VAL S VALA

Cardbomd may be obrained from stationers, printers, book-
binders, and paper sapply houses in assorted colors, various thick-
nesses, and ey degrees of rigidity, Some teachers have found
the codboard used by Tnandiies adaptable for models. The only
tooly necessv o wark this material are a straightedge, a sharp
vazon-blade Knifel smd pastes To fold the cardboard, score (cut
hallwav thonzhy e alony a straialit line with a sharp razor-blade
knile and fold awany brom the side scored. If the blade is quite
sharp. it may be dvawn lightly along the line, for the weight of

Y lhe Chabler and ke Company, T Foase S3id s, New Yark City, makes
MWD s tmmad paper dornoes and higoies i assorted colors and in A0 sizes from

Vooatsch 1o b oanchos,

T e
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. the knife alone may cut to the proper depth: A light touch will |
score even the thinnest cardboard. Pliable cardboard thus cut
gives the template an excellent hinge, The writer has a set of col-
lapsible cardboard models with such cuts for hinges; these have
been subjected to a year's service without-marked signs of wear.
Hinges may be reinforced by applving binding tape along the fold-
ing edges. If the size of the model necessitates the use of more
than one sheet or if one wishes to economize by using small puus
these parts should be cut to the proper shape, a hinged flap in-

" cluded on every cdee, and these flaps cither pasted or stapled to
their adjoining picees. Cutting a picce of cardboard requires mark-
ing a pencil line on it and cutting along this frechand rather than
by means of a guide, Models made from cardboard or paper have
included plane figures, planes in space, solids bounded by plancs,
devélopable surfaces, some ruled surfaces, solids built from a
section of plane curves, and surface linkages.®

Where it is necessary to emphasize lines rather than surfaces,
sticks are used to great advantage. Wood applicators, which may
be puichased in any drug store, are the best source, They consist
of tound sticks about 1,167 in diameter and six and one-half
inches in length. Thev may be purchased in small quandties or by
the hox at approximately 75 cents for 72 dozen. They caa be cut to
size with a razor blade or knife, are uniform in thickness, can be
joined with airplane-cement or collodion, and when painted can-
not be distingnished from wire. A model made from applicators
is licht, nansparent, neat, and casily constructed. To provide a
more rigid stiucture diazonals may be placed in faces which e .
polvgons.

Applicators should be painted before the model is stuted. A
single coas of hacquer applied with a simall camel’s hair brush
will be quite satisfactory, No special skill is required and contrast-
ing colors will provide pleasing 1esults, The stick should be held
between the fingertips and revolved until it is painted to within
one-half inch of cach end. One end may then be phiced ina pic e .
of clay to a depth of 14 inch and the upper pat painted, feaving
a small unpainted portion which is scldom used. Applicators have

¢ Goldbere, Michael, “Polvhedial Tinkases ™ Nateosal Mathematics Magnzon . A al
16, pp. 323 3320 Apul, 1092
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been used to great advamage in making 1egular or Platonic solids,
semiregular or Nichimedean salids, st polvhedia, some de clop-
able smitaces, and some taled surfaces.

Wite may be used in place of applicators, particularly for those
cases requiting ciicular or inregular shapes, such as helices, surtaces
of tevolution, and quadric swrlaces, The best wire tor models is
a tin-coated copper wire nsed in radio work and called bus-bar, It
is cither tound o squane, and may be cut readily with plicrs. bent
into convenient shapes, and easily soldered, Where wive civeles are
needed, as in the consnction of an earth model for map projec-
tion, steel circles dsed by wanulacnners ol Lonp shades are a good
source and mav be purchased in varions sizes in department stores.

“These steel circles are not readily soldered, but a little experience

makes one adeptat this woik.

Woaod stiips are mportant in the construction of classroom
models. With the aid of a set of stiips of varied length, with holes
punched at the end, and a few paper fasteners as pivots, it is pos-
sible to make up triangles ov quadiilaterals to illustrate the defi-
nitions and propositions of Book T and Book I of Euclidean
geometry, Strips should be about one-half inch wide and painted.
Venctian blind <ats, an excellent sowice of supply, are onc-cighth
ich thick wnd cither two or two and three-eighths inches wide,
and come in lengths exceeding the usual need, Any manufactner
o1 degler will sive away o sell cheaply discarded shus it he
Rnows thein imtended propose. A small manufactorer will P ob-
ablv rip them into onehalf inch stips, or the school woodwork
shop can perlorin the sane service, Old shus e also satisfactory,
A shit twn or thiee feet long costing about a nickel, Ten slats
shoadd be nore than ample for ordinay requinements. A paper
punch nay be used 1o make holes in the ends of the slat, and if
the sbats are painted in white ar ivary, they show up well when
held auaimst the blackboard, The shats may also be used in con-
structing blackboard Hnkages” which may be attached to the board
by means of suction cups.

Steel stiappina is readily hent into dizcalar shapes and can be
sed 1o place of wood stips, Teis used by manufacturers’ shipping

PHhivesnatly ] Dabases e Mo ooy Jewdier, Vol ar pp 2TV N Ot
b, 19087
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rooms to bind boxes and bales and is valuable in making models of
spheres for solid geometry, astronomy, and navigation. It may be
secured in cither a galvanized or_a black japanned finish and in a
number of thicknesses and widths. For small spheres and linkages,
34’ x .015” and for larger spheres cither 14” or 54” widths are
recommended.” The strapping should- be cut with small metal
shears, allowing erough roowm for the punching of holes with the
metal punch described in a previous footnote, Picces of strapping
are joined together with eyelets fastened by means of an eyelet
punch. Before being punched. 116lbs~shgu]d be marked with a
scriber. A little practice will make one adept gt setting the punch
over exactly the required place. '

Transparent models are often desired for display purposes and
can be made of glass. It is best to determine the shapes and sizes
needed and to have these cut by a glazier. One can do his own
cutting, but it is advisable not to try before observing a glazier at
his work. Some of the prices qquoted for glass are: single thickness,
15¢ per square foot; double thickness, 20¢ per square foot: opaque
(opal), 35¢ per square foot; colored (cathedral). 50¢ to 60¢ per
squarce foot: 1 -inch plate. 55¢ per square foot: wrinding, le per
inch; polishimg, Z¢ per inch.

Plastics are also usceful for transparent models because they can
be readily handled, are unbreakable, and present a gaod appear-
ance. Their disadvantages are that thev sovatch easilv and are
expensive. Trade names for nansparent plastics e Pyiading Lume
rith, and Plexighas, The Luter is a thenmo-plastic and. after being
immersed in boiling water, ma+ be shaped into isregular contours.
Sheets of plastics come in thicknesses varving from 0607 1o 5007
and in sizes ranging from 2407 € 367 1o 367 < 487, Round hars come
in diameters increasing by 127 from 1 to 21577 'Thin sheets iay
cost SEOO per square foot and sheets 157 thick $690 per square
foot. Less expensive picces e the thinner cethiloid or acetate
sheets, Heavy sheets or hars must be cut with a saw and can be
machined just as well as any metal, Thin sheets can be cut with
a knife. When making a straizht cut, guide the knife with a steel
or metal ruler and make a cat in the material, This st cut will

SStanley Bveraafe Japumned Sreel Stappine may be ahtened Jocdly o from te
Stavley Works, New Brtain, Conn

O
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scldom ever penetrate to the other side; after a slight cut has been
mnde, the picce can be bent back and will break evenly along the
cut.? The best way to cement plastic material is to dissolve some of
it in a solvent, such as acetone, and use the mixture as a cement.
This cement is also supplied ready-made by the manufacturer
of plastics. .

: Figure 1

I. Regular Polvhedrons (transparent plastic)

<. Tutraverted Polvhedrons (paper) '

3 Extaverted Polyhedions {paper)

1 Stellated Polyhedrons  (paper)

5 Intersecting Solids (transparent plastic)

. Crsstal Models (paper)

< Archimedean Solids (paper)

N Generated Solids (wood)

. Madel for Fuler's Theorem (f 4 U= or 4o 2) (glass and wire)

“On same devices a hairhoe is desited. Tt may be obtained bv guiding a knife as
before, cntting along the surface, atd rubbing India ink into this cat, The result is
+ petfeet haithne. The cut poruon should he adjiacent o the seale on which it will
be osed in order to mvoid ertor cused by panallax,
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E

Figure 2

1% 2 Graphic Repneseutation of Complex Roots (glass)
3.8 b Maodels {or (a6 L)' (woud)

5 Hyvparholoid af Revolution (wite) and Cone (biass

6. Conic Secions (plaster of Pais)

7. Solids of Revolution twood)

& Ruled Sutfaces (tound clasties)

4. Galton Probability Boad (wood and nails)
10, Stercogram (wood)

Some of the techniques used in the construction of models may
be illustrated by a few examples which follow, However, a more
complete neatment may be found in such discussions as those b
Giebel, Fehr and Hildebrandt, and the Committee on Models and
Visual Aids of the Association of Mathamatics 1eachers of New
York City.®

PGichell Ko cDd'erhzung Malivmatischer Modelle, B G Tenbner, Beirhin, 1915
Febn, HOOU aned Hbdebiande, LoHL Go T he Cornntone tocg arad Uhve af Mathematie !

Mod, ¢ Staqne 'l(.l(ll('l\ ( 'l”('u(‘. t:}l]l('l‘ _\1||lll(|.lil. N. [ 190 Nt ()f Mathe
matios beachers of New York, On Models and Vosual 1ids New Yark, 1980
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Model No. 1: Plane Geometry. For the proposition, if a > b
then 4 > B. ,
Materials: Cardboard—1" piece, white; 1 piece, white on one.
side and red on the other. _
Construction. On a moderate-sized picce of white cardboard .
draw a scalene triangle with side CB greater than CA (see Fig 3).
T

Figure 3

Bisect angle ¢ and mark off CX equal to CA. Connect X with D,
the intersection of the bisector with AB. Cut out of the red-and
white cardboard a figure congruent to CADX, and draw the line
CD on the white side. Score along CD so that the quadrilateral
hinges and folds back on the red side.

Fasten the triangic ACD in place, white side down, with either
paste, staples, or hoth, leaving triangle CDX free to fold back and
forth. When DX is folded back over ACD, we have a white tri-
angle ABC. When it is unfolded, we have the figure for one of the
proofs of this theorem. The lines CD and DX should be accentu-
ated with black ink.

Maodel No. 20 Spherical Thrigonometry. To show the relation-
ship: cos a == cos b cos ¢ +4- sin b sin ¢ cos A.

Materials. One piece of cardboard, white on both sides.

Construction. Lay out a sector of central angle 150° for a circle of
6’ radius. Divide this sector into three sectors whose central angles
are unequal; so that the sum of any two is greater than the
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third. Call the center O and the radii O A4, OB, OC, and OA,. The
three central angles will be ¢, a. and b, in order. Extend the radii
OB and QC (sce Fig. 4). Draw the tangent to arc AB at 4 and
extend it to meet OB at B’ Draw the tangent to arc 4,C at 4, and
extend it to meet OC in €. Connect C’ and B, and on this line as
base construct a triangle with 1€ and 4B’ as the other two sides.

QZ’

Fivure

This triangle should be made to fall outside the sector; its vertes
may be denoted as ... Cut away the figure bounded by the lines
OA, /115,. Ig'.'lg\ .'1-_-(,.’, (:,.'11. "1“’).

Now draw the lines on the reverse side of the cudboard co.
responding to those on the hront. Score along the lines OB, (7,
and OC’ on the back and fold forward along these lines. The result
will he a tetrahetion O--—-d B’C’ with a spherical triangle ABC
drawn on its faces and a fourth face perpendicular to the edge 0.4,

The relationship is proved in the following manner:

In triangle AB’C, by the law of cosines:

Moooanth cotande Zuan btan coos

Similatly in triangle OB'0”.

3 secTh bosee s e bsee coosa

Subtracting the second equation from the first and combining:

0--2 2sccbsecccosa -t 2an b tancoos d.

3
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Multiplying by 14 cos ¢ cos b we get: |

0 = cos b cos ¢ -~ cos a 4 sin b sin ¢ cos .
CL 08 @ =z €os b oeos ¢ - sin bosin e cos .

Model No. 3: Solid Geometry, Cube with inscribed octahedron.

Materials. Red, white, and blue applicators, one dozen of each
color. - '

Construction. On a piece of cardboard draw a square 4 inches
on a side. Cat four blue applicators (heveafter called sticks) and
miter them to coincide with the square. Drop some airplane glue

‘or collodion on the corners and allow to dry. The glue will seem

to disappear; in reality it flows around the sticks and makes a
smooth joint. It is better to apply small quantities of the glue at
intervals of a minute than to apply a large quantity at one time.
Repeat this process on another picee of cardboard so that it will
not be necessary to wait.until the first dries. Allow the two squares
to dry for about ten minutes. ,

Cut four blue sticks about one-eighth inch shorter than the side
of the square. Remove the two squares from the cardboard, cut-
ting them free if they stick, and prop them up so that they are
perpendicular to the cardboard. Place two sticks on the cardboard
between the two squares and glue them in place. Allow then
to dry and glue the vemaining two edges. The cube is now defined
by its twelve edges.

Cut six white sticks the length of the diagonal of a face of the
cube. Stiarting from any vertex, place one diagonal in each face.
Place only six diagonals and make sure that therce are three meeting
at cach of the vertices A, C, F, I (sce Fig. 5) . The six white sticks
determine a tetrahedvon inscribed in the cube. The other diago-
nals determine another tetrahedron. They might be added in an-
other colc - if desired.

Mark the mid-points of the six white diagonals and call them
a, b, ¢, d, e, f. With cutting pliers make a slight nick at.cach of
these points. Cut the red sticks to fit between ¢ and d, d and ¢, ¢
and f, and f and ¢, If these are cut with pliers, the ends will be
wedge-shaped and can be made to rest in the nicks mentioned
above. Glue in place and allow to dry. Place the cube so that b is
at the bottom: fit the pieces be, bd, be, and bf and glue in place.
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This operation is rather delicate and will require some patience.
Repeat with the lines ac, ad, ae, and af, and the model is complete.

T'o make this model of glass, use six perfectly square pieces of
glass, joined as shown in Figure 6. The tetrahedron can be folded
from paper-and its vertices glued to the glass before the sixth
side is attached. The glass can be joined with any transparent
cement or airplane glue. Black binding tape, such as that used
for binding lantern slides, may also be used. The ordinary 2” x 2"
glass lantern-slide covers are superb for a small model. The ar-
rangement in Figure 6 shows two tiny cubes omitted in two
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corners. These may be ignored because their size is only the thick-
ness of the glass, or they may be filled with glue.

The following properties of the regular solids suggest ol‘ér
models of this type: the diagonals of the faces of a cube determine
two inscribed tetrahedrons; the mid-points of the edges of a tetra-
hedron joined in succession form an octahedron; the mid-points
of the faces of an octahedron joined in succession form a cubc;
the diagonals in the faces of a dodecahedron form five inscribed
cubes; the body diagonals of a dodecahedron form a stellated
icosahedron; and. the body diagonals of an icosahedron form a
stellated dodecahedron.

Model No. 4: Geometry of Space. Hyperbolic paraboloid.

Materials. Applicators and a piece of wire (optional).

Construction. Bend a picce of wire into the form of a rhombus
and bend two adjacent sides out of the plane of the other two, thus

Figure 7

forming a space quadrilateral. Mark off about ten equally spaced
points on each of the sides of the quadrilateral. Lay an applicator
between a point and its corresponding point on the opposite side
and glue in place. Repeat for each of the maiks on the two sides.
The set of lines joining the two sides is one set of generators of
the hyperbolic paraboloid. By repeating this operation with the
remaining two sides, we get an overlapping set of reguli which
also determine the surface. Figure 7 shows a surface made in this
fashion.
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The joining ol corresponding points of any two skew lings in
space will yicld such a surface. The non-adjacent sides of a tetra-
hedron, being skew lines, will answer the purpose and provide a
very neat method of constructing such a surface. This construc-.
tion, accomplished without the use of wire, is composed entirely
of applicators.

“Glue six applicators together to form a tetrahedron. Mark off
ten equally spaced marks on each of two opposite edges. Nick the
sticks at cach of the marks with pliers and glue applicators between
corresponding points as noted above, “The result is very pleasing.

Still another way to make this model is to build a hinged skewed
quadrilateral and string round clastics through screw eyes fastened
in the wood sides of the quadrilateral. This will provide a variable
model (sce Fig, 2, model 8) which is very cffective.

Muodel No. 5: Plane Geomelry. Theorem board.

Materials. Plybord, 2077 x 20”; wire brads; elastic bands.

Construction. In the center of a piece of plywood paint a circle,
the circumference of which is one-quarter inch wide. and with
“diameter 15 inches. The plywood need not be more than one-
quarter inch in thickness. Drive small wire brads around the
civele at intervals of about one-half inch. Qutside the circle drill
a few holes Livge enough “to accommodate a golf tee. These tees
are to be used for stringing tangents and secants to the circle.
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Drill a hole at the center of the circle and place a golf tee in it.
With this device it is possible to set up the figures for all the
propositions on circles and for many other theorems. T'he lines
arc formed by large elastic bands or round elastics (see Fig. 8).

Model NG. 6: Solid Geometry. A collapsible spherical frame.

Materials. Steel strapping, brass eyelets.

Construction. Cut four strips of strapping about three-quarters
of an inch longer than the circumference of the sphere desired.
Mark a point one-half inch from the center of the strip and punch
a hole to fit the eyelets available. From the center line mark off
on either side a distance equal to half the circumference. Punch
a hole at each of these marks and fasten with an eyelet, There will

be a piece which overlaps. Punch a hole in the double thickness .

and fasten with an eyelet. Remove the first eyelet, providing two
diametrically opposite holes which will be used to pivot two more
circles. These are constructed in a similar fashion except that they
are made slightly smaller so that they fit inside the first. To make
these, punch a hole three-quarters of an inch from the end of a
strip and coil it inside the completed circle, punched hole inner-
most. With a scriber scratch a mark on the other end of the strip
to match the punched hole. Remove, punch a hole at the mark,
and fasten together to form a second circle. Punch a hole -adjacent
to the eyelet in the double thickness and fasten again. The pur-
pose of the two fdsteners is to provide a rigid joint which w#' not
twist out of the plane. __

It is not necessary to mark the two diametrically opposite holes
before forming. They can be punched when the cireles are placed
inside the first civdde made, using the first holes as guides. Since
the overlapping parts are thicker than the rest of the circle, it will
not do to let them pile up in one place. They should be staggered,
as in Figure 9. Thus only on the first circle will the diametrically
opposite pivotal holes coincide with a joint in t,hxc strip.

Pivot three circles to form three meridians. Construct a fourth
to fit outside the first. Punch two diametrically opposite holes in
it. Pluce the fust inside the fourth, and wurn the fourth so that its
holes are turned ninety degrees with respect to the pivotal points
of the first. Punch through these holes. thus providing an equa-

e
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torial axis. Fasten the first and fourth at this axis. The result is a
sphere defined by four great circles, three of which are pivoted
at a common pole; the fourth has its pole at right angles to the

[

\

RN

Figure 9

other. This model is collapsible and can be used advantageously
in solid geometry, spherical trigonometry, navigation, or astron-
omy.

A successful teacher can also be a bit of a showman. There is
nothing which impresses a student more than an exhibition of
craftsinanship at work. It is ever a source of surprise to find that
“teacher” can usc his hands as well as his head. The success to be
met in the use of these models depends more on careful prepara-
tion and proper selection than on any special skill. Materials used
in class demonstrations should be within arm’s length, A news-
paper picked up deliberately and folded along a diagonal in a
sure and confident manner is far more valuable in a demonstia-
tion than one put on after fumbling in a 1ear closet for a few
minutes for a readv-made model, no matter how perfect and
polished the latter may be. A razor blade in a handle, a paper
punch. some brass paper fasteners, a supply of shirt cardboards,
and strips of wood of various length- these are the “'stock in trade”
of the “teacher-modelmaker.”™ Tt is advisable to rehearse cach
demonstration. or at least to have some practice in using the
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knife. Unforeseen complicaffons can arise in the execution of some
simple experiment, but these nced not be serious; experience is
the best teacher.. Provision should, of course, be made to avoid
marring the desk; a couple of sheets of cardboard should be placed
over the top, or if more protection is desired, a piece of 147 fir
plywood one foot square.

The value of models lies in their availahility to the teacher and
the class at the psychological moment. » model locked in the
teacher’s drawer or closet is of no use to anyune. Just as important
as the development of a permanent collection is the necessity
of providing adequate showcases or other facilities for housing it.
Demonstration modeis should be so located that the teacher need
only reach for them. This does not mean that all the models
should be stoved around the teacher's desk. Provision may be made
to store those in current use within easy. reach.

Certain types of models lend themSelves veadily to mounting on
the bulletin board, the wall, or an open ledge around the room.
Artistic distribution of posters and models about the room lends
a mathematical atmosphere which will serve to stimulate student
Interest in the subject.?

We must not fail to mention the benefits derived by the stu-
dent in making models. The completion of a model gives a feeling:
of satisfaction and accomplishment. The admiration shown by the
rest of the class puys for the time spent in its construction. Often
it is the weaker <tudent who makes the best model. Henre,
he should be encouraged, for it is he who most needs to “square
himsclf” in the eves of his fellow students. The use and display of
« beautifully made student-model will result in increased appre-
ciation of the mportance of good workmanship, neatness, and
accuracy, and will stimulate others to improve existing models
or to plan new ones. A good collection of models is not assembled
in a dayv or a month or a year, but it is amazing how the collection
grows and the dividends it pays.!? o«

" ook, Mary Ruth, “Stimulating Interest e Mathematics by Creatmg 2 Mathe.
matical Atmosphere ™ The Mathematics Teacher, Vol 24, pp. 218234, April, 1931,

W Mossman, Footh T "A Math Room 1 hat Speaks for veelf ™ Schaol Science and
Mathematics, Val 15, April, 1973



"7 BALSA AND CLAY AS TEACHING AIDS IN
' HIGH SCHOOUL MATHEMATICS

Flarrie\ B. Herbert

Two MAKERIALS, not in gcncrai use, have been found most helpful
f;l clarifying geometry problenis. They are the light balsa sticks
used in making model airplangs, and commercial modeling clay
used with balsa sticks or witl} the “Fiddlesticks” or *Pick-up
Sticks” which may be purchased in toy stores. ' :

Figure 1. Allie Phifer and His Regular Solids

Most boys delight in making neat constructions with balsa, They
spend hours on a regular dodecahedron or icosahedron, mitering
the corners with the aid of a razor blade and patiently applying
a bit of airplane vement at every joint, ‘They will also read most
carefully the statement of a difficult problem, build a model ac-
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cording “to its specifications, and gain new understanding for
themselves and for their classmates.

My most unusual experiment with a class using balsa has been
building the tesseract, (a - b) 4, an original problem in the fourth
dimension, :

One day, in listing some twenty suggestions for individual
work in my plane geometry class I included on the mimeo-
graphed variety program: ".\Iakc/a balsa model of (a + b)3 to
demonstrate the binomial theorem of algebra,” the first steps
of which are shown in- Figure 2. In presenting this particular
suggestion, I reminded. the class that, when theyflearned that |
(@ + b)* = a* + 2ab 4 b? they had probably drawn a square
a -+ b ona side, and casily divided it into a?, a square with side a;
2ab, rectangles with sides a and b; and b2, a square with side 5. 1
sketched this square on the board. Anyone who cared to do so was
to construct such a square, (a 4 b)? of sticks; and on that square,
divided into a%, 2ab, and b2, to build a cube to show that (a 4 b)3
is composed of a3, 3a2b, 3ab2. and b3,

a+e¢-
LA+ 2at 4

+3ac+3ac +¢
0%+ 605 40z

R
Frane 20 Expansion of the Binomial

‘Theoem
)

Nextday a girl brought in the first cube, a good one except for
the fact that she had put it together with pins where a boy would
have used glue. Then a number of well-made cubes followed.
Among these was a large one built on a fourtcen-inch cdge, with
the short a ends of the sticks painted brown and the long b ends /
green. The boy who made this one hinted that he liked such work /
with sticks and glue better than writing a paper on Thales, and
asked for another job like it. T told him I could think of nothing
better than to try to «any out this construction to the fourth
dimension.

The fourth dimension was a new idea to all of my classes. The
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figure I wished to introduce to them was the tesseract, the nanie
given to the extension of a cube to fourth dimension. Just as a -
- second dimension is added to a line to forwi a square and a third
to a square to form a cube, a fourth is added to a cube to repre-
sent a tesseract. ‘

Because we had only three dimensions in which to represent
a tesseract, we were in the position of a person wishing to draw a
cube on paper. Perspective had to be used. The two ace epted wals
of representing a tesseract follow exactly the two wavs of drawing
a cube. The slightly sidewis¢ view of a cube consists of a fore-
ground square and a background square joined by, shortened
oblique parallel lines: The direct view of a cube shows a square
within a square, as if one were looking directly into a box or down
a well. Simalarly, the fivst tesserdct in_Figure 3 has a foregiound

Figure 3. The Two Vicws of the Single
Tesseract

_¢ube and a backgiound cube joined by parallel oblique lines
slightly shorter than the other lines 1o give the illusion of per-
spective, while the second figure is a cube within a cube.

Having learned what a tesseract would look like when repre-
sented in three-dimensional space, the boys added the fourth
dimension to their large cube painted brown gnd green. The
foundation cube being already divided into cubes and rectangular
prisms, it remained for us to divide all the newly added lines into
(8 4 b) lengths. T'o do this completely was 1cally complicated in
practice, but simple ¢nough in theory. Soon, cvery square on
the wholc model had become a2 4~ 2ab 1= % every cube was
a* 4 3a*b 4~ 3ab® 4 b% and it was yat to be shown that the
complete tesseract was at 4 4a%b 4 6a2b? -1 4ab® L b4, The direct
view of (a - b) %, at right in Figure 4, was made later.
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Figure 4. The Tesseract (a 4 0)*

We easily identified a*, a cube with side a being its f()u\%’
cube, with an added dim&nsion of length a. Some of our dxLs :
dents made diagrams showing the other forms that would he
present in (a 4 b)*. Figure 5 shows the cffect of adding a di-
mension to @b or to ab® Since, at every vertex of @%b, three
lines meet, two short a's and onc long b, the resulting figure, after

- LT
+ . /" . . . ’3
T g
g
at , as’ :

Fysine 5. Adding the Lourth Dimension

Q
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another dimension is added, will have at each vertex an added a
or b, and will thus be either @b or a?b® There are, similarly, two
possibilitics for ab®, which may become cither a?b* or'ab3. We

‘were able to identify and label, not only the two tesseracts, a* and

E

b*, but also the fourteen additional hyperprisms corresponding
to the other terms of the expansion, namely, four a®b’s, six d*b*'s,
andgfgur ab's. '

_An 1nteresting feature of this type of geometry—adding dimen-
sions—is that still more algebra is involved. Seciig that in a
square two lines mect in a point, in a cube three, and in a tesser-
act four, we found, the number of sticks needed to make each
model, using the th\c\ory of combinations. Also, by counting ver-
tices. edges, faces, and so on, the students discovered that these

VER“_'ICE[E;-ESOU/:‘“:E.B?{YF}R[UBE T
2 1 20¢¢
4 4 | (1.0
. 3
81261 1w

103224 3 1 2aee

Ligmie 6. Counting the Points and Lines

numbers are the binomial cocthicients. Figure 6 demonsuates
the \nown theorem for the series, line, square, cube, and tesseract.
In counting the cight cubes of the simple tesseract (see Figure
3), we find six of them distorted, just as four of the six squanes in
the drawing of a cube are distorted. In Figuie 3 the six dis-
torted cubes of the first figiie appear as parallelepipeds with rec-
tangular bases, while in the second figme they are truncated pyra-
mids with rectangular bases.

A high school bov easily cavied the simple tesseract on to
the filth dimension (see Figuie 7). He also built a simplex, a
figure founded on the equilateral triangle and regular tetrahedron,
and extended 1t o the sixth dimension (see Figme 8). These
two constructions, cither of which could have been carried to still
higher dimensions, led us into more geometry to be interpreted

O
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algebraically. The models shown as Figures 7 and 8 are entirely
original. Figure 8 is of colored sticks. It began with a single

Figure 7. The Fifth Dimensional Figure B The Simplex of the Sixth
Analogue of a Cube Dimension

stick of one color, Two, of a new colol, were added to make
the triangle. Three, of another color, meeting at an outside point,
formed the tetrahedron. It will be noted that the number 'of
sticks used to add each dimension is equal to the number of the
new dimension.

While the mathematics classes were interested in the building
and study of fourth dimnensional models including the regular
polvhedroids, the art instructor had her classes make original de-
signs suggested by our models of the regular polyhedroids. Some

1%
.~

(X Pt
B

<
‘2‘{
2 § ’
¥
Figine 9. Desezes Suguested by Regular Fivure 10, Designs trom
Polyhedioids Polvhedroids  Elaborated
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of theit designs are shown in Figures 9 and 10, The students
‘plan further to design wrought-iron gates and, possibly, stained
glass windows by modifying these designs and developing others..

Our use of clav, the other material we have brought into the
geometry class, involves no stretching of geometry beyond the
bounds set for that subject by Euclid; in fact, it demands no intri-
cate mathematics whatever. On the contrary, to use a clay founda-
tion on which to build a figure of ""fiddlesticks” or “pick-up sticks”
provides a simple and quick way to get a figure before the class
in solving problems for which a drawing scems insufficient.

We knead clay and flatten it into a hose box. In the smooth
clay we can actually bisect angles or construct perpendiculars.
We use the clay box, however, chicfly as a foundation in which to
stand sticks forming a pyramid, a parallelepiped, or other figure.
The “pick-up sticks” purchased for a game of the same name are

" very good for this purpose. When sticks are brought together at a
point, an extra bit of the clay serves to hold them there. After the
proble:n is solved, the sticks are removed, any drawing in the basal
clay is erased with the pressure of a finger, and the clay box is
ready for the next problem. ‘T'here is no trouble with leftovers
as in the case of cardboard and string models, too good to be de-
stroved before the cves of their creators, but not worth handing

_down to posterity.

Figuie 11. Clay Boxes with Fiddlesticks

‘The st model in Figure 11 should give a clue to the solu-
tion of the theorem, The perpendicular from the intersection
of the diagonals of a parallelogram upon a plane that does not cut
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the parallelogram is cqual to one-fourth of the sum of the perpen-
diculars from the vertices of the parallelogram upon the plane.... . _..

The second model in Figure 11 would help an amateur in
sulid geometry to see the right triangles involved in the problem:
T'he altitude of a regular quadrangular pyramid is six inches. Each
side of the base is four inches long. Find the lateral area.

By the time we get to spherical geometry, the class is usually
more independent and less in need of props for its thinking. How-
ever, some find it hard to visualize spherical triangles. For these
the use of clay may again be helpful. The clay is removed from

- the box and smoothed over a globular bowl. It is very convincing
to make the diawing in the clay, with the help of compasses that
have been bent to reach a quadrant’s distance and to demonstrate
that If one spherical triangle is the polar of a second, then the
second is also the polar of the first.

In these days, hundreds of boys and girls are studying mathe-
matics not because they love it or are particularly good at it, but
because of the urgency of the demand for many to become expert
in some of "its applications. Therefore, it scems more necessary
than ever that teachers find ways of making mathematics more
attractive for them. We may find inspiration almost equal to that
in teaching a brilliant student, in havine these lesser ones say,
"Gee, it's interesting when you really see it!"

-
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HISTORICAL MATERIAL ON MODELS AND
OTHER TEACHING AIDS IN I\WI‘HEMATICS

Lao Genevra Simons

In ALL WORKS on solid geometry and related subjects, a figure in
a plane is made to represent a figure in three-dimensional space.
One stumbling block at the beginning of solid geometry has al-
ways been the making of the solid emerge from the. plane figure,
the seeing of a solid in a plane. This was especially true before
laws of perspective were followed in the drawings in a book on
the subject. This stumbling block may not exist, but there may
be the problem of drawing a figure in a plane that shall represent
in two dimensions a solid in three. There are students and teach-
ers as well who can casily sce a solid in the air, as it were, and can
follow the demonstration of a proposition connecied with it, but
who cannot make a drawing of it. Both the difticulties suggested
tend to make the first lessons in solid geometry critical ones.

Since the solid must be seen either in the inagination or in he
~actual object, the obvious means of smoothing the path is the
building up of modcls. This is a legitimate aid at the outset, al-
though it should be discarded as the course proceeds. As the stu-
dent advances in his studies, he should grow away from depend-
ence on the physical and grow into the purcly mathematical ex-
pression of all geometiical figures.

The recognition of this need of models is found in the first
English vanslation of Fudlid's Elements. This work is entitled:
The Elements of Geomelvie of the most auncient philosopher
Euclide of Megara faithfully (now first) translated into the Eng-
lishe toung. by 11, Billingsley, Citizen of London. London, 1570.

An excellent presentation of this work by Professor Walter F.
Shenton of Amaerican Univarsity appeared in The American
Mathematical Monthly for December, 1928, under the title “The
First I'nalish Fuclid.” The article included the following state-
ment: * Ihe second volunie contains the tenth to fifteenth books
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of Euclid, with a sixteenth book added by Flussas. ‘The wood-cuts
illustrating the solid figures are most beautiful, but one of the
most intervesting features of the eleventh book is that many of
the figures are made of paper and so pasted in the book that thev

\
' Alda .

-~

Figure 1. Fiom Wilhingstey 80700 Cotados, ap Professor S nton,

may be opened up to make actual models ot the space figures.”
Then the article gives figures; one “shows the page of definitions
of pyramids, and illustrates with actual models, pyramids with
triangular, quadrilateral, and pentagonal bases” (see Figure 1);
another “shows similar figures to illustrate the proofs of such
theorems as ‘From a point geuen on high, to draw ynto a ground
plaine superficies a perpendicular right line.'

Early in the eighteenth century, another English translation of

_Euclid employed this same device but to a lesser degree. This
“work was entitled: Euclid’s Flements of Geomelry from the Latin

translation of Commandine. T'o which is added a treatise of the
nature and arithmetic of logurithms; likewise another of the ele-
ments of plane and spherical trigonometry. By Doctor John Ketl,
F. R. 8. Now done into English. . . . By Mr. Sarmuel Cunn. Lon-
don, 1723. :

The first Latin cdition of John Keil's Elements was printed in
1715. He ]nsnh(‘s the appemance of another edition in print on
the ground that attemipts have been made to supersede Fuclid's
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woik Lecause ol the detection of nunterous faults, He mainthins
among other things that “his Demonstrations [are] elegant, per-
spicuous and concise, carrying with them such Evidence, and \so
much Suength of Reason " To the Elements, Keil adds
some trigonometiy with a reason that sounds very medern: “Far-
ther, for the Use of those who are desirous to apply the Elements
of Geomenry to Uses in Life, we have added a Compendium of

“Plain ad Spherical Trigonomeny, by means whereof Geo-

E

metrical Magnitudes are measured and their Dimensions expressed _
in Numbers.”

The popularity of the Keil work is shown by the fact that it
was translated into English and that the English translation ran
through at least five editions, the fifth appearing in 1745, Mr.
Cunn claims that he has conected some errors, particularly in
the solution of certain cases of *Oblique Sphericks.” The geo-
metrical part of the work follows the usual order of Euclid, Books
I'to 6, 11, and 12, but in a ntuch abbreviated form. The diagrams
are found on one sheet at intervals throughout the book. But it is
the section on trigonometry which offers special interest from the
standpoint of models. At the end of the woik, there is a sheet from
which figures can be erected to be used in connection with certain
propositions. There are just three of these figures, but each one
serves-to illustrate several theorerms.

"The upper figure is a separate circle pasted onto the sheet. To
it at a diameter is pasted a cirele, half of which can be lifted up.
The appropriate lines are drawn and letters attached for the sev-
cral theorems, seven in number. The middle model (see Figure 2)
consists of a cirele (foreshortened in the figure) pasted to the
sheet. Along rworadii O and OIT are attached two plane right-
analed tiiangles OA7 and OFG which can be made to stand up-
riaht for use in two propositions. These ave: “Prop. 23. In spheri-
cal niangles BAC, BHUE, rightangled at 4 and 71, if the same
acute angle B be at the base B, or BH, then the sines of the
hypotenuses shall be proportional to the sines of the perpen-
dicular arcs; Prop. 24, T'he same things being supposed, 4Q, HK,
the sines of the bases, are proportional to 14, G11, the tangents of
the perpendicular ares,” The lower model serves for two theo-
vems. Its foundation is a circle pasted to the sheet. To this is at-

B
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tached a sector pasted along a radius but not on a diameter, This
sector can be made to stand up.

In the same year with the appearance of Cunn's tmnslatlo of
Keil's Fuclid, Fdinund Stone published. The construe and
principal uses of the mathematical instruments. Translated from
the French of M. Bion. London, 1723, This work contains plates

Fruure 2. “Stand-up™ Model from Cunn’s Translation of
Keit's Ruclid.

with the wual diagrams for making the regular solids and a draw-
ing of the appropriate solid itself to the left of each diagram.
While this work purports to be a means of making mathematics
practical and usetul in the affairs of life, it does give some sug-
gestions for making the theorems in solid geometry clear.

Fuirther evidence that these “stand-up™ figures were finding
favor appears in the work: Geometry made easy; or, a new and
methodical explanation of the elements of Geometry: to which is
added a new .. method of exhibiting in miniature the various
kinds of solids . . . by schemes cut out of paste-board. By John
Lodge Gowley. London, [1752].

A copy of this book is in the British Museum, as noted in cata-
logue of the same. One has not vet been located in this country.
The contents of the work are outlined on page 3 of another work
by this author as follows: ""I'he work here alluded to was com-
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pleated in the year 1752,-and contains a very easy and concise
commentary on the first 6, I1, 12 and 15 books of Euclid [books
14 and 15 were added later than the time of Euclid himself]; some
material propositions of Archimedes, concerning the cylinder,
cone, and sphere; the principles of algebra, with its application
in solving geometrical problems; and an introduction to conic
sections; together with a method of forming, in miniature, solids
and their scctions, by schemes cut out of paste-board, which ren-
der it useful to those young students for whom it was designed.”

The same author published: An appendix to Euclid’s Elements.
In seven books. Containing forty-two copper plates. In which the
doctrine of solids, delivered in the eleventh, twelfth, and fifteenth
books of Fuclid, is illustrated and rendered easy by new-invented
schemes cut out of paste-board. London, 1758.

At the outset, the author refers to his earlier work and then
adds: “I come now, according to the promise which I made in
the preface to that work, to lay before the public a new perform-
ance the chief scope of which is to produce mechanical represen.
tations of solids and their sections” and much more along this line.

A second edition of An appendix to the Elements of Euclid
appeared iu [176-7] with a slight variation in the title. “Contain-
ing forty-twu copper-plates’ has been replaced by “forty-two move-
able schemes.” Cowley justifies his second printing in his preface
when he says: “The approbation shown to the first edition of this
work, and the many applications made for it while out of print,
are motives that have encouraged me not.only to issue this second
edition, nut also to make sundry additions and improvements to
it, . .. but as these things would augment the present work too
much, and that those who have the first edition hereof may have
an opportunity of obtaining these additiors without detriment to
their former purchase, they are reserved for a second or supple-
mental volume to what is herein contained.” Such a supplemental
volume has not been located in any library or catalogue and so
there secins to be no extant volume to show that it ever appeared
in print..

The “moveable scheme™ employed may be described by taking
an illustration from the bhook. To make the Exoctoedron or
Canted Cube (see Fygure 3), the outline of the entire figure,
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except for two sides of the shaded squane, is cut out. The several
lines (here twelve in number) which cross the diagram are so
pressed that they can be einily folded. "Thus the six eqnal squares

and cight equal cquilateral trianeles can be placed in such a posi-

tion that the solid with the shaded Sqn.nv as base can be formed
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(see Figure 4) . In the words of .he author, . . . nothing remains
to hinder the reader from a clear sight of the true form of these
bodies but the little trouble of raising up the figure, and folding
its several parts arcund that particular one which is distinguished
from the others by Yeing shaded.” This is the familiar means for
making a solid. Heve it is already at hand in the book. The dis-
advantage of the scheme appears at once. Ouly propositions which’
relate to solids whose entire surface can be flattened into one“con:
tinuous_figure can be represented. Such propositions as Have been
described in the Keil book are not péssible by this scheme.

Bigine 1 Model of Figuie 8 in Upright Position
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Nevertheless, Cowley does present a number of interesting solids
and propositions. Book T exhibits the five regular solids; Book 11,
one regular solid inscribed inanother, to be used with Euclid XV,
I-5; Book T five of the hireguln solids (these ae five out of
thirteen of the semi-regulair polyhedra which were investigated by
Avchimedes, Kepler showed how these figines ¢ be obtained),
abo solid rthombus, sotid 1homboids, dodecarhombus; Book 1V,
vattots sorts of prisms: Book V,ovinious sinds of pyramids, and
thenr Bastuns: Book VI the tieanent here s especially com-

ttons of Fuclid’'s cleventh and twelfth hooks are clearly explained,
and so-illustrated, as renders them perfectly easy to be compre-

hended, withou perplexing thie mind to conceive lines as drawn -
through such and such points, as raised up and meeting together

at sich aud such pomts above the plane, having only an imaginary
existence in the mind that conceives them; for the reader has here
each solid really formed, and is at the same time furnished with
art ocula view ot the sections, justly made and laid open to his
sisht: wherelore, by the peculiar contrivance here made use of,
there is no longer any difliculty in perceiving in the most clear
and convinding manner .. " Book VI the cone and the sev-
cral scctions which result in an isosceles triangle, a circle, an
cHipse. i pamabola, and a hyperbola. (Sce Figure 5 for the very
nice device here employed.) '
Williame Jones, “Mathenatical Insttument Maker, accidentally
purchased the plates”™ of the Cowley Appendix and published:
An dllustration and mensuration of Solid Geomelry; in seven
books: containing forty-two moveable copper-plate schemes for
forming the various kinds of solids, and their scctions; by which
the doctrine of solids i general, and those in the eleventh, twelfth,
and fifteenth books of Fudid are elucidated, and rendered more
casy to leayners than by any work latherto published. By the Tawe
Johu Lodee Cowlev, The third cdition. London, 1787, In this
volume, Jones oltims to have revised, corrected, and augmented
the Cowley work, but the changes do not affeet the models in it
The thiee editions of the Cowley A ppendix indicate that it met
real necd of the time. Jones might have been writing a preface
for a maodern educational work when he introduced the third edi-

-

mended by the anthor in these words: “In the sixth, the proposi- -
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tion by saving, “Probably in no branch of the mathematics does
the student meet with more embarrassment than in the study of
the geometry of solids; for most of the authors who have treated
thercon have adopted the usual method of copying the abstrusce
and perplexed lincar schemes of the ancients, which for the
greater part arc so inconsistentiy delineated in perspective as to
render it impossible, even to Fuclid himself, to divine the bodies
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intended to be represented by them. It was, undoubtedly, from
a consideration of this kind, that Mr, Cowley was excited to any
attempt of exhibiting the various kinds of solids treated of Euclid,
and other geometricians, by moveable and folding paper schemes
or figures, by which a person of the most slender capacity should
at a small, or no expense of time have a clear and rational idea of
the several solids, and thereby be able to investigate their prop.
erties with more perspicuity and precision,”

A note in “A secofid-list of books and pamphlets in the Library
of the Mathematical Association,” London, 1929, states that
"o . F. C. M. Marie reproduced 2% of Cowleys figures, with
acknowledgment, to form a volume Géométrie Stéréographique,
1835.”

Before the appearance of the edition by William Jones, another
author adopted the device of “stand-up” figures, and entitled his
publication: A Royal Road to Geometry; or an easy and familiar
introduction to the mathematics. By Thomas Malton. London,
1774, An excellent and complete article, by L. Leland Locke, on
this book appeared in Scripta Mathematica for March, 1941, M.
Locke calls it “A Book Old Enough to Be Considered New" and
peints out a number of respects in which it anticipates the so-
called “new" approaches in geometry of recent years.

The interest in Malton's work for the subject of models lies in
its use of the scheme of Billingsley although on greatly improved
lines (for “Malton is the author of a farge treatise on perspective
in which the same type of figure is utilized.”) It is an improve.
ment on Cowley, for we have here only the hase of the figure
pasted to the page instead of a part of the figure. Hence “several
picces may be used which wonld overlap if thev had to be cut
from the page.” Malton may have been influenced by Keil as well
as by Eillingsley. In his preface, he refers to this author when he
says, “Dr. Ketl in his Preface to his Translation of Commandine
and also My, Cunn scems to think it an unpardonable fault in
‘Tacquet to omit the demonstrations of the 5th bhook. . . "

No real study has been made of extant matherratical models in
wood and brass. In Early Science in Oxford Part 11 Mathematics
(R. T. Gunther, Oxford University Press. London,” 1999, p: 36)
the author lists the mathematical models at Oxford. This list in-
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cludes the following: “Modecls for demonstrating Propositions in

Euclid: Before 1697, Formerly in Savile collection, now missing -

[known [tom a manusciipt of 1697]"; *"I'wo 4-inch Demonstration
Spheres, bisccted on the ccliptic, ¢.1650. These two small spheres
of beechwood are all that remains of the elaborate instrumental
outlit of the Savilian Professors which was kept in the Cista Mathe-
matica {the great Mathematical Instrument Box of the Univer-
si]”; “I'lnee Demonstration Soheres. ¢.1700 . . . Marked in
ink to illustrate propositions in spherical triangles, Two of the
spheres are supported in turned wooden pedestal cups.” (See
Figure 6.)

Figure b, From Oxtprd Coliection of dMouels, Permission
of Qxford niversity Press

-~

Lhere aie sphcfvs in usc today which resemble the last-named
solids. These are smail slated globes (spherical blackboards)
which rest in a standard of iron and which are to be used by
the student in spherical geometry and trigonometry.

This brief historical sketch may serve to show that the use of
models as teaching aids in mathematics is not new. The periodic
revival of any aids and projects scems to indicate that methods
move in cyveles and this is no criticism of the individual methods.

Further lines in which mechanical aids appear are color, paper-
cutting and folding, the Chinese puzze. and, doubtless, others.
The furst mathematics text to use color, and that consistently, was
an English publication entitled: The First 8ix Books of the Ele-

Q

RIC

Aruitoxt provided by Eic:



264 | " Eighteenth Yearbook

43 BOOK I. PROP. XLVIl. THEOR.
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Surveyor of Her Maje.rvs settlements in the Falkland Islands. . . .
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London, 1847. The-nani€ of the printer, William Pickering, indi-

cates that it was regarded as a work of importance, but no evi-

lence can-be adduted to prove that it influenced later works, In

color runs riot and it must be regarded as a freak presentation.

the same time, it probably was the first work in print to-sug-
gestahyt colored ¢hal' or pencil can be really helpful in compli-

cated geometric diagrams. : 3

The line of treatment will be indicated by rcfmencc to the dia-
gram for the Pythagorean Theorem (sce Figure 7). The colors are
canploved as follows: In the right triangle, shorter side yellow,

- square on it black; longer side blue, square red; hypotenuse red,
square in two rectangles, to left blue, to right yellow; continuous
lines which cross niangle black, dotted line red; angles at lower
right vertex of triangle, clockwise, blue, black, yellow. Only four
colors are used throughout and the color is solid. The proof pro-

~ceeds by use of colored diagrams. Here, in words to name the
colors, blue angle cquals yellow angle. To cach add black angle
and so forth.

The only books that approach this one arc New Plane Geom-
etry by Webster Wells (Boston, 19083y and New Solid Geometry
(same author and' date). The former contains three plates in
which the sides of triangles are outlined in color; the latter con-
tains two plates in which planes are shown in solid color. Plate V
is for the proposition The volume of any parallelepiped is equal
to the product of its base and altitude.

It is not the intent of this brief survey to recommend any of
these aids for present-day uses An examination of the books them
selves, as opportunity presents itself, is recommended instead.
There can be no more enjoyable and uplifting experience than
to see at first hand the worth while eftorts of an alert teacher iike
Mr. Cowley to make the subject of mathematics 2 vital thing to
his students. This is the ambition of a teacher worthy of his call-

ing.

Note: The snthor wishies to acbnowted -o the comntesy of NMase Anse S Prane, aef
crence hbatiar of Yale Unoversity Libaany, insendior 2 copn of the fust edinian of
Cowlev's dpipendie; atwo, of the Planpton Libias . Columtna Proisersits, in prosud
ing a sccer y edition and ihistratons friean the some; tnatls, of the Tate Mo Lo Lee
tand Locke, who loaned his enpy of the thivd adition one of the fine old vohinmes in
the hibrary of this collecror of good hoaks,

O
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THE CONSTRUCTION OF PLAITED CRYSTAL
MODELS

Summary by Virgil S. Mallory

AN INTERESTING method of constructing models of various poly-
hedra is explained in a little book now long out of print. The
unique method used will undoubtedly have sufficient interest for
teachers of mathematics to justify the summary given here. _
The title page describes the book as “A System for the Con-
struction of Plaited Crystal Models on the Type of an Ordinary
Plait; Exemplified by the Forms Belonging to the Six Axial Sys-
tems in Crystallography; by John Gorham, M.R.CS. Eng., &c.,
Tonbridge, Kent; E. and F. N. Spon, London, 1888; IV -+ 28
with 56 Plates 24 pp. Adv.” .
The author states in the preface: “It is now some forty years
since I had the honour of demonstrating before the Royal So-
ciety in London A System for the Construction of Crystal Models
Projected on Plane Surfaces. These figures foldéd into the re-
quired form, and subsided into a level at pleaure—they were
easily moulded into shape by bringing their edges into apposition
with the fingers, and were as easily transferred from place to place
when flattened in a portfolio—they constituted, in short, an ex-
tension of the plan used in modern mathematical treatises for
extemporising models of the five regular or Platonic solids. . . .
Fach [of the six crystalline] systems consists of a skeleton model
of three or four rods uf wood, wire, or glass; these rods are c.iled
axes, round which the forms can be symmetrically built up. Upon
these axes it is proposed, in the first place, to find ihe faces of the
required model by direct measurement (or recourse may be had
to Spherical Trigonometry, as the case may be), and in the next
place, to build them up into a model by a process which it is be-
lieved has not been hitherto attempted. It consists in taking an
& ordinary pl-~ .f three or four rushes, defining its intersections in
i numerical oiuer, and thus eliminating the type on which every
266
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model s constiucted. By strictly adhering to the type it was
found, morcover, that those solids which were confessedly irreg-

- ular andunost difficult to understand-—those, for instance, belong-

ing to the doubly oblique system——ivere made with the same fa-
cility as the cube itself. . . . On a carcful examination of one of
these crystals, -its faces appeared to be arranged in narrow strips,
which could be traced round the form in four different directions,
and seemed to cut each other in their course as if they intersected.
It became dificult nor to realize the practicability of using strips
ot paper--of crossing them just as these zones appeared to be
crossed ina real erystal, and of intertwining them as in a plait.
Four narrow strips of paper were taken accordingly, each being

~composed of similar 1thombs placed together at their opposite

E

edges. after crossing and recrossing repeatedly. a rough model of
the form was eventually obtained. . . . It became evident that
the definite arrangement of the parts in a plait could be at once
atilised by finding the numetrical order in which its iutersections
ocewrred, This formed a clue to the whole”

Since the primitive forms belonging to the six axial svstems in

awstallography mav all be constructed fiom that for the cube.
theanthor emphasizes that foroa though plates and descriptions
e aiven for other forms, including crystals showing cleavage,
striation, and pyramidal hotows in the faces, as in crystals of bis-
muth and of potassinm bromide and iodide.
CThe cut ope 268 shows the foun plaits used in forming the
model ofucube "The numbers show the order of plaiting, the face
nuwmbered T eoming unda that marked 1, ete. Faces matked * are
to aive stability 1o the model, while those marked 0 are base
planes. Dotted lines indicate folding, The resulting cube has each
face composed of four isosceles nizht trianales.

Modihications to produce other interesting forms in crystallog-
raphv are produced by effecting chances in the angles of the
isosceles niangles. When the vertex angle is 907, the cube results;
when it is 830w pyronmid of Tour Lateral faces is raised on each
face av i some varicties of auantzs whiled it ic s educed to 70°
A the resulting model is that of the rhombie dodecaliedron
ke camet asstals,

In forming the model of a rhombic dodecahicdion, the plaits

O
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shown in the figine here are modified by replacing each square by
a rhombus, the shorter diagonal being parallel to the dotted
(folded) lines. If the faces are now numbered in the same way,
the pattern will plait into a firm model.
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In a similar manncer the author shows the modifications to the
cubic model necessary to produce the other five axial systems, In
every case the type of axes tells (1) the form and angles of the
faces and (2) the method of locating the sides. From the cubic
phiits the mode of adjusting the faces to form a plaited model is
obtained.

A hich school mathematios cub will find the construction of
these plaited aystalline forms an interesting and instuctive proj-
ect, particulan v it the constmction of the forms is accompanied
by s clementany study of arvstal axial svsicins.,



COLOR IN GEOMETRY

L. Leland Locke .

ONE oF THE first books on plane geometry to “i1se colors in identi-
fying parts of the Euclidean figures was The t irst Six Books of the
Llements of Euclid in Which Coloured Diagrams and Symbols
Are Used Instead of Letters for the Greater Ease of Learners, by
Oliver Byrne, London 1847,

- The extracts from the Introduction which follow may serve to
illustrate the priuciples set forth by Byrne in his book.

“T'he plan here adopted forcibly appeals to the eye, the most
sensitive and the most comprehensive of our external organs, and
its pre-eminence to imprint it subject on the mind is supported
by the incontrovertible maxim expressed in the well known words
f Horace:

A feebler impress through the ear is made,
Than what is by the faithful ¢yc conveyed.”

“T'he letters annexed to points, lines, or other parts of a dia-
gram are in fact but arbitrary names, and represent them in the
demonstuation; instead of these, the parts being differently col-
oured, are made to name themselhves, for their forms in (onc,,,g
5pnndmtr colours represent them in the demonstration.” {'./

“In oral demonstrations we gain with colows this nnpoxL.mt
advantage, the eve and the ear can be addressed at the same mo-.
ment. so that for teaching geometry, and other linear arts and
sciences, in classes, the system is the best ever propnsed. Besides
the superior simplicity, this system is likewise conspicuous for
concentration, and wholly excludes the injurious though prevalent
practice of allowing the student to commit the demonstration to
memory; until reason, and fact, and proof only make impressions
on the understanding. Again, if we mention the colour of the
parts referred to, as in saying, the red angle, the blue line, or lines,
the part or parts thus named will be immediately seen by all the

269
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Sounds which address the car are lost and die
In one short hour, but these which strike the eve
Live long upon the mind, the faithful sight

’ Engraves the knowledge with a beam of light.”

Figure 1 is an illustration of a typical page showing the proof
of a theorem of plane geometry, In the triangle shown, the right
side and its opposite angle are red; the base and the vertical angle

“are black; and the exterior angle is shown in yellow, The contrast

of these colms is partly emphasized by the reproduced page shown

in the figure.
The demonstration reads:

“The red angle plus the yellow angle equals two right angles.
But the vellow angle is greater than the blue angle (pr. 16)
Therefore. the red angle plus the blue angle is less than two
vight angles. Q.E.D.”
Note that Byrne omits the customary particularization of the
theorem in the form "Given™ and “To prove.”
Both Mr. Monis Cohen of the mathematics department of the
Boys Technical High School, Brooklyn, New York, and the writer
have found that a class in plane geometry will welcome with zest

/\‘

Twe 2

an occasional excusion into color, using colored chalk on the
blackboard and <oloved pencils on paper. Mr. Cohen has devised
a variant ot the plan for printing purposes o woid the expense
of colored plates. For the form of Figune 2, the designations of
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lines and angles might be black, white, dotted, dashed, dot-dash,
double dot-dash, or other variations. Figure 3 shows a simplified
form, adapted to blackboard and paper use. j

1
-

REMESLRL R R AR RIS 1

Figure 3

quarian’s collection, but it has some pedagogical value. A recenit
book, “Introduction to Geometry,” by A, W. Siddons and K. S.
Snell, Cambridge University Press, 1939, contains on one of its
pages four figures for proofs of the Pvthagorean Theorem in color,
another figure tor parallel lines, and two others on congruent
triangles. So the basic pedagogy of Byine, with its combined ap-
peal to the ear and eye, may, under present-day b}'intixlg methods,
soon be used to a greater extent in our plane geometry texts.

’

7

‘The Byrne volume is nct only a beautiful addition to the anti,”



AN EARLY WORK ON MECHANICAL DEViCES
FOR DRAWING THE CONIC SECTIONS

7 Phillip S. Jones ‘ ’

ALtHoucH ‘mechanical devices for drawing curves date back at
least to Nicomedes (270 B.C.), who used one sucl for drawing the
conchoid which he designed to trisect angles,! and although

/ devices Yor drawing conic sections were first heard of not later than
Proclus (A.D. 410-485), who discussed an ellipsograph,? never-
theless the book De Organica Conicarum Segtionum in Plano
Descriptione Tractatus (A Treatise on Deviceswfor Drawing the
Conic Sections) by Franciscus van Schooten, printed at the Elzevir
Press in Leyden, Holland, in 1646, is of much interest both in
itself and in relation to the history of mathematics and of mechan-
ical devices in particular. (See Figure 1)

The first chapter is of some historical importance because of its
description ¢ a mechanical device for drawing a straight line by
means of a link and a triangular ruler. The existence of this
carlier work is little knownyand, as a result, A. Peaucellier is usu-
ally given the credit of being tthe first to construct a straight- lme
linkage mLh his inversor of 1864. In van Schooten's device shown
in Figure 2, AB = BC = 3D, with the result that as vertex D of
the rigid triangle BCD slid along line 4 E the other vertex, C, of
the triangle would trace the dotted line. For proot van Schooten
shows that angle CA4D == 14 angle CBD. He notes that if CBD is
a straight line. €4 1 to AE. Peaucellier's device, differing from
this, is a true linkage with no sliding parts and does not ivolve a
previously aiven straight line.

This book is of further interest because it treats all the conic
sections in a unificd fashion, lists a varicty of mechanical devices
for describing each, and gives several different solutions to many
of the construction problems that it sets up. For instance, in
Chapter VIHI the problem of constructing an ellipse, given the

HFootnotes 1 to 1 refer 1o references ad the end of this artidle.
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foci and vertices, is teated. One sotution given for this problem
is the familiae pin and string construction which is based on the
face that the sum of the focal radii is comstant. In the following
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Figure 2

chapter the same problem for theshyperbola is treated by a similar
series of devices, one of which, as shown in Figure 3, is a pin, ruler,
and string construction (the string is fastened at N and €) based
on the fact that for an hyperbola the difference of the focal radii
is constant, .\ second solution to this problem for the «llipse was
obtained by using the four-har linkage shown in Figure 4. After

Gt

Rt =
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Figure 5 .

discussing this solution, van Schootep idded a scholiumn showing
how this sanie linkage could be usedo determine the tangent NE.

Other problems solved mechanically are these: to construct an
ellipse given the axes, given any pair of conjugate diameters, given

Fyite v




Conic Sections 297

»
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higure 7

a latus rectum and the wansverse axis; to construct an hyperbola
given its axes, given any pair of conjugate diametcrs, given a
" ladus rectum and transverse axis, or given a point and the asymp-
totes; to draw a parabola, given the axis, vertex, and latus rectum,
or given the focus and vertex. Sceveral theorems on the areas of
parabolic segments are included at the end.

Figures 5, 6, 7 show what is essentially the same apparatus used
to describe in tum an ellipse, an hyperbola, and a parabola, fur-
ther stressing the family relationship., An additional censtruction
for a paraboli is shown in Figure 8.
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This book was one of the carliest by an author whose works and
references span one of the most interesting periods in the history
of mathematics. His father, Frans van Schooten, zlso a mathes
matician, in $627 published onc of the earliest igonometric

E tables. The sources cited by van Schooten in this work are
chiefly Euclid and Appolonius, with a few references to that fore-
runner of the calculus, the Mecthotd of Indivisibles of Cavalieri.
The treatment of the problems.in this hook is non-analytic; never-*
theless,/Aan Schooten shows, through references in the introduc~
tion, familiarity-with the works of Descartes, Fermat, and Rober-
: val, contemporaries who were working with the concepts which

were soon to lead to the analytic geometry and calculus. That van

_ Schooten was also familiar with analytic methods is evidenced-by

his Latin translation (1649) of Descartes’ La Géométrie with the

notes of Floritmond de Beaune. Thexapid spread of the method of

Descartes is-in large part due to this translation into the uni-

versal language of scholarship of the day and the added explana-

7 . tions accompanying the translation of the sometimes obscure
original text. Van Schooten himself applied analytic gcometry to

the solution of many problems in his chicf work Zxercitationes
Mathematicae (1657)%. He also puhlis}lcd a paper by Christian

Huygens on probability and in the seced edition of the Descartes

Geometria papers by John Hudde Qu the solution of equations

and maxina and minima. Van Schooten recommended the use of

coordinates in three dimensicnal space and published treatises on
perspective, plane trigonometry, and surveving.! -

A £nal look at the title page, shown in Figure 1. of the work

under discussion here veveals a few items of interest. Van Schooten

advertises the conic sections as of use in geometry, optics,

gnomonics (the theory of the sun dial). and mechanics. These

claims he amplifies somewhat in his preface. telling of the reflect-

ing or focal properties of the conics as studied in optics and of

. their use in the architecture of vaulted roofs and bridges. The

appendix on the solution of the cubic vquation is missing from

the copy in the author's posscssion. The printer’s device i5 one of

several used by the Flzevirs, Finally. it may be of intevest to note

that in the date are used the carlice form of Roman numerals”

with ¢l for 1000 and 1> for 500,

O
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GEOMETRY WITH AN OPAQUE PROJLECTOR

J. . Colliton

»

" For MorE than ten years I have been using an opaque projector

in the teaching of my classes in plane geometry. The two classes,
numbering thirty-five to forty each, arve composed of students who
have shown above-average ability in their clementary ‘algebra.
Their reactions to the use of the projector show how valuable
other teachers may find this means of instruction. :

This is the plan. I haye drawn on 7 x 10”’cards the flguxes

for the textbook thcoxems and onbxm,&s that 1 expect the class
to study, These are thrown on a screen, at the fxont of a slightly
darkened rcom, by means of an opaque projector. This practice
saves the time required in having students draw the figures on the
board and also permits a study of many ligures and originals not
found in the textbook in use.

On some cards the theorem is stated, and the students are asked
to apply the hypothesis and conclusion to the lettered figure shown
on the screen and then find - way to prove the theorenn In some
cases, various members of the class will find several difterent meth-
ods of proof for one figure. On other cards the applied hypothesis
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Figure 1
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and conclusion are given; on still others only the hypothesis is
given, and the class is asked to discover, what conclusions, if any,
can be drawn and proved. On some cards the figure is given, to-
gether with several different hypotheses and conclusions (Fig. 1)
which may or may not be provable with the information that the
class possesses at that point in its study of geometry.

Many .igures may be used to give the class experience in the
use of a theorem or a group of theorems. For instance, I have
over forty cards with figures requiring the proof that a certain
quadrilateral is a parallclogram, a rectangle, a rhombus, or a
square. Some of these are shown in Figures 2 to 10. Others use
the properties of these figures to prove lines equal or uncqual
(Fig. 11). _

The simpler ideas of solid geemetry can be casily introduced at
appropriate times (Figs. 12 and 13).

Figure 14 shows how several numerical examples can be made
from the same figure. In triangle ABC, CD bisects angle C. The
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card is cut along the lines XY and holes are cut through it where
the squares are shown. On another card shown in the lower figure,

S~

numbers are placed so that some show through the holes when
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to pidl card to the lett
* 1 hese coe the nnmbers showine through the holes in e upper cad.
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Fiowe 1

this cad is stipped behind the upper card and through the slits
XY When the numbers for the two blank squares are found, the
Jower cand s pulled slightly to the right so that a new set of num-
bers appears at some of the holes: the values are computed for
those blanks, and the process is repeaed for another problem.
Similar cands can be constructed for various figures showing
the 1chationship ot anales and wmes in creles; products of lines
from a poim Lnd intersecting a direle; the right tnangle with

'l-rc'

K3

altitude drawi to the hivporeénuse. and the relationship of the

seven hime seaments i houres for areas of plane figures, and
many athers. 'The numbers imolved shouid be velatively small
but the vosults need not he whole numbers. Fxamples requiring
the wse o Luze numbens and extended computation should be
aiven oty o1 outof class work,

When the saome theorem, sach as the Pachagorean Theorem, can
be proved by usmz am of o nomber of fizures, many can be in-
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Figure 17 Figure 18

vestigated by a class if the figures are on cards which have only
to be placed in the projector. T have about twenty different fig
ures {rom which this theorem can be proved, but I'do not use all
=of them every year, The number used depends on the irterest the
¢liss shows in investigating the various proofs. See Figures 15 to
17. .
When time permits, one can go a little beyond the usual theo-
rems found in the textbook and Lring to the attention of the class
the Ninc-Point Cirele, the Theorem of Pappus, Ceva's "Theorem,
Menehius's ‘Theotem, and others. See Figues 18 to 22,
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Constructions.are studicd by placing a large number of figures
before the class with all construction lines shown (Fig. 23) and
having the class discuss the plan for the construction by « study
of the figure. In some cases the same figure is shown constructed
by various methods on different cards. Algebra and geometty are

. related by such figures as 24-27,
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Shill i the use of the tools of construction cannot be gained in
this way, but the ideas here gained can be applied to other con-
situctions which the students should be required to do out of
clisse Those who have skill in construction or who have original
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wleas are enconraged o omake designs on cards suitable for pro-
jection. Some pupil-made designs are sho vn in Figures 28 to 32,
Some pupils color theiv designs and some make tile or linolemm
patteins,

Fronre 28 cioure 24

BN
A\

~Phe histors of nathematics is brought o the attention of the
chases by means of pictures oo great mathematicians mountad on
Caondse hondtmail sbetches ol thein Tives and connibutions*are
WHHHCTE Up 11 ot enient nnu-ln:nk. These biographies ave also
tsed s speciad opics ad add o the calonal value of the subject,

Fionnre 30

e i wvived onochass Dy the ]»lnit'(lnl method (‘H.ll)]("l s to
Coter Hrote otk o most classes dos We review thie impontant
cloas of o cnennoy abeehna, md Toon hlew voouse the sines cosine,
aned i rcatiens i osolvinz vl and sosceles toanzles and
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Some theorems, however, are not suitable £+ this projection
method ol presentation, When comsiderable manipulation of
ceprations is necesay, we sometimes setoup the required equa-
tions on the hlackboad and then complete the proof without
further use ol the haure o the sareens I the proof is long, some
students Tose their way and occasionadly we have to-retrace our
steps. However, since the toon s pantially dinkened, there is not

Figue 32

e to o disiract their atenton and thes 2wy Tean o ol
Fow e Lo and nvolved prootss B studont hds e cannol
follon the poots and is vnable o extond his atiention span suf-
feionth, hie i allowed o transter hrome these dasses to a regular
s whoere the won 'k as done e the taditional way,

Fach yen P lhave made o ton new csdss Now T lave accumu-
Loted oner acthousand. T do nar use all-of them every year, but ]
have o bl wide chionce of arisinals 1o place betore the class,
Santne ol llu:'-,'(.mlx Foave blaok Tines on white cavds: others have
white s on black cods. The tormer ate casier to niake, bat
the Linter vesemble the homes diawn on the hlackboad,

Tt dhe plan works iy shown by the scotes on standardized
toats Lot studonts who e o the same abilioy levels in c-e and
mocthor chisses, Fuo teans of thhee stadenos cachy were sect to
the  Tomple Panvensits Mathemntios "Tommament recently and
tcuns rom those clsses placed fost and tenth mnong the more

S seventy teanms connpeting i this oanament,



THE MAKING AND USE OF SLIDES FOR T .
TEACHING OF MATHEMNTLIOS

ANate Bell

Soae HELP in the visualization of any pmoblem is necessary if the o
avevage student is to understand the subject presented. “Teachers
of mathematios have aheays used aids to viswalize abstiact rebetion
ships, but thiey have not paid suflicient attention to picturing the
applications of mathematics in life situations and thus furnishing
the link between abstract principles and their function in the en-
vironment of the student. A small percentage of brilliant students

in mathematics classes really enjoy theory unadoined; but the
majority, who are to be the workers of the-would, sk with -
sistence, “What use is it?” They have to be answered, i public
education is to reach its goals. Fven the slowest students expert-
ence sonie ghnimer of understanding wlfen they see pictured the
ways in whiclt foresters, aviators, sailobs, weather hureau ob-
servers, sutvesors, and artisans use principles fenned hnomathe
matics, :

Motion pictures and stides are ideal media for ilustraging in a
vivid, tnderstandable way the practical applications of mathe-
matics. Motion picties have theiv mission in picturing any sit-
uation which juvolves the elenient of continuous change. For
example, locus situations in geometry furnish aricl ficld. In these -
cases nothing can demonstrate the idea as vividly=as a picture in
which the points move, Many students who have failed to get the
slightest conception of locus, because they have not gnough aby
stract imagination to see the points move on theipontroNed jour-
nevs. or hecanse teachers have failed to call to tlk;i_x_‘,,;g;,ehtion the
multitudinous and intensely interesting practical :lpf){it:ltions of
the principles set forth in lTocus problems. have enthisiastically
understood after secing a good expository motion pictute.

On the other hand, when continuous motion is not an essential
factor. material provided in the schoolroom itself. in the commu-
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nity, and in the immediate region will function better than any.
thing else canin helping pupils to realize the connection between
abstract principles and the world awound them, Visual aids of the
sll variety-—models, pictures, pupil-drawn diagrams, and’slides

have an important place in the effective teaching of mathe-
matics, _ . .

Sets of shdes may be developed as a cooperative project in
mathennatics classes. Thivey-five millimeter slides ave desirable be-
cause the expense is small, Students often have cameras suitable
tor this work, or the school may have one as pave of its eqnipiaent.
The vheaper cameras produce some-excellent results when pic
tures can be taken at the proper ranges, bhut for close-up copy
work more expensive equipment is necessary.

It is desirable to have a projector of sufficient strength to per-
it showing pictwres in a room only pardally darkened. This can
he done with a 200wate projector if the screen is set swith its
back to the source of the strongest light. A projector designed for
Lirger slides edn be tsed by huilding aslide holder masked in such
4way as fo thrdw the 35 . slide in proper position for projec-
tion.

The two guestions which alwavs arise ave, “How is it done:”
and "What does it costX” The fivst can be answered casily, The
seeond depends on the wa, and prices have inaeased. Shides
mav be made in black and white or in color. "The fust step in
making a slide in black and white is to take a picture onie 35 mm.
nedative, From this negative apositive fhin can be made by exactly
the same process as that used in the contact pinting, of pictures.
This positive is put in o and bound berween two thin pieces
of alvso Any naruber of copies can he made hrom the one nega-
tive, Abhsoluie cleantiness in developing and printing is essential;
adity or sonnched nozanve ds Lol Becase cach shide is mag
nibied i a o of ar least 900 o 1 the most innocent prece of
tint on the film o olss Tooks Tike tape when the pictuie is pro-
jecred H Bihms ae 1o be commaercially developed, they should he
tihen to some one who cuavantees cean il even thoush the
chuatee s more, Use aosalt camel’s hate biash o cdean the film be-
tore printing positives and to clean the posttives before mounting
it ol Use soft Tinen and cobontettachlonide to clean film,
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Windex or-a similar solution may be used to clean the glass on
which the film is to be mounted.

Negatives should be kept in glazed paper envelopes and, if

positives are not immediately bound in slides, they too should be
stored in these envelopes. Positive film is very sensitive and more
than usual care is necessary when printing it. Red light must not
be used. Exposure to print a positive must be very bricf, much
shorter thay that needed to print pictures, and contact between

the positive and negative with emulsion surfaces together must be
{

perfect. Panatomic-X is a good film for black and white work.
Many recommend a high contrast film for copy work, If a print-
ing box is used, the light must be weak. Cheap printing frames
are entirdy adequate. The binding of slides can be done” by
hand, but a binding machine is a great help. One could cut mats
for the siides, but it would be tedious. Because the mats and glass
can be re-used when the slides are discarded the expense is slight
after the original supply is procured

Making color slides is a mych simpler matter. Kodachrome-A
can be used-for indoor photo flood pictures and with the proper
filter will also do for outdoor pictures, making it possible to shift
from one type of work to the other on the same roll of filim. One
can often take nineteen or twenty exposures on a roll instead of
the guaranteed cighteen. These are put in “Ready Mounts™ at
the processing station. This work is part of the original price of
the film. Color slides can be used in this form, but it is better
pmtu tion to take oft the \}}mdv Mounts” and usc glass.

Copy work can be done in both color and black and white.
Pictures mav be copied from diagrams, photoeraphs, pictures from
magazines, and even from newspapers. The last are not as good,
of course, because of the imperfections in the newspaper. For such
work, auxiliary lenses must be used ang careful measurements
made. Excellent tables for measurements and settings are fur-
nished with the fenses. A good guality of camera must be used
and great care must be exercised in following directions for set.
tinus and distance.

For close up work, a copying stand should be wranged™and
propetly maked for distances and fieldss 4 ground alass being
used in the Gl nack to secare focus, When such a stand s once

O
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caliirated, copy work will go rapidly and be correct all the time.

A homemade copying stand is adequate. The Fastman Kodak ¢

Company publishes two helpful booklets, “Copying” and “Slides

“ncl Iunspnuuws,' which can be scuuvd for 25¢ each. If some
+make of camera is used, its manufacturers will furnish you
Jdonal information if you request, it )

Here are some subjects which have been made into a scrles of

slides: <
(a) THe work of thc United States Weather Bureau, with em-
! phasis on the uses of measurement and of right griangle
trigonometry.
(b) The work of the United States Forest Service in locatmc
forest fires and in fighting them.
(¢) Geometric design as shown in various forms of art: Indian
«basketry and beadwork, textile work, ornamental windows,
. etc. '
(dy Geometric forms illustrated by structures of local interest
and importance: bridges, huildings, dams, etc.

o

[Ny

(¢) ‘The history of the development of the airplane, to be used.

in the new preflight aeronautics courses. (Copy work in
color.)
(fy The history of mathematics, LOUlpllCd by copying pictures
r having original drawings nade by students.
(@) Mcthods of triangulation and the markers used in survey-
ing. {Copies of U. 8. Coast and Geodetic Survey pictures
+and of student diagrams.)

(hy \pph( ation of geometry to problems arising in the con-

struction of tfn\( oulee Dam. \

One great advantage in the use of slides is the amount of stu-
dent-participation possible. - Students can help make the slides,
arrange them, run the projector, and assist in giving the explana-
ttons, and those who are proficient in mechanical drawing and
lettering can prepare plates showing diagrams, formulas, and rec-
ords. of which photographic copics can be made in 35 mm. size.

d Stides can be prepared from these and interspersed in the proper

places in a series of pictures to make clear the applications of
mathematics used. Many students know far more about the actual
photographic work than does the teacher, and liave access to Ssu-
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perior equipment. They can help” plan series of slides and do
“the photographic work.

Any teacher can build a reserve of slide material. Students will
contribute a great deal, but the teacher should participate; just
sccure the minimam cquipment, read the manuals, "question
friendly “photography fiends,” and experiment. To make early
trials'more profitable, a record of the range, focus, and exposure
for cach filin sheuld be kept so that the work can be criticized
and improved. Nothing surpasses experience guided by, reading
and advice from those wiser in the art than the experimenter.
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INEXPENSIVE HOMEMADE SLIDES
FOR DAYLIGHT PROJECTION '

<f Frieda S. Harrell

"SEEING PERCENTAGE PROBLEMMS

I A coar is reduced from $48 to 8§32, what is the rate of discount?
~T'ime after time the pupil's answer, 66 2,39, had to be marked
wrong. Why couldn’t pupils be made to “see” a percentage prob-
lem? In desperation the problem was “drawn’” on the board as

follows: -
( ‘ ,
Net ) P
- (Second) p$32 R=F o (3)
. nce
100% _%]Q -1
(1 Original / - 333 % (5)
glrsf)
rge Discount blo
P
\ J o+
hipiae |

At tast this visualization was used only for tricky problems, but
Liter it became more and more useful for the initiation of the
pereentage concept. Eventually simple slides were tried. An India
ink rectangle was projected directly on 1o the hoard. Scctions of it
were cut off in chalk to illustrate per cents. A fourth of it was
2500 threetifths of it was 6094, A rectangle divided into ten equal
sections was found to save time. Later an eightsection diagram
was tsed to teach per cents equal to fourths and eighths, A six-
section figure was used to show per cents equal to thirds and
sixths, Pupils had then learned the equal parts of 100, They vied

294
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) Figure 2

with one another in “drawing” the per cents we talked about on
the three basic slides shown in Figure 2.

)

« SLipks ARE EAsy TO MAKE

A slide-making program can be siarted with a small package of
cellophane. Cut the cellophane into 3147 x 4" slide mats on which
to draw the diagrams with India ink.! Graph paper, used as guide
lines under the cellophane mat, facilitates drawing and also print-
ing in straight lines. Next, cut some frames with half-inch borders
to fit the mats. Laundry cardboards are good for this purpose;
oaktag is too thin. Glue the mat between two frames, press the
slide under a heavy weight until the glue sets, and try it out. It

e projected in davlight ditectly on to the board. 1f the slide
proves useful, it can be strengthened with a binding of one-inch
glued brown paper available at five.and-ten-cent stores. Figure 3
illustrates simple but complete labeling for rapid sclection. The
operator’s thumbmark at the left-hand side can be casily made
with a woin-down peneil eraser and a stamp pad.

If a slide proves to be of permanent value, it can be enclosed
between two cover glasses and bound.” This binding is narrow
and allows extra space for content. .\ slide holder with an espe-

'Ready cut ceitophane sells for $51.73 4 hundred, with speciat cathon fen tped
slidtes.

T Bindine for 50 Jides costs 15 tents, coner ghisses cost abont two cents each, . G
Reiss, fs PO St Newanr ko N LT he Resstone View Cor Mecdvitle, Pa, and similar
firms carty complete assortments of shde kg marerials
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clally large aperture is good. Erched glass can be used for pencil
drawings, but it is expensive and unsuccesstul for daylight pro-
jection. All glass slides require separately applied labels,

4.1 v e
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It studems are making slides and the cost of cover glass is an
important consideration, a dozen glisses cin be hinged together in
pairs with binding along one side only. Two or three operators,
working together, can slip the mats between the pairs of cover
class, project the slides, and take the mats from between the
slasses before they are needed again, ‘The mats to be projected
for cach report can be numbered in the order of projection and
submitted to the operators. The_gperitors can be placed one on
cach side of the projector apdaine o2 two behind it The projector
e be focused betorefhe speakers begin, 'The projection lamp
cann then be extinguished at the cord switch and the first six mats
can be placed between the pairs of cover glass. Two slides can
be placed i e projector before the first speaker beging and the
thitd operator can pass the succeeding ones in mnnerical order to
the two side operators, “The reporter, whenshe is ready, can say,
UNext slide, please” To signal a pause in projection, he can say,
Thank vou,” and the projection Lamp can be switched off until
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the next slide is called for. If projection is to be very rapid, the
fourth operator can reniove pirojected mats so that .he same few
pairs of cover glass can be used again, Students nickly learn this
operiting procedure..

For beginmers or for young pupils, slides with cardboard franies
may give less trouble. For them, it is wise to cut the cellophane
mats larger than 3147 x 4. Pupils can then fasten these: larger
picces to book pages, drawings, maps, and so on, with smali
paper clips, If they fai. to center the drawing exactly on the cello-
phane, the slide can be centered when it is framed. The edges can
be cut off after the glue sets and before the slide is bound. For
temporary purposcs binding is unmecessary.

A newer slide material is hanarith, clear or teanslucent. The
diagram is drawn on this celluloid-like base, which can be used
without cover. For permanent protection, the slide can be cov-
ered with another picce of clear hmmarith and bound with 14
Scotch tape. Being thin, these slides are easy to operate quickly.
They are unbreakable and scratches which develop with use do
not show durir.g projection.

More elaborate colored pictures can be made on translucent
fumarith or on etched gliss to be shown in a dark room, but
the advantages of davlight projection cannot be overestimated.
Colored India inks or slide inks can be used for small surfaces on
cellophane or for larger surfaces on clear lumarith, These will
show in davlight, even on the boavd. All colors used must be trans-
parent. Slides made from cut-paper sithoucettes are very eftective.
especially for auditminm programs. Fnclose them between luma-
rith covers washed with coloved slide inks. Scveral thicknesses ol
colored cellophane cunalso e used.

Wiirs A St Is Varvamre

Slides are suparior to mimeogtaphed material because  the
students' atrention can be concenivated on one paticular problem
or paragraph ac a time. Wihen one sniall area in the room is
brichtly lichted, attention ¢ be focused theve, Shides prevent
the Lipse i clss Sention which wsuadhv ocans while the teacher
tns o draw a difficalt or acomate diazram on the hoad, Cour
plicated demaonstiation diaotams can be dvawn to scales and then
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traced on slides. Constructions can be corapleted 1 in chalk after the
diagram is projected on (o the board. Board space can, be saved
where many classes or many subjects must be taught in the same
room. Almost any teaching material worth preserving for succes-
sive sections of students or for successive years of teaching justifies
the work of putting it on slides.

CONTENT MATERIAL FOR STUDENTS' SLIDES

Presentation of informational material- by students can be

" motivated if slides are used. The reporter can print or type his

outline on a slide. Unusual or new words-can be listed on another
slide. Both slides can be left in the slide holder and shown several
times during the report. The visual sfimulus. then supplemcnts
the auditory one without the nced of the reporter’s writing.on the
board. Simple illustrations, graphs, maps, or cartoons can be drawn
or traced on cellophane. Tracing paper can be used first when
material is being copied from valuable books. For this work
teacher and students can collect and preserve slide-size material
from anagazines and newspapers. Students will make these smLplc
black and white diagrams by the dozen; the difficult thsk.4s to
cncourage them to make fewer but better ones. Small irregularities
can be erased with dampened cotton twisted over a stick pointed
in the pencil sharpener. However, even a rough illustration fre-
quently drives home a point. A student who has little artistic abil-
ity need not be held to a standard toc high for him. Anditorium
slides, since magnification is high, must be carefully made. These
stides ravely fail to supply the inarticulate student with plenty to
save Historical topics take on new interest if the reporter uses
handmade slides. He can make simple pictures of Greek, Hindu,
or Chinese muomnerals. He can show clocks for a report on the history
of thune, He can explain Roman addition, adding chalked an-
sweis to projected examples. A blank form, projected. can quickly
be nanstormed into a magic square or circle if the iavestigator
adds chalked numbers. Anv slide which can be completed quickly
in chalk is popularwith the audience, Mathematical riddles mean
more if the audicnce can study them fromea slide. Mathematical
tricks and puzzles can often be explained move casily from stides

“than by other means,
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Stines FOR DRrRILL WORK

Slides are particularly uscful for drill work, for summaries, or
for short, rapid reviews of facts. For example, lines, angles, tri-
ngles, flat figures, and parts of circles can be quickly illustrated,
cach on a separate slide and each in several positions. The students
can number their papers, and as each slide is “projected and its
~ number called, they can name the figure beside its number on
. their papers, The slides can then be reprojected in the original

order as the stiidents correct and discuss their errors in recognition

andd-spelling.
Slides can supplant such traditional mmeographeds testing ma-
terial as true-false or (()Hl[)l(‘ll()n (\CI(I.\L.\:

Progjecreb Graru “PAPER”

Projected graph “paper™ has several advantages over the familiar
Ssquares painied onoone section of the blackboard. Board space is
released Tor other work when graphs are not in use. Several types
and sives of square can be employed in the same lesson. Widely
differing vatues of a variable can be shown in the same amount of
space. Bright vellow chalk on projected black squares is more
readily visible than any other color of chalk on painted squares.
Fhe slides can be made over graph paper by hand. With a fine
pen, the hovizontal lire s can be diawn on one side of the cello-
phane and the vertical lines on the othed This method allows
sl erasures. Carling of the cellophane does not affect the pro-
joection

S1HIDES FOR AUDITORIUM PROGRAMS

Shedesare usetud tor auditotiam prociams,. The announcer can
anve plee tooa series of tped shides. Speakers’ names are more
sehicafrvead baon shidess asepanate temporary slide for each.

Uniisual wondss cach on g temporany shide, can be projected for a

sl
few seconds as thov ne ised by speakerss Maps can be projected
Ay prce natees e nicntioncds The back wall of the stage can be
et b o scteon e the sy of perbonmers, A sialdl sareen can

setcn o able ad sindes o b piodedred hhen i _cousenient”
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PERMANENT SUIDES FOR A UNiT oF TEACHING

When a unit must be taught year after year, time can be saved
by developing it completely on permanent slides, It can be kept
up-to-date by the addition of a few slides cach year. The topic
on percentage, mentioned at the beginning of this article; was so
treated.

After practice on the three basic slides,™ xt secmed ddwsable to
use the diagram for ahnost all problems, Tt \was particularly use-
ful to show distinctions like 259 of a number, 255, more than a
wmber, and 237 less than a number, Later, demonstration prob-
lems were tvped or printed in India ink on the same shide as the
appropriately sectioned diagram, as shown in Figure 4.

-t

- |
T |
c£0 1t yoyr class won 30 games ' .
. 51 g l &
120 oot of 36, what per cont l :
it the games picyed did L |
Pl hey win ? '9
g - >
2. = {2}
g . b
i g -
e S }
e ]

Corpleton of these pnoblams on the hoard aesolved them into
fve thinking steps” cnumbered in Figure Dy Inters and inera-
cLiss colitosts were o sanized, cach student calling on another from
Phe appeosine teans and cach completme one of the thinking steps
tor . poimt Much e concentiared avention can be secured if
cnly e ;.m Blorg s v b’ i o i,

Pater e Losanded vnsccttoned roctanzies on their own papers

cele s vead mobions b then exardses, touzhly estimatimg

whoee e Do Eac swoondd Ladi o imstances they wouid Ho-
v ot e T T posiiions wil tiny marks, T hen a 39 ‘o
a0 bl o thie S0 T mak, while w3600 Tine
SEh T ey o e 20T ek,
Wiono o b s racentie was tanght, the whole dingam

Socbone e oo b wdso wath the quaniity that repres
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. _. .
sented 10077, the base, as in Figuie 5. Students weie now trained
to locate a line reprosenting P, 8120 our of S15, 10 games ot of
[5 wames, 16 points out of 20 points. Many shaple second-case
problems conld be swered inmediately from the diagram.

Sample diagrams and solutions lollow:

John stnred his flock of pigeons with 16 birds. Now he has

S2570 more. How many pigeons has he nows (See Fige )
100 % L Orgival
) fyinal l
16 pigeuns | | .nount
g [T ‘
] i
! ,_/'__ '
T3 ’"‘}’-}?5‘7’0
| 3
; f .
H (] '
SR -
! ! :
§ 1
i |
. — e . ‘.
V- \ ,/I
P -8R
=164 1
< &b prgeons
o

I vou solve 1Y }mnl)h nis ot ol 700 whoat o Cont ool o jrob

lems dovow have nghty e b 6

NMany other slides can be used to avoid monotony, A rectangle
contaming twelve squares curepresentadozen otanges. A sixteen-
A circle divided into sec-
A hundiedsection square is
sections in four

sqinie dibenrann o eprosent i pond,

tors canorepresent s hogoolate ke

wseful A parallclozron Gm be divided inro 504

different wavs,
These vectzuban sraphs i be usad o visualize pereentage

Thovecver . Sidos wive chass thme to such an extent

todchier shoo ke

withonrt shides,

that the thiem 1 ampei (-lmgu'n\.uwl for thie

work nvohved,

O
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100 % J
20 problems

B

)

3

Richt L\Q problems
ic b

Pricy List ror

Caver ghus

Clear
Ewched

Binding

Glued black paper for 50 slides

St.ipe MAKING MATERIALS

. .32
........ $1.35

$ .15

147 Scotch tape for 86 slides ., .. PR N ¢ 1
Cellophane slide mas
Plain ready cut celophune with cubon oo o000 0000 $1.75
“Radio™ nuts (cellophane mat folded inside carbon and
maskedy oo oo $1.50
Luniarith shide mats, etched and masked . L. S6.00
Sheers of fumarith
PRI (TP
Gl $ 6n
Fohed o .8 X

Yearbook
per doz.
per doz, e

per package
per roll

per 100

for 50

per 100

eitth
eiach
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\\{ "~
207 8 B0
. .;‘\\'\ )
Clear .‘”‘\ ....................... e coees $2.00 each
Ftched o i i i e e $2.50 each

257 x 40

Clear only; 0107 thickness.

Orders of 200 sheets or more are accepted by the Cel-

luloid Corporation, 290 Ferry 8t., Newark, N. J,, at $.442

per sheet, (Add 2595 to this price for smaller quantities. .
Orders amounting to less than $10 not accepted.)

Separate slidevmasks ..o oo a o voo. $1.00 per 100
SHAe v ons L i i e e $ .90 for 7 colors
Slde INKS . . fv et e e $2.25 for 7 colors
Shide ink sohvent ..o i e e $ 30 per can

Ordinary colored wiiting inks ot India inks may also be used if they are transparent.

O
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- A LANTERN-SLIDE PROJECTOR AS
A CONSTRUCTION PROJECT

Gordon Macleod Taylor

[}

THE AVERAGE classroom teacher has no time to go to distant parts
of the school building to obtain cquipment. For that reason, un-

+
" a,

less a slide projector is ‘jrovided for each classroom, ready for use
whenever it is needed # is the pencil sharpener, the chances are
that very little use will be made of slides as a teaching aid.

&y

Ligore 1 The Projedton

-

Obviowsly the cost of the lanterns precludes the possibility of
obtaining a Lavge munuber of machines. 1, on the other hand, a
reasonably satisfiactory device could he produced at a nominal
cost, there wonld he Hide need Tor any teacher to be deprived of
such a ool

Po et thoe tequirements, this anlic le deseribes a projector
csee Frone Ty which can readdily be built by o junior or senior
Hich ~chool student The materials vequited have been confined
s thone 1eadile obrainable in oy community, while the design
hos been siplified in order to avoid complicated measuranents
aned the wse of anv oscept the most comnpton, tools, As an educa-
tienal wtivity done, the constingtion of such a device would

301
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casily justily the expendituie of the ess than five dollars which
will provide all needed materials,

This projection Lantern will givea casonably sutisfactory results
in a sani-dak room. In a totally dark place the pictures will be
surprisingly clear and brilliant, The machine is planned to be
used with cither opaque or transluscent %ereens and, by the sub-
stitution of suitable avachments, various types of films as well as
slides can be shown, The design s such that no extra carrying casc
is needed when the machine is not in use, as the lens mount can
be pushed in far enough to close the operiating openings in the
sides of the body and leave the focus chamber available for the

storage of slides and attaichments, N
. Materials Apprex. Gost
I picee 3.7 plywood, 367 x 217 65¢
I picce 177 plywood, 487~ 21 65¢
I picce €7 white pine, 107 x 87 104
500 v brads 10¢ 2 gross
50 347 brads 104 a gross
18 1.7 #4 round head blued strews . 35¢ a gross
2 31” #£8 yound head blued screws ¢
oo carn, e least 107 in dtcamference
I tin can. rownd, galion size
I Har base kesless porcelain socket 104
boyards Luap cord (preferably heasy duty rubber covered oy
Ger lengrh vou need) 10¢
Jdocord plll"_; cap {rubber bods Ly pu ])H'ft'!l‘u]) 10¢
I indoor floodiiche huth, 150 warr, type R 10 95¢
Poreading glass 220 b Toam dime stone) 25¢

(N good quatay 2 d o e SETS will pve niieh better
Teshs)

7 R 4
Phe dolaowing may be o Wb o sl

| (\\'npiW})pli:mu' cord canmectar 204
I fegdfhrn applisnee cord swinch Oh5¢
P A Lt on diawar patl of the handle ivpe )¢
-
YAnoh tvpe, felenpre d fe 20¢
3
FETITI

Yardstick or tuler

Try square or v s
Pencil

Crossc it saw

Ripatw

O
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Loping saw frame and blade . " ’

Brace and 34~ bit \ ’ '

Expansion bit, 74” to 3” (Note: If ‘the lens to be used is over 314” in diame:
ter, this bit will not be needed, as the hole in the lens holder board will
have -to be cut with_the coping saw.)

Hand drill ' \'

14” Twist drill (Note: An 8 d. nail with the head cut off will serve as such a

drill, and if no hand drill is available, may be used in the brace.)

Plane ’

Hammer

Screw driver

Penknife

14” Sheet metal punch or 8 d. nail cut off flat

~
T,

- Can opener

Tin snips

# V4 Medium sandpaper -
[ Paint brush

Black enamel

Liquid glue

PREPARATION OF THE PARTS

<
LS

Step 1. From 34" plywood, ‘cut the following pieces:
1 piece 3314~ x 10”7  Basc of Machine

2 " 9147 x 814" Lamphouse Ends
1 854" x 774" Lens Holder Board
L4
Lamphouse | Lamphouse | Lens Holder \
?;" PEnd ?{,\.‘,"?End ;, Board \
9’ 91" 8% N\ et A

5 Bose of Machine

334"

L W\

Figure 2. Parts to Be Cut from 34” Plywood

Figure 2 suggests a lavout which will allow all pieces to be cut

from the smallest standard-size panel. Use the crosscut saw and
T -

7
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start by making “Cut A.” Instead of marking out the whole board,
measure and mark the line for cach cut after you have made the

previous cut. When sawing, keep the saw blade on the outside of
- the line so that the saw cut will not take away from the size of the

picce you are preparing. y
Step 2. Mark off one of the Lamphouse Fnds as shown in
Figure 3. Usc a 35" bit in the brace to drill a hole as shown. Insert

N
&
— 2% 2%
Hafu T
e atar? sew
5
a
4

Friore 3 Denal of Pront Lamphouse Faod

the coping saw blade through this hole and attach 1t to uts frame.
Saw out the 314" x 4” hole as marked out, "T'his piece with the
hole in its center will be the Front Lamphouse End,

Step 3. Draw diagonal lines from corner to corner of the Tens
Holder Board. Adjust the expansion bit to drill a hole 147 smaller
in diameter than the diameter of the lens vou are going to use in
your projector. Lay the plywood upon a picce of scrap lumber an
inch or more thick. Placing the point of the bit on the spot where
the diagonal lines cross, drill completely through the plvwood. As
the center of the bit will go through before the extension cutter, it

-will be necessary to hold the plywood to the serap lumber at all

E

times in order to have the large hole cut clean.
Step £ From 147 plywood. cut the following pieces svee Fig, 4o

I picce 337 x u3y” Top of Machine

2 177 x 7147 Lamphouse Sides

2 Iy x 8147 Focus Chamber Sides

2 Sox 4y Lens Mount Sides

2 RNt Lens Monnt Top and Borton
! 87 x A4 Shde Holder Back

g A Shide Holder Tatches

O
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Side
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b

N

A

Top of Machine

e

Lens Mount ;\Lens MounT |n Lens Mowst {4 Lens MeunT
. Top + BeMom & Sde £ Swe
8% 8 Vs ' 8V 88"
-

- Lamphouse Side 4 Lamphousa Side
& ~

1 )

(b [

[\

\

Smalt wnnamed paces a2 Shide Holder Lalches %X LA

Fiamre 4 Parrs (o Be Gut from 13 Phosodd

Steh 5. Usine the brace, 357 bito and coping saw as in St\q) 2,
cur the 57ox 2 hole in the stide Holder Back, as shown in

Péiorie 0.

" Ll(s"'#\"\.!"" ro2%
: Lo -3
i = )
. A - R
Ao -oj
T c—
I A ATH I N AL S TR Ruk
. . . - . LN
N et Sowe ond o b shdl o hole in eache Slide
P ot s shown o Frziae 6,
e - *l
1 PSS
_ . s
H L (;' } l ‘g oe
. @« " Lo :
. . . »{
i i 1 R E .
A Y ST P T Tt o ke banst el make the six
o g g D anshionse Shios as shown o Frome 7 fon
Nt
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HHete -“;T" o] Wele
I
ol |
o |
1 I I
Hele ——*b; :u-iblc
e ! l
&<t !
J |
Hele A: l"-Hn!e
{ ]
% b 7

Figure 7. Detail of Right Lamphouse Side

Step 8. From 34" white pine, cut the following picces:

1 piece 8” x 27 scant x 34” Upper Slide Holder Guide
1 7 814 x 2 scant x 34” lower Slide Holder Guide
1" 854" X 34" X 34” I.ens Mount-Iandle

2 " 87 x Bg” X 14" Slide Guides (see note)

2 8” % 14" x Y%e” Slide Guide Strips (see note),

Note: 1f a power saw or ;'.nhholin_q plane is available, the Slide Guides and their
Strips may be made as single picces 87 x 0167 x 137 with a 177 < 37167 wabbet,
Figure 10 indicuies the position of the 1abbet.

In cutting these picces, use the cross-cut saw when cutting across
the grain and the tipsaw when catting with the grain. To have the
picces exactly the right size, it would be well, when nsing the vip:
saw, to cut the picces somewhat large and then plane them to size.

Ste 9. Remove both ends of the small tin can, With the siips
cut the curved part of the can along the seant and flatten out the
resulting sheet of metal. Mark and cur out the two Slide Holder
Guide Plates, using the patterns shown in Fizue X,

I‘{ N Newmd dewen Qo

Opmi finem 20" o
Rttt A 0
.

o -U'Ffer Plare

Lenwpr late
. -

LS /——‘ - - -'\
- I . o aQ
b o
R4 8_2' 1d
i BT FETIT TR S SUE YR I FEPET IR SFUURERFI SEENANEN

Plece the placs o picce of sorg lenber and ke thie ey

coatod hedes b oandine e Strect e ol

Cinch ootz taem

O
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Turn the plates upside down and lightly tap the metal around
the holes to flatten the burred edges.

Now lay the Upper Slide Holder Guide Plate on the 814 long
Lower Slide Holder Guide made in Step 8. Put it in such a posi-
tion that the 34" wide portions of the plate project beyond the
ends of the wooden guide. Bend these metal tabs down at right
angles to the main part of the plate.

Step 10. ¥rom the remaining sheet metal, cut four pieces 34
x 14”. Punch a holc in each’ 14” from the end. These pieces are
the Lens Clips which will be used to clamp the lens to the Lens
Holder Board.

Step 11. Remove one end of the gallon can and smooth the edges
so that there are no sharp parts to cut the hands. This can is to

\ form the Heat Baflie which keeps the hot rays of the bulb from
" reaching the casing of the projector.

Mark a 314” x 4” rectangle in the center of the bottom of the
can. Pierce the blade of a strong penknife through the metal in-
side of the rectangle. By pulling the blade nearly out of the hole
and then pushing it down again while the cutting edge is heing
pressed against the metal, the rectangle may gradually be cu. out.
'Lhe cdges of the metal will be bent inward, but they can easily be
straightened out by placing the can upside down over a piece of
wood long enough to reach up into the can and press against the
inside of the bottom while the outside is lightly tapped with a
hammer. While the can is in this position, punch, the two screw
holes shown in Figure 9, tapoing the edges smooth afterward.

- g ter l(p: nds

*n ean br--\J veed

Fivare 90 Deraai of Heet Balfle Fod

Stej 120 With o picce of sandpaper folded over a block of wood,
smooth the odo s ot all the picces of wood you have prepared.
de careful that vou do not tound the cdues; merely smooth them,
leaving their cpners sauare,

Paint b sideseand edaes of the wooden parts, Fxcept for the
et Bafites the myetal i).nl.\ should aha be painted. Altow them
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to dry comipletely. If necessary for a good ﬁmah a second coat of
paint may be applied.

ASSEMBLING THE PARTS

Step 13. The Slide Holder. Spread a thin coat of glue along one
46" wide side of the Slide Guide Strip (from Step 8). Place the
glued side down on the 14” wide side of one of the Slide Guides
in such a position that one edge of the narrow stick is along the
edge of the wide one. Be sure the ends are even; then nail down
with four 14” brids. In a similar manner, assemble the. other
Slide Guide Strip and Slide Guide. (See Fig. 10.)

$lide &
.,d: A, e ]
Yids Gmde o)
. m.' —

Slhide Holder
- Bacly -»

g r - 2]

Figuie 10, The Slide Holder

Now apply glue to the % 4" wide side of the Slide Guides and
place them along the edges of the Slide IIoIdcmrJhck (from Step
5). Secure cach by driving four 14”-brads throligh the back into
the guide. This completes the Slide Holder.

Stefr 14. The Lamphouse Front Assemily. Apply glue to the 27

Wper Slule Ralder @ude -t - j

= Shise Holdev Latirey "

Melai Slae rl.uno.,d,*{ D N
Mw"

le— Front Lan\r)\ouhc Eng #

t
!
—_— e —— . !
. Metal Side Hotder Guedet—H T s e N Loe
Mot~ Lo wey ] b . ‘l
d Lower 51.4s Neldew Grigd ]

Foavie B Liee Toonphonse Front Asombiy
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sides ot the Slide Holder Guides (from Step 8). Lay each with its
edge along one of the 9147 edges of the Lamphouse Front (from
Step 2) and equaMy distant from the ends. (See Figure 11.) Tn this
position, the Slide Holder (from Step 13) should slip freely but
not loosely between them. Leave the holder in this position while
completing Step 14, Secure the Slide Holder Guides in position
by driving feur 34” brads through the Lamphouse End into each
of them.

Place the Lower Slide Holder Guide Plate (from Step 9) upon
the Lower (8147) Slide Holder Guide with the ends of the plate -
and the guide even. The ypper edge of the plate must extend 147
beyond the guide to form a lip to hold the Slide Holder in place.
(See Figure 11.) Fasten the plate in position withahree 147 screws.

Fit one of the Slide Holder Latches (from Step 6) to the end of
the Upper (8”) Slide Holder Guide. The hole should be in the
end of the latch nearest the Slide Holder. Adjust the latch so it
extends 157 below the edge on the Slide Holder Guide. 'n this
position, when the assembly is complete the latch will prevent the
removal of the'Slide Holder, With the latch thus placed, drive a
37 brad throngh the hole in the latch, keeping the brad as far
awav from the Slide Holder as the hole will permit. Pound in the
brad until its head is level with the fatch. Now the latch can be
stipped up until it clems the edae of the Slide Holder, which may
then be pulled endwise from its position between the guides, or
the latch mav be slipped down until it overlaps the end of the
Shide Holder by 147 The Upper Slide Holder Guide Plate will
hold the Lateh 1o the end of the guide in the completed assembly.
Fit the other Luch 1o the opposite end of the Upper Slide Holder
Guide in the manner just deseribed.

With both latches in plice over their brads, lav the Upper Slide
Holder Guide Plae upon the Upper Stide Holder Guide as was
done with the lower guide and plate. The lower edges of the
bent tabs of the plae should be even with the bottom of the guide,
thus allowing a lip of the plue to project downward 147 to hold
the Shide Hoider in plice, as was the case with the plate on the
fower guide. Test to be sure the position of the plate is such as to
allow the Shide Holder ¢ be withdrawn endwise when the latch
ts raised, bhut to hold it its moper place when the lateh is down.
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H necessaav, the plates may be bent slightly to make the holder
move more freelvo When sure that the parts me in plice, seoure
tie plae by means ol 1.7 evews,

Now turin tiie assemblv suide side down o the workbench,
Place the Heat Batlle! (hory Step T bottom to Lamphouse End,
center the hole over the ()i;cfning in the plywood, and fasten it in
place with two 1,7 serews,

Step 130T he Lamphowse Rear doembly, Draos diagonal hines
from corner to corner of the Rear Lamphouse Fnd (from Step 1),
Using "7 serews, Lsten the poeelain socket to the plywood, The
dingonals witl make it possible to aet the center of the socket in
the exact center of the phvwood,

Cuta 9 length from the Lamp cord.® Separate the two wiies 1t
contains for a distance of 27 from one end, Serape the insulation
from 1,7 of the end of cacl of these wires, Screw cach down tightly
under one of the terminals of the socket. "Fie the cord ina knot as
close to the sncket as is convenient, and with a piece of string
through the Knot, tie the lamp cond to one of the screws that holds
the socket to the board in such amanner thatany pull on the kunp
cord will not pull the wires from under the socket terminal screws,

Separate the wives in the other end of the 9 cord for a distance
of 157 and scrape the insulation from 137 of thee ends, Take
apart the half of the Apphance Cord Connector which has the

Iy

projecting bhades: You will ind a termimad screw on the mner end
of cach biade, Attach one of the harved ends of the wires to cach

terminad, and then put the connearor together auain. Be caetul

that notre of the Btie strands o one o the wites s able to aget o

hare meta connecred to the ariier wire,
Make apthe feins Tnspeond by conmectma the other halt of the

.'\!'i‘h-“"‘ cOond Comos ton torome od s crds ared the Plus (:.l}‘ ta

}

the othior cneds Mok thcc conmecirens ws von Jdad the Bt ol thie

B N S

Cortceses

" NS TR PR i
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Scrape.the insulation from 147 of these cut ends. Open the Feed-
through Cord Switch, Connect the two bared wire ends to the
tevinals in the switch and lay the uncut wire in the chann pro-
vided to carry it thiough the switch, Reassemble the switch.

Step Lo, The Lamphouse. "The lamp cord leaves the socket on
the Tower side of the Lamphouse Rear Assembly. Apply ghie along
this 9117 edge of the plywood. By means of four 347 brads diiven
through the base of the machine (from Step 1) attach the Lamp:
house Rear Assembly to the base, placing it so that the base ex-
tends 127 behind iv and 307 on cach side of it. Obviously the
socket is on the side which will he inside the lamphouse.

»

et = T JU ';' e e T e ————— et |
.l R TETTT l'
. ' ik
Y i 1
proa PN 1 Cm i g
Y% Rear View % \QL' Side Yiew Focus Chamber not yet built

elled lines shaw 3echet amd heut baHle 1n lo-rhm‘e

Ligiie 12 "Fhe Lamphouse

Laciney the e of the lamphouse, apply glue to within about
an ind ot the top and bhottony of the left edge of the Rear Lamp-
honse Bl By dosing 537 brads tlvough the Telt Lamphouse
Side (the one without holes) fasten it to the glued edge of the
Famphouse Tod, Te should be placed so that there will be a 347
sprtce hetween i Tower edue and the Base of the Machine.

Apply ciue to the hottom and el cdues of the Lamphouse Front
Ascishhv o o simibar manner. Renember the Slide Holder
Fatchies e at the top ol the assembhy ‘and the Hear Baflie extends
Lack i the Lanpliomse. Duive buads dnongh the front end of the
Lett side tonel to secare the Tront asseimbly in place, Be sure that
the fromt cdae of the side pancl does not project beyond the ply-
vl s bne of the front assembly or wowill interfere with the
vereon ot ob thie Sthide Haolder,

B e s ol sin 1L screws fasten the Right Lamphouse Side in
alace oo tespoted o the Tobe side whiclo s glued and natled on.
Fhe viskt sde s attached with sorows to permid iy temos al for the

s ety b e by bty
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With both sides in place, the front is now held in true position
and iy be fastened to the base by means of four 347 brads driven
up into it. Like the rear of the lamphouse, it is 34" from the sides
of the base.

Apply glue to the tops of the lamphouse ends and secure the
Top of Machine (from Step 4) in place by means of eight 84”
brads. "Il rear of the top is even with the rear of the lamphouse
end, but its sides extend 147 beyond the sides of the ends. The
847 spaces below and the 157 spaces above the side pancls are to
provide ventilation for the buib.

Stepr 17, The Lens Mount. Apply glue to both ends of the Lens
Mount Bottom (hiem Step 4) . By driving three 337 brads through
cach of their ends attach the 1 ens Mount Sides to the glued edges
of the bottom to stnt forming a boxlike assembly. Since the sides
are widev than the bottonr, one of their edges will extend beyond
the edge of the bottom, but the other edges of all three should be
even. This side of the assembly will be the front of the finished
[.ens Mount, (See iz 13)

Sides extens A-..-..!.I..--
N L Yo" farther | o
RN 4 bock thaw x
H ‘ tep —— n
L E ! “P o
A . y3 -~ et
5 ! 5
% \<\< { . i
Lo i SR B
. 7/ -
. A\ | &
| B N ! ¥
Vd N : [ \
| N i " .
v N i Rege X
i ! ‘11 ""_';.ae Vg -
Rew V.ew Kande

’-,'u!l( [ Pl Tonee Meonanat

Apph piue to the hottonm 57 ) edpge and the rwvo side edees
ol the Fens Mount Boand ihrom .\I('i) S Place 1t in the box
alveads proparedsm such o mmanney thae s subace withouat diag
onal hine neakinas s tvo indhes from the even front edae of the

Boss Seome o place with sixo =37 brads,
Apph aloe o e upper edee of the Fens Monnt Boad and o
the rva cinds ol the Toens NMount l"l" (;n!llpl(‘{( thie boshibe

mount b qeran the topan phae 1o cortespend 1o the bhottom,
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Apply giue to both ends and one ol the sides of the Lens Mount
tHundle (From Step & Place it in the mount along the front bot- 7
tom edge and secure it in position by means of 7 brads throughy
the sides and bottom ot thé mount. '

Place the mount Hront down on the workbench, Remove the
reading glass lens from s trame, Fas the Tens on the Lens Mount
Board. Center 1t over the hole and, usimyg the four Lens Clips
(from Step 10: claomp it place. The chips should be bent so
that when the 157 screws through than are ught, there will be
pressure enough to keep the Tens trom rattling, but not enough to
crack it /

Step 18, The Focus Chamber, Apply glue to the long edges of
the Focus Chamber Sides | (hom Step 4 and place them between
the top and bottom ot the machine, Their outer sides should be
cven with the edges of the wop ot the machine, but 1.3 in from
the edge ot the sides of the base. Their front edges set 14’ in from
the front edge of thetop of the machine and 33 in from the front
of the base. Secanre them in place by means ot twelve brads through
the top and base. ' heir position shouid be such that the lens
mount may freely, even loosels, move within the chambery.

Step 190 Miscelluneows. Remove the lamphouse side and put in
the balb, Attach the canving handle to the top of the machine in
sitch e posttion that s sarews go down mto the upper slide holder
sundes Sarew the feet to the four cornes of the base, and the
ncaine s ready for use.

OVERATING THE PROJFCTOR

Fhe macione s operated i the uswal nmanner. Any smooth.

Bl cotored suntace e be used as o projection screen. The

Aatker Ure toom aand thie staailer the imeee on the screen, the

. |

sugtner the propection wnt b Tire size ol the image at any given
Atinee il dopend vpen the donse A 2 dhameter dimesstore
rendinegiass Boosowith o tocad fenurh of ahont s gives 4 picture
foor wade whon the anachine s abeut mine tfeer from the

1; i

coreons g osadkesn s nse the imachine o paojection through a

three
gl I sete et warhy ol apc e oL s o o ohned the soreent.
coccond sl Tens ey be clemed ooorhe Bent of the lens

srpenigit teeardb b tic rosninie s s e it sl b abhoart three feet
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wide, although, because of the type of lens, its shape will be some-
what “pincushioned.” .

Because the projector is built without expensive condenser
lenses, the screen illumination is not even over the entire surface.
i lowever, the dimming-out at the corners is not too objectionable
with photographic slides, while it is practically absent when
ground glass or frosted lumarith is used for homemade slides.
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THE GEOMETRY TEACHER FXPERIMENTS
WITH MOTION PICTURES

Rachel P. Keniston and Jean Tully

THREE YEARS AGO, Professor Eby of the College ot the Pacific in
Stockton, California, developed a course in visual aids for the pur-
pose of inspiring classroom teachers to experiment with them and
to use them in practical ways. The writers enrolled in this course
which was composed mainly of teachers. The group were enthusi-
astic to find the variety of visual aids that could be inexpensively
made for all types of classes from the primary grades to college
level. Much of the titae was spent in considering individual prob-
lems; consequently, members of the class were free to concentrate
on their own projects.

After considering various projects applicable to mathematics,
such as slides for projection of special problems or tests and the
still filmstrip, we decided to make a geometric moving picture

. as our project, although neither of us knew anythingabout taking

pictures or developing them. In this article we shall relate our ex.
periences in making two films,

We chose as our first subject “Locus in Planc Geometry” because
the subject matter seemed particularly fitted for motion pictures.
Our second subject was “Concurrency in Triangles.”

The locus filin begins with six locus theorems, usually considered
fundamental. Fach of these we showed first as geometrically con-
structed, and followed by applications taken for the most part from
some life situation and presented hv means of an animated car
toon. Then. to give a glimpse of mote complicated aspects of locus.
we pictured some compound loci, the cycloid, and the conic sec-
tions. Thus the filnvis one that can be used with success in a class
after their initial woik, serving to humanize and clarify the sub.
ject, to present a unique review, and to give the students a desire
to know more about the topic.

The ilm on concunency developad the fown cases of the con
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currency of lines in all types of triangles. Questions dcaling with
the position of the point of concurrency were presented for the
student to consider and were intended to lcad him to definite con-
clusions concerning concurrency and the influence upon it of the
type of triangle and lines involved.

‘These pictures were taken entirely indoors ffom drawings made
on paper 20” x 27”. The drawings were attached to a drawing
board of about the same size, which in turn rested on a table that
was set in a groove in the floor to prevent change of position.
Stand lights may be used, but we used a rectangular frame of
photoflood lights around the edge of the table and controlled it
by a foot trip. If stand lights with four number ° photofloods
are uscd, they can be placed farther away from the board.

The camera was held in place by a frame attached to the wal]
in such a way that the camnera was directly above the drawing.
Professor Cox at Oregon State College had originally suggested
building such a stand out of an clectric drill press, thus making
the camera highly adjustable, yet rigid with respect to the draw-
ing board. '

When we were shooting titles, the camern was placed four feet
from the boad. Figare 1 shows a title used in this picture. "The
lines of the lcttering should be about 3/16” in width. The title
shown measures about 7 x 13, and, when projected, fills the same
space~ts the diagrains.

For shooting diagrams, the camea was placed six feet from
the drawings. Thus laiger drawings could be used and lines on
them could be thick enough to project welll Main lines on draw-
mgs were about 117 wide.

Various devices were used to make the animation and explain
the continuitv, Titles and running comments were printed as
tustrated in Figure 1 We used black dirawine ink on white diaw-
ing paper. having discovered after experimenting that white papel
gave hetre rvml‘r{"th:m vellow. Four both cavtoon and construction
work, the basic Hines of each setting werve drawn fivse, and the
parts that moved were added against this bhackaround,

Ficure 2 shows the cattoon used 1o accompany the locus de-
scribed in the title in Figure 1. Here the hotse and SCCnery were
first draowir on paper. We nned a brush, thus Trining a better eftoct

O
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s A NS AW D AT
|l LADDED WMDY T LADDIR* -

1 SUDS, WUAT LOUS IS MADE

Il BY WIS TOE AS THE LADDER

;I TALLS TO THE GROUND?

Figure 1

with suggested lines than we could have done by attempting an
accurate drawing. ‘The man and the ladder wers made on sepa-
rate pieces of paper. To obtain the motion of the ladder’s falling
to the ground, the ladder was moved about an eighth of an inch
at a time, and about two frames were snapped for each position.
The dots were pasted along the locus as the path wasanade. Then a
compass was used to trace the arc in order to point out the locus
theoren involved. .

There were, we found, many pitfalls in working with anima-

Figure 2
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tion. For eximuple, we wished to illustvate the simple arele locus
by showing the boutdary of the atea over which a cow muy graze
it tied by aope to a stake. Having painted the background, we
discovered that it was fmpossible to move a toy cow around the
tocus. as planned. for the camera from above would shiow the back
of the cow as inan airplane view, and this would not coordinate
with the angle at which the scenery was drawn, "This problem was
solved by making several cardboard models of a cow aud laying
them Hat on the-drawing in many of the progressive positions that
she would take ou her trip around the stake. Then, as the locus
was traced by means of successively added dots, one of these
cows was alwavs present. ‘The final cffect was quite satislucory,
exeept for the slight leaps of the cow due to the too great distance
Letween the positions of the models.

Another ihiestration of this cirdle locus was unsuccesstul. We
cvied to show the locus made by the tip of the hour hand of a
clovk, We wsed an alarm clock placed ona picce of drawinyg paper.
We snapped two frames, moved the hawd an eighth of an inch,
snapped two more frames, and repeated the process until the hand
had moved completely around the dial. It took a long time to make
the picture, Unfortunately, it was humanly impossibic 10 set o
clock in exactly the same spot cach time the hands were moved; as
a result the picture showea a very lively dancing clock, with the
hour hand breaking all speed records on its journey around the
dial. It was an excellent ittustration of the way not to show ani-
mation.

Our applications of focus were not always outside the field of
geometiy. For example, 1o illustiate the theorem The locus of
points equidistant [rom two points iy the fierpendicular bisector
of the secment joining them, we used two purely geometric set:
tings. namely the locus of the vertices of isosceles triangles on the
same Base and the perpendicntar biseetor of the chord of a civde,
[n the Bnst. black and winte cudboard tniangles of various alu-
tides were moved 2vaduadisy anto the ;)i‘tmv ComIng to rest on
the common hase which had been previouslv o drawn on paper,
In the second, vulers were wsed o tocate the points equidistant
from the ends of the chord and dots were made with adie to show
the locations. We foliowed the nanmal wav o consider 2 locus, by

O
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locating several points to satisfy the condition and then drawing
the locus, which was shown by the motion of the point.

We included in our illustrations touches we hoped the student
would find humorous. For example, toillustrate the locus of
points midway between two parallel lines," we showed a fly wan-
dering around a room and finally taking a direct path across the
wall. The fly, the flit gun which ended his life, when it stealthily
appeared in the corner of the picture, and the footprints he
left—incidentally recording th~ locus—weie cut \f;rom paper and
applied to the drawing. Here again, a sufficient number of frames
were taken of each position to make the final motion \slow enough
to follow. N

In making purely geometric applications and in showing con-
structions, particularly in the film on concur.ency, more mechan-
ical devices were needed. Figure 3 shows some of the objects used.

\

Figure 3

The compass was a mictal one. "The stamp was our most frequently
uscd implement, beaause it made a dot one-fourth inch in diam-
cter and all construction lires were shown by a succession of such
points added manually. All other aracles, such as the nrotractor,
rulers, and triangles, ware made of cardboand and marked with
black k. The protiactor and the tulers were used to show meas.
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urements and to give vatiety to the pictures. "1 he antows were very
convenient to point out things to be particularly noticed.

Figure 4

Figure 4 shows a simple construction as it is just heing com-
pleted. The way a compass can be used is especially interesting.
T'he poinc of the compass was removed, and the compass screwed
over a common pin which was driven into the board at the center
of the cirde, "The pin allowed the compass to be moved a little
at a time. Two hames were snapped of each position, and dots
were added to show the line traced. The effect in thwe projected
picture is ot a magic compass moving without the aid of human
aands. Of coumse, the pin occasionally did not hold; consequently,
the difficulty of adjusting the compass again in exactly the same
position accounted for strange wobbles.

For all our experiments we used a positive film because it gives
a high contiast, thus making sharper titles and drawings. Speeds
range from 2 to 3, Weston, We preterred the faster film beeause
we could use Tess tltumination; when stand lights were wsed, we
could place them father from the board. Alithough all Teading
mamifacturers have good positive Bl we used some from Gavaert
and Dupont becanse they have especially good pesitive filme an
8 speed.

Asa developers we used DR A0 becanse it had sufhcient con
trast and vot was ey to o control At the time that we made the

O
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picture, we were using an Tattic” laboratory and Mdishpan™ de
veloping, Practically evasthing was expevimental, even the dee
seloping. "Fhe il were wonnd around o home nude veel 177
~ Ia which was dipped into thiee navow vertical contain-rs
for the thice processes of developing, ising, and washing, We
mention this o show that one can experiment with pictures under
conditions of this Kind and obtain good results, pm'\'i(l('(l he does
not mind 4 few warer spots o1 oceasional flickerings in the fin-
ished pictue,

Avowe have shown i this article, we were amatews, and of
course the results were not professiomal. However, the experi-
chee and fun we obtadned waere well worth the time put into
the experiment. noaddion, we found the pictures usable and
stimulating ro our classes. Parhaps move of such experiments by
amatcms will help hasten the time when profcssionals will see that

mathematios is a goad held for educational pictures.



E

MARK » AND USING MOTION PICTURES FOR
THE TEACHING OF MATHEMATICS

Hewry W0 Syer

[. Choick oF SUBJECT

Eptcarionat rviars aie increasing in number daily, but only a
few mathematics films are as yet available. The chief reason for
this lack is that the proper use of mathematical movies in the
classroom is not completely understood. Until more commercial
films arc available, teachers must make their own. This article is
intended to show the kind of films that teachers can make for
themsclves, and to explain the technique of making them. Many
of these films have been completed by the writery others have been
partly finished.

The guiding principle in the choice of subject is that rime
should not be wasted in making or showing movies when a black-
board demonstration or a set of printed illustrations will tell
the story just as well, In all the films listed, motion is an essential
part of the argument. Tt would be very casy to ignore this prin-
ciple, but such temptation should be put aside. Make films only
when motion is an essendal part of the argument, For example,
one topic on the original list tov Glm production was “Geometry
i At Nature, and Tndusus” There was 1o be oo pictie of
sonteone taking a pill (with a close-up ol the pill) to illustrate
the ellipnoid of revoluiton, another ol a cook opening a can of
peas to illustrate the oylinder, and sull another ol a snowstorm
and eniatved snowflikes to illustate the hexagon. When put to-
cether all this took oo long to give the simple message: “"Fhere
are many zeometric shapes in arr, nature, and indusoy about us
every dav” Therelere colorged projection slides were substituted
and these made possible a flesible lecture that could be adjusted
to the audience and the time available, ‘The original justification
for asing motion pictures in this sitation was the fact that the
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introduction ‘of motion added life and interest and kept attention
constant by its novelty. '

This aim is important to recognize and to use, but it is not the
object of this article to discuss such movies. Their invention is
endless—any subject can be dramatized artificially. There is no
doubt that a motion picture showing three men (A, B, and C)
digging a ditch, or a man rowing up and down a stream, or a
swimming pool with water tunning in and out of it, or piles of

money growing larger and smaller would pep up the solution
of problems in algebra, But this is too long and artificial a method

of presenting a problem in which motion is not part of the mathe-
matical argument. Films for mathematics teaching which inject
motion into situations only because motion adds interest are
explicitly excluded; most of this can be covered better by field
trips, printed illustrations, or collections of mathematical models.
There is another principle .that should be kept in mind in
choosing a subject for a mathiematics movie: These movies. should
teach, not merely illustrate. For example, a r. “ure of a visit to a
bank with closc-ups of commercial forms  better than never
having the class sce such forms. But it is usually possible to visit
the bank itself or to bring real checks, notes, stocks, and bonds into
the classroom. "I'his latter method is much better than using films.
How shall we find suitable subjects if the negative rules above
are kept in mind? The teacher who is alert to such phrases as:
“if point P approaches P, “the arca approaches a limit,” “the
number of divisions becomes infinite,” “place 4B on A’B’,” “under
pressure the cirele becomes an ellipse,” or “the angle increases®
will luove no scareity of subjects. In short, by noting the thousand
and one places where change of position (motion), change of
vhape fnansformation), correspondence, or limit is implied, topics
will be found. T he seeret is to use motion where it is implied in
the ahithematical argument. and where the expert and gifted

Y . . B . . . . .. . . .
nevthemacician supplies it with his intuition and imagination.

IT. Ferirvent TuAaT 1Is NEEDED

In each of the following lists the most important equipment
necded to produace films for classroom use is catalogued, with the
hest v ohle placed first on the hist. Prices change, and better
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buys may appear on the market at any time; but the following
are suggestions.

A. Cameras (16 mm.)

1. Eastman Special. Eastman Kodak Co., Rochester, N. Y.
($417.50). This camera has the advantage of being the most
easily adaptable of all the fine 16 mm, cameras, and of being
made by a company that is very helpful in solving adaptation
problems. ‘I'liere is a definite disadvantage in the high price and
in the use of only two different lenses in the double-lens turret.
For other uses, where it is important to shift rapidly from one
- lens to another, this limitation would be a handicap, but not for
carefully planned mathematics movies. The high cost of additional
equipment is more serious. When investigating this camera, ask
about the following features: matched diagonal masks ($11.50),
matched quarter masks ($23.00), Model UA motor drive (3185),
electric relcase control ($125), and interval timer ($150). For
simple work in a small school with a meager budget these prices
may seem high—and they are. They are presented first to tell the
whole story of the most adaptable 16 mm. camera sold today.
Simpler and less expensive equipment will be found in the other
cameras listed.

Do not try to economize by buying and using 8 mm. equipment.
"The film (being only hall as wide) is much less expensive, but it
cannot be projected hefore as laige groups as the 16 mm.; the pro-
irctors for 8 mm. projectors a e not so bright and need darker
rooms than those for 16 mn. and less technical equipment is
available for increasing the flexibility of the apparatus. For some
purposes 8 mm. cameras, film, and projectors are excellent, but not
for teaching films,

2o Bedex H 14, American Bolex Co., Inc., 155 Fast 4tth St,
New Yok Cine 824958 Dollar for dollar this 1s the best buy on the
et bins it os placed second because the camera and equipment are
nende St Croix, Switzerland, and there is constantly the danger
ob havin the source of supply and major repans discontinued.
Sousd o equipnent includes automatic threading, three objective
v fooedss sinale frame exnosure, hand erank and audible foot-
voe oo, ared foead plane shutter. To these may be added
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synchronous motors (24 frames per second) ($150), Ciné-fader
($17.30), Ciné Transito ($32.50), and bchind-the-turret slot for
filters ($25) . L '

3. Filmo 70-F. Bell and Howell Co., 1501-15 Larchmont Ave.,

Chicago, Tl (3213.50). Good foundation camera that gets into_. . .

the higher price class when the extra features are added. Standard
features include three-way wirretheads seven speeds; L5 lens.
Possible additious. nand crank ($15), external magazines ($210),
electiic motor (583, mask slot deviee with nasks ($160), single
frame exposure (3430 wipe-oft attachment  (342), rewinding
Mnob (320, veeder Tootage counter (S75).

Ao Filmo 7o-20 Bell and Howell (5164990,

oo bebno 10 Bel and Howell (5160500,

G, Febmo 121, Bell and Howell (3121.50).

T Fastmian Model Ko Fastman Kodak (SR7.505,

Ninhors b7 on thas by e :lxilnill'!_\ secatid chonces Thev aan
b used, but thev requite mote cretal wedhimigque in working ont
the sawrme etfecis, Fach price queted s for the camena equipped
with the paore expenstve Lt Tesss which has o gieaier range of
Somiathon uscbulnes s TE e canrcr as used onldy for andnated
cartoen weoehowith Leses exponsive Hoodiizhis, the prices can he

Toncd oo Ore Fotlowing boures Bvotsing 4 stower tenst Noy -
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Do cen b bt comtroiia i e the tovies, there
Cervced Tt Bl g Lo oot ol pioanes are aninanated
cotasis b S n el whine and e ot roqune ]mulnum:ttit' or
Cir e thee Dot B paepe vibes bnoete Bl SHrho s Lecedod ds a
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Deing a4 grear deal sigwer inspoad it cespaites wore Hohoor greater
camera fens speed. I oreverses color vaduess white l)((()ll)(a black
and blick hecotires white - mradvantiae sometines in relieving the
monotony o1 in giving the appeatance ot animated blackboard

i
drawings.
Agfa Safety Posinee, Agha Ao, Dinghamtosn, N Y, (5100

phis 3100 for deselnping) - Sune cotents as for No, 2,

o 4L Pancloomaric Reversibles Apfa Ansco (31050 ingluding «
velopingy . .\ panchiomatic film that should be uyad whenever
mnhmn more complicated in color values than b lu\\ md white
drawings is 1o be phiotgtaphiced, or when it is mussn) 0 hrive a

-

somcuhat fastér film, )
C Panchromatic Reversible, Fasiman Kodak (26.00 including

(h\('lnmnﬁ) Same commnents as for No. L &

6. FIvpan Revensibles Aol Ansco (36.00 including developing).

7. Superpan Recersibles Aoba Aisco (2750 including develnp-
mz..

QS persenst e P ecenaihde, Fasiman Kodak (57.50 in-
cluding developimay,

O Syter XN everods Poinan Kodak 03750 inchuding de-
velopinegy .

Those Bl Noo 5o e ised inder poor Tahmin g comediions
o when the canere s tan ar estreneny high speeds,

(0. Koot Kescdnr or 4L Fastunn Kodak (8900 includ
ing developingi

Pitthe work bias s oo boon done with colored teadhins fims, b
b AR

there e many s hiline s See v VB 5

oLk Fowpnnend

Pivcre e so mans ditherent topes of Hahting equaipeitent thot
svery teos te tnaker should um’gm it hodos owin oeal deader,

Voophe esdon b Budies v l)\-l'()ll{lhﬁ the filenrenr, vy Ioah
canstie nower balbs e obtained which make possible cven, Tast
trovie s 1 he sl size oare raote ecconcngoal F phe oo o
a o tens b some Bibms and cuner s reaaize the Liger size,
oadeio o Pla ot s candboard rolteerar o v et e
oy wn e oo e than e naroswe, apeoticahio v
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in one plice. Even then, it will be found that the small reflectors
with rubber coveredsskanps can very casily be adjusted onto chair
backs and easels, To avoid shadows at least two different light
sources should be used.

D). Miscellaneous Muaterial

The following list includes other material which will be needed
or might he added to increase the usefulness of the equipment.
The tist will mect the requirements of a teacher who is making
sifent movies and showing them to single clisses. For example, the
projectors are not the best for sound projection or for auditoriums
that seat very large crowds.

I. Projector. Filmo Master (3139), Film Diplomat ($148),
Kodascope G #5135), and Bolex G-16 ($210),

2. Sereen. For classroom use the best screens are the rear pro-
jection screen (S30) or the glass beaded screen (Model B; 307 x
1078950y . ("These quotations are from the Da-lite Screen Co.,
Chicago, 1y Tf the classroom teacher can obtain a projector with
an atuwched screen that pulls out on extensible arms in front of
the Tens, he will find it the most useful type of all, because it can
be used at « moment’s notice in broad davlight.

3.0 Tulers, "These are also useful for inexpensive, extremely
close up views.

1o Fditing equipment, Splicer, “Fdicabinet,” iewer, cement,
recls, and humidor cans.

5. Masks. For trick effects.

G Fxtra chambers, To make it easier to change from one type
of ilin to another.

T Wipeoff attachments. For professional mansitions from
seetie Lo soere,

S, Filterss Fov connolbine Trohie and colors,

G tripod and dollye A tripod is necessary for b shotss a dolly
s used 1o follow actors i dramatic shots,

Lo, Fight metrr Abschutely necessary, See Weston and General
Flecrric's.

PLo Fxtva Tevness For special purposes. Telephot and wide
anale should be the first additions.

2. Lens extenaons, Tomake mictoscopic prctures cheaply,
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13. Electric molos. To make shots longer than 30 scconds
without stops.

14. Electric time lapse outfit. For extremely "fast merin”
photography. Most useful in biology.

15, Optical finder. For advanced work.

16. Drawing board, black and white cardboard, razor blades,
scissors, black poster paint, paint brushes, thin wooden and metal
strips. thumb-tacks, paper fasteners, black and white thread, ete.

) I11. TECHNIQUE

There are four useful techniques for homemade mathematics
movies: (1) moving charts, (2) cut-out pictures, (3) individual
drawings, and (4) direct photography of machinus.

A. Moving Charts

Since stop-photography (i.c., using the individual exposure but-
ton) is slower and gives poorer results unless the photographer has
had a great deal of experience, the most satisfactory way to produce
moving drawings is to make cut-out cardboard figures that can be
pivoted to turn and change shape while thev are being photo-
graphed. _ :

"Why.' vou mav ask, “go to the trouble of making large, com-
plicated, and cumbersome animated models and then take motion
pictures of them? Why not use the models themselves?” The an-
swer to this question sums up the advantages of movies over many
(not ally models for moving illustrations in mathematics teaching.
First, films are smaller and therefore easier to transport and store;
second. copies can be reproduced more cheaply and in unlimited
quantity, by using the same technique of reproduction regardless
of the model being reproduced; third, some experiments or ithus
trations are difficult to operate because the apparatus is temperi
mental or needs long prepamation: fourth, models mav be changed
in s.ze so that microscopic actions mow be shown to many at once
or huce machines mav be brought into the classroom to be
amalvzed part by partsand Gfth, scenes can be used tharare distant
from the ¢ lisstoom or available only certain times of the vear.
T hese teasons for producing the films emphasize the supplemen:
ty purnose of e hilmse thev e not intended toreplace teaching
but to enrich it

O
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Hhe followins frhns will he desorihed as iltastrations of the use
of oving models:

1y Liane values of trigonometiie fundtions.

c Geomettic contitunty ilfustiated by angleancasurement
theoreims.

0 Genendized delinition of a0 tangent.,

Fo Lo problems: espedially ovdloid, epicveloid, and hypo-

(IR E\Jl"}. .
DYy Line Valwes of Driconometric Funelions

Fhe following sis sets of diagrams show the etfects desired on

the hnshed ftlin:

A
NEN Y
H®

-_

()

so¢ t\/a '-.\ N
AN | —

YR LY
‘,g.-\\_’) ‘T]
Ly A
N -
IS the
EHEIE were yeeds
AT
. | A
: - 1 | M
; u l | e
| Lo ) R

v



E

Motion Pictures 333

By placing € on A so that it pivots at point M, and attaching D
to € so that it hangs [rom point K, and then placing B over the
lawer half of the figure, we get the following figure.

b o
%ﬁul. th weight
|

Tuining the handle hone left to right increases the argle

positively through the finst two quadrants. To make the figure

tor the third and fouth gquadrant, turn B over, covering tue upper
half of the fizure; let weight B hang over the top of the drawing
boatd to which the cadboad is attached so that it can draw the
dorted Hoe upward.

ih, Cos x. LThe upper part of B s sliced down one-half inch
cap points RSO and oo that a sliding bar / can be moved
Back aid forth throuzh the points. Change piece D to a solidly

£ s T E
= RS J s ‘ P TR TS IS WU WO W
E
- P
x l
, oo l

colored picce st eom constuciion, For the first quadiant et
] it-t' /' ~;:'-‘\\ i"'.‘.r -L'_;ft \!.IH\ Y .|lhl 1.~ “,’U!( 1, .H:U\t'. .\\' lh('
qne inccases, decrese e amount of doerred seciion showing
conce et of thie dbe o to hastrate the cosine decreasing from
Vo 00 o the seronad quadnai revanse ithe ducectim of piece £
drnl Tor i s thonlh stots Joand S o the thed and fourth

Gl e piioc [ upside dowa, arsl o the dosted Bine

oo Mo ;-:;-c ]t ane e )}-_::‘H Slde o Ao torm

Wbttt e thc s i Eoatened the indnad side of the e byoa

:k O '(' Vit -‘j.:l - Y :-"Z"‘ )(!(‘:.5-.:; !:\ ,.;l-( [ Sce }l‘
it : Do e ey e b
O
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for the second and third quadrants extend the new dotted line
across the circle to make a new solidly colored initial side,

F A

Figue 2

(d) Tan x. Similar to the secant.
. . .t . . ..
(e) Csc x. Make piece G, similar to piece F in Figure 2, for
a hovizontal tangent, thus:

(1) Cot x. Similar to the cosecant.

2y Geometric Continuity Hlustrated by Angle Measurement

gl fuippdiapmp gt s -T:_:;_;.) e e e e M Y
e | .

1 \ |
/,‘4' . u C) | .
| ]

By manipulating the wooden handles of nart 1, above, in front
of prrt 11, we et the following sequence:

TN LT - ey A Z\ : l
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This shows that, with proper regard for the sign of the arc
length; all these theorems are covered by the single statement: An
angle between two lines cutting a civcle is measured by one-half
the sum of the intercepted arcs.

(Y Generalized Definition of Tangent

Point 7" is free to turn and to allow the bar B to slide through
it. By keeping the P end of the bar on the curve, the secant PP’
(which rests on a pin projecting upward through bar B) ap-
proaches the Hmiting position of the tangent.

(4) Locus Prablems

The eydloid, epicycloid, and hypocycloid are fairly casy to show.
For the eycloid slide B from left to right across 4, placing the circle
A at the correct spot so that the cirde appears to trace out the
cvclowd, as in (.

|

Similar devices work for other locus problems. Also see sex tton

B 2. paze 336, for other locus bl

B.oCut ot Moo Iy

(1) The Area of « Cocle as the Lanat of a Polygon

First make a heavy cardboard dircle about 87 in dimmeter, and
two scts of regular polhveons of the right size to be inserted and
circumscribed for the aiven cirdde, the first set being black and the
other set brawn. 1t will be tound suthcient to make polveons in

O
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each set of 3 to 24, 32, 40, and 48 sides. The following sequences
are suggested to be photographed:

I. Inscribed: 3, 4,5 6,7, 8,9, 10, 11, 12, 13,
14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 32, 40, 48
I1. Circumscribed: 3, 4,5,6,7,8,9 10, 11, 12, 13,

14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 32, 40,.48
III. Inscribed and Circumscribed: 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13,
14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 32, 40, 48

IV. Inscribed: 3,6, 12, 24, 48
V. Circumscribed: 3, 6, 12, 24, 48
VI. Inscribed and Circumscribed: 3, 6, 12, 24, 48
VII. Inscribed: 4, R, 16, 32
VIII. Circumscribed: 4, 8, 16, 32
IX. Inscribed and Circumiscribed: 4, 8, 16, 32
X. Inscribed: 5, 10, 20, 40
XI. Circumscribed: 5, 10, 20, 40
XII. Inscribed and Gircumscribed: 5, 10, 20, 40

(2) Line Parallel to One Side of a Triangle

To illustrate the theorem A line parallel to one siu of a triangle
divides the other two sides into proportional segments when the
“other two sides’’ are incommensurable, the following series of cut-

outs is used: _
4 "
3
A
\

The darkened part of the triangle shows the amount of inaccu.
racy in the approximation; the inaccuracy decreases as the unit
of measurement is made smaller.

(3) Cones, Cylinders, and Spheres as Liwmits

By making plaster models of cones, cylinders, and spheres and
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by gluing together sheets of ttansparent plastics to make pyramids.
prisms, and polyhedra which will fit over the plaster models, and
then proceeding as in the pictures of polygons circumscribed about
a circle (B 1, page 335), we approach the solid figures as limits
of circumscribed polyhedra. Reversing the process and making
cones, avlinders, and spheres of transparent plastic material, and
plaster models of inscribed pyramids, prisms, and polyhedra, we
get the curvilinear solids as limits of inscribed polvhedra.

4y Area under a Curve

]

—1__ | —I _J —r— ]

ete.

-On Figwe 1 place the series of cut-outs shown above, to illus:
trate the fundamental reasoning of the integral calculus. Be sure
to allow cnough time in showing each figure so that it can be
comprehended. Do not tiy to make the picture a gliding progres-
sion from one arca to the next. The same type of sclections
should be photographed as suguested in B 1, page 335. '

C. Individual Drvaeings

It the large ;unnunt"n‘[ chapge in a diagram makes moving
models impaossible, the stndardHollywood tedimigne of making
many similar drawings and photographing them consecutively o
give the offect of tnotion may be used.

(hH Iimensions- Point 1o Iine to Plane to Solid

This iln is intended for elementary geometry to show the three:
dimensionality of seomeny, ovas a beginning of a discussion of
non-Fucdidean seongny, o1 ccometry of more than three dimen:
sions. [ he sequence Tooks something Tike this:

O
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-
s

(2) Conic Sections-~Ratio Definitions

Start with a point and a line thus:

Find the focus of « pomt moving so that the ratio of its distance

from the point to ity distance 1o the line is 14, 1, and 2, respec-
nvelv: gerting the following results:

1Ok

BT R TSV

Sl me — e
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(3) Wave Forms ,

Arrange cut-out letters on a sheet of cardboard with faint ver-
tical and horizontal lines for guidance. By moving the letters up
and down, transverse wave motion is shown: by movipg them
sideways, longitudinal wave motion is shown,

D. Divect Photograpn

(1) Conic Sections--Clay Caones

With a knife cut four clay cones in this manner:

AN NI

and show the results as the four conic sections.
(2y Conic Sections- - Flashlight

The conic sections are ilustrated by shining a photoflvod bulb
with a reflector on the wall and taking movies of the pattern as
it changes from one angle to another.

(3) Conic Sections—Meclanical Construction

Actual scenes of the siving, 1 < iare, and triangle constiuctions
for the ('i)(('lc, ellipse, pataboki, and hyparhola are casy to phote-

graph,
4y Trigononmetiee Faciction. .I///-ilullfnm of Trigonometry

Take photographs of the oscilloscope anadvzing sound waves and
of the action of pendulums Ssimple and compound) tracing out
CUrves.

() Statistical Concepis

“Distribution™ iy iltostaoed by o, tor example, 75 hoss
who are Hined up i alphabetical order ile into a tonweation be:
hind sivns which state then hershes vt 5107 e, L he bigoest
group steps forwad to iltustnace "miode.” By patimeg tive tallest
with the shortest soccessively ddons the e the meanime of “mice

dian” can be seen. Other ddeas fromn staristoal terms follow castly,

O
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E. Colored Slides '

A series of projection shides illustrating “Geometric Shapes in
Art, Nature, and Industry” on Kodachiome film has been started.
Although this topic was first treated in a motion-picture film, it
wis found that teachers place the emphasis on a different place
in the subject and so resent the automatic control of the tir-
ing that a film demands. As more and more examples are cc..
lected, the presemtation_of the subject can be adapted to the time
of year, and to the age and interests of the class much better than
if a standardized film is used. The chicf difference between this
and the preceding topics is that the stercopticon slides are in-
tended to increase appreciation of mathematics, the films to in-
crease understanding and insight,

‘1he solid shapes—triangular prisms (both equilateral and right
angled), square prisms (parallelepiped, square plinth, and cube),
hexagonal and octagonal prisiis, triangular and square pyramids,
complete spheres and hemispheres, regular ellipsoids and ovoids,
cylinders and circular plinths, and cones: and the plane figures—
citcle and its parts, semicircle, sector, segment, arc and chord,
the ellipse, the oval, the parabola, and hyperbola, and finally the
polygons, the triangle (right-angled scalene, right-angled isosceles,
acute-angled isosceles with no right angle, obtuse-angled isosceles,
obtuse-angled scalene) . the quadrilateral (rectangle, square, and
rhombus) ., the pentagon, the hexagon and the octagon- -are
iTustrated by hundreds of examples of shapes in the world about
us. Think of seeing clliptic cogwheels in a machine, enlargements
of hexagonal snowflakes, square prismatic crystals of pyrite being
mined. an ovoid disappearing into a cake as the familiar egg, the
spital pattere of sunflower seeds on the plant. or of sea shells, the
parabolic Hight of 4 tennis ball, ov cairtoons of the plancts moving
in clliptic arbits b in colored pictures. Many other examples
have been collected from questioninires sent out o schools.

IV Tories ror Fias

Lo Geomerne Continnn
A Anule Moo n o Cocde e DN L o 2
2 Linut Theorems ' Geometrs
A Area of Cincles o Tinnt of Insnbed Podvaons oee THT B 1)
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B Ares of Cordle as Limit of Circunsaibed Polvgons (see I B 1)
C. Mo of Cindle s Limit of Inscribed and Circumscribed Polygons
oo HEB D
1Y A Bne paratt bt one side of a trangle divides the other two sides
coopottoidh T pee HEB )
« e s Dot of Pyamids (see HT B O3)
Tt ands as Dot of Prissms coec HT B
¢ Spltre os Vimit of Pohhedra (see THTB 3)
[t G et Dedmition of Tangent Spiral (see 1T A 3)
Dot re U bennton of Tangent Funit of Increment Quotient
oV nder g Cunve e THE DR B
b s Nestians
At of g Clay Cone Hee 10D
BT oadenh onthe Wall cwee HE DL !
¢ Koo e beonans (see 1 C2)
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13. Map Projections

14, Principle of Duality

15. Symmetry (Axes and Points)
16. Thandornnations of Coordinates

kY

V. Proprurcirs vor THE FUTURE
(A4) Developments in Sound N

Just as every illustration in a book should have its title, so each
of these films should have its own sound track carrying the simplest
and shortest explanation. Just as we often look at an illustration
and see more than is called to our attention by the sub-title, so
these films should be shown again and again with the sound track
disconnected, and with the instructor giving newer and deeper
interpretations of the illustrations in keeping with the increasing
mathematical maturity of the class.

Further developments in sound may lead to increased interpreta-
tion of the figure by the accompanying sound. For example, as.a
higure increases in size, the volume of the voice describing the
action might increase with it to suggest its growth, Again, if two
hgures are being compared alternately, it will be helpful 6 have a
man’'s voice and a woman's voice give the alternate descriptions
successively 1o further contiast the properties.

A musical accompaniment o a dynamic madiematical film may
serve to stiengthen the relationships between its parts and prop-
crties. but there is so much room tor arcument over the proper
music for irerpreting geometric relations that such experiments
will be completely accepted only by those who make them. Never-
theless, I should like to see made a mathematical movie that has
its appropriate score wiitten to develop in music the relationships
that are shown in lines and planes. There have been some attempts
to use the “prettiness” of geometric forms to accompany standard
musical compositions, but this present appeal is for music w'.ich
shall be subordinate to the marhematics of the figures and vyet
sl strensthen then.

‘Bi Developmenls in Color

Faery mathematios teacher knows the advantace of tracing in
color seme part of a figure to make it stand out as a unit without
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dcatm}.ina ity relatiomsliop w the test of the dingrun, Tmagine the
advantages of having the colored lines appear, disappear, and
change color instantdy without interfering hands, and as quickly
as the description of the hgute proceeds, with as litde effort as
drawing 4 point on the blackboard. Again, imagine the advantages
ot a rinbow of colors fading into one another to show changing
relations; alowing types of lines, direction of motion, description
by voice, desaription by printed Labels, and color o supplement
cach other in the description. The greatest danger in the use
of color is that it will be usced to excess for the purely beautiful
cftects of colored, movable seometric figures. Beauty in geometry
is desirable until it attraces so much attention that it detracts
from the tea hing of facts aud relations that the filim set out o do.

(C) Three-dimensional Movies

There are two chief wavs of making three dimensional movies
at the present time: the color-hiter method and the polarized
Hight mcthod, Tiethie first, aved picte and a blue picure ot the
same subject are made on the same bl These views ae tihen
with two Tenses as far apart as i person’s two eves, or slighitls
farthers Whoever views the movies looks thiongh colored glasses
that allow cach eve to see onlv one of the inees on the sereen,
thereby givine the nupression ol three ditnensions, 'The otha
method uses polanized Light 1o supply cach eve with the two dif
Ferent tmages, e two pictures come o the soreen on light
waves polarized m perpendicula prlanosand this thne the lassos
that the viewer ises e Polavord, winde b ndve: ot the PO eS 1
the same nanner as the color-hiters did hetore.

Al thrce dimensional movics made thius fa hve bhoen
straachttorward prosentations of tince dimensional abipcc s helhu
v e ustad wav fewoubd be Bointnd tomake aosccs ot iihis
showins the hamres of sohdd ccomcny boddimz themselses up from
disintegrated pomes, tness aond phimes, or showing frooes taking
thomselves apart For example, o franani o pristn coubid sepaate
tself fnto rhree nonamzuba pyrnnadss o hesazongd pvennd could
separate itscit mio fonr tanantba poeenads, on the linee sheorems
osee T DB 3 could Be o demonsiared beantdally m toce domen

stonal fibms,
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In additon o vue-to-hite danonstiations of solid geometry,
it would be interesting to make greater use of the peculiar ad-
vantages ol moving pictures over ordinary models. In plane
geomeny hlms we wsed hgures which changed shape, position, and
calor without distiacting pauses o1 ontside aid, 'This continuous
andd switt succession ol iHustrations is fast enough o keep up with
£spoken deseription, or even as fast as the thouszht processes that
are developing the wdeas Thus no tme s lost crasing pictures
from the blackboard, changing lantein shides. or h()l'ding up illus-
trations, becawse the tHustations and thouzht move sinn{llt:mc-
owsly. Keep theve advantages in three dimensional films and also
fet them develop imagination in their own medium, For example,
try to suguest four dimensional figures (such as the byper-cube)
by moving thiee dimensional  figures; or use movies to show
imtersections of solids moving right before your eves—the solids
puasing thtough one another and the interseetion standing out
brightly ke a halo.

VD Ulst oo 1HE GLASSROOM

(oA Nota subistinute for a Proof

Fhe teacher should not expect the il to do the teaching for
hine, The pictine ooonly an dlhotration, and should be used ex-
actly in the same wayv as a picture ina book or i wooden model
held up before the classy the onlv new featue dis its property of
motion, Stace the Tundaniental premise s not o waste time on
blms when motion v not it essential ot of the ramment, we
have in these pictnres an ontiely new tvpe of dbastrative ma-

terial which wall not replace teaching but will broaden and sup-

"
ploent it

T he same fiine can be used o noany g pesess innoduction of a
subjoct, explanation review, o testing, For example, in discussing
Loe values the reacher would sav, 7 owe let the nadius rotate,
ot et s the ey one of the dne increase to 1 then decrease
throush 0o b omd B i imorease to 00 ot me show you
what Tieann” Thon the fihn cranine abont two minutes) Is run
off and the oxplovnon proccc b wits no niore aintentuption than

the hothne np ool pionaee o the diawing of o digeam. Again,
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as review this time, the instructor might say, “You remember how
the linesvadlues of the siy functions look,” and then run oft all .\i?;;’”
parts. (about 8 minutes) as a quick review, Again, the pats can Ke
used as a test, the class being asked 1o wiite the values of the fune-
tions of 0, 90", 180%, 270, 3607 as they occur for cach tun tion,

Fach film illustradion should be presented with as e e
tailed coremony as possible, There should be no appearance of a
show or entertainment; it is just another, new way of getting across
a point that is difficult for some to see. Ideally each classioom
should have a permanent projector and screen and libray of
the films that are to be used more than once. Tt is too much to
expect a teacher to send away for tilms for teaching wecks ahead
and then not to look upon their use as something of a novelty. To
speed up the actual projection during the period, a student should
be trained in the use of the projector so that the teacher can ask
for a certain film, have it shown, and then go on with the class with
little interruption. Naturally this ideal plan must be modified as
the budget demands, but it should remain the ultimate zoal in
planning for the classroom use of films,

(B) Not Tryto Tell a Story

Too often films are made pretiy by using Hollvwood techniques
of closeups. svmbolic pictures of gears, hands holding money, or
meanirglcss rotating triangles where these have no plice ‘Do not
;1tt1'1npr. to replace all former mathematical illustrations with
mgtion pictures. Unless it is impossible 1o do so. movies should
not replace aciual models in solid geometry, real trips to the bank
to see how our fimancial svstem works, actual views through a
telescope to see planets changing their positions in their orbits,
the oscilloscope and pendalum as hanmonic motion, patteins of
snowlthakes throush aomicroseape. ar Laws of the lever and similar

)

Pt ms, Dy all means use monies tor these realizations when
time musi be coononrzed on when the actual objeds are too ex-

[u-n\i\u REERIN! ) [T RS S LN IR B S RO B S BN A Pt them lll”l” {llt’i‘. [BANSES |

new and fooninag service  of contriburmx motion to iiuseations
that triced oo s ide o o nnayan bt actoall e dead an the
paces of whoc S Devebg this now tope of abaastrative mater il and

extend the othods b cogchiney hovond then prosent baundarnies,
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GEOMETRIC STEREOGRAMS AND
HOW TO MAKE THEM

Walter F. Shenton

THE coiNED expression “'geometric stereograms’ is used as a name
for plane drawings of a space figure produced in two colors and so
executed that when viewed through a pair of bi-colored viewing
glasses, they give a vivid presentation of a real space figure.

It is rather common knowledge—-subject to very simple checking
—that the appcearance of a near-by object in three-dimensional
space depends on the fact that cach of our two eyes sees a different
picture of this object. One can easily verify this fact by setting
a pin vertically in a drawing board and marking on the board
the places where the pinhead seems to be when viewed by the
right eve with the left eye closed, and vice versa. The aggregate of
points, lines, and planes in a space figure {forms with the optical
center of each c¢ye a rather complex pencil of rays. The plane
figure formed by the lines and points of the intersection of such
a pencil with any plane, not too greatly inclined to the general
direction of the pencil, will replace the entire pencit formed by
the space figure with respect to the viewing eye, If we can now con-
trive to get on a single background plane the sections of the two
pencils of ravs formed at the optical centers of our two eyes and
so regulate the drawings that each eye shall see only the section
whica belongs to it, the effect will really be the same on the eyes
as that caused by viewing the original solid figure. Of the many
methods of accomplishing this separvation, one of the oldest and
simplest produces such excellent resubts when used to reproduce
meometiic figures in space that we explain it 1ather fully in this
article. For the readers who may care to follow the historical de-
velopment of this type of stereoscopic representation reference is
made below to a previous article by the author [1].

IT vou look through a red glass at a red drawing on a white
sheet, the red fime will completely disappear ina red back.

346
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ground. This same figure, when viewed through a blue glass, will
appear as a vivid black drawing on a blue ground. Similarly, a

_blue drawing (the shade will have to be chosen carefully to match

the blue glass) will disappeir when viewed through the blue glass,
but will appear densely black througl. the red glass. A plain white

sheet, when viewed through the two almost complementary col-

ored glasses, one over cach eye, will assume a light neutral color.
This simple color principle makes it possible to draw the sections
of the point-projections of a space figure from each of the two
cyes in a color complementary to the glass used over that eye for
viewing the stereogram, As a vesult, the eyes accept a sharp black
space hgure instead of the conglomerate red and blue drawing,
For the past thirty years the author has been drawing three-
dimensional figures by using some very simple applications of
ordinary orthographic projections. In the past five years he has
been working on the idea that these figures could be produced
by high school students in connection with their study of solid
geomctry. Recently a number of tests have been made with such
students, and in cach instance, after less than an hour's instruc-
tion, satisfactory figures have been drawn to the accompant-
meut of the greatest enthusiasm of the young artists themselves.
In order o make these methods available 1o other teachers and
students we shall present them here in this order: (1) a résumé of
the principles of osthographic projection—with apologies to the
teachers of mechanical diawing: (2) the solid geometry valida-
tion of the methods used in making the stereograms; and (3) a
simple but detatled explanation ot the methods actually used in
making the piotures, including the Lavour of the drawing board

and the coloas necessary for the best resulis.

A Risoar o iy Priscrerss o Owinoarapriine PRoJrciioN

T he ovthonvaphic pojedtions of asolid consist of the three pro-
jectioms of thoe sohid ontnee mntuwadby perpendicalio planes.*
The cammon point of the thiee phnesis called the orfgin, O the
three mnnally parpondicala Tines in which the phines intersect
i paiis e the comdinate axes. ONCOY, OFZ T he view which s

S et s e e the Gade g revye RO NRTHT prrejection o p].lm' and solid
[SUKECTETINE Y

O
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the projection of the solid on its base-plane, designated as P or T,
or on any plane parallel to it, is called the plan or top view; the
projection on the plane between the observer and the solid is
called the front view (we shall call its plane F): the projestion
on the other plane, called §, is the side view. The actual relation-
ships of this method of projection are shown in an isometric draw-
ing of a regular tetrahedron and its thice orthographic projections
(Fig. 1) . The plane NOY is the “top” of the “box™ on which the

Figure 1

tetrahedron is projected. Plane YOZ lies between the observer and
the object, and plane XOZ is to the left of the observer, To save
confusion m the figure, the projecting planes of the single point
B have been drawn in plainly, while the othier projecting planes
ae ondy faindy marked. The plane B Br By Bg passes through B
perpendicular o the planes XOVY and XOZ, paallel to YOZ,
therefore perpendicular to the line OX; B By By B is similarly
perpendicular to XOY and YOZ, paallel 10 XOZ, therefore
perpendicalar to OY: while B Bp Bz Ba s perpendicular to XOZ
and YOZ, paradlel 1o XOVY, therefore perpendienlar to OZ.
It will be noted that each of theose planes contains the actual point
B of the solid and the projections of B on two of the coordinate
plines and that the six traces of these planes shown in dot-dash
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. lines) in the coordinate planes are perpendicular to the coordinate

axes in pairs.

If now we were to disposc of the tetrahedron, cut this figure
along the line OY and lay it out in one plane as in Figure 2, we
would have the layout of an ordinary orthographic projection in
a single plane. Of course, the line OY which we have cut apart
will occupy two positions 90° apart; but if we join the intersec-
tions on one of these OY lines with those on the other by means

SIDE

Figure 2

of quadrants of circles with thon conters at O, we show how the
three so:tions are 1elated when drawn in one plane.

Let us suppose, now, that we wish to make these projections
without the intermediary of such a space-drawing as we have in
Figure 1. For simplicity, let us place one base of the tetrahedron
in a planc parallel to XOY; the projection in that plane will then
be the undistorted view of a single face of the tetrahedron together
with the three lines which join the vertices of this equilateral tri-
angle with its centroid. “i'he front view and side view will then
have the base plane represented as a line parallel to OX and
located at @ convenient heizht; the vertex will be located on a
line parallel to this base Tine and at a distance cqual to the alti-
tude of the tetiahedion above it (The teacher will appreciate
the maotivation which this necded computation will offer to the

O
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student)) Let us now trace the route of the projection of a single
point B in the top view. Its projections will lie on By By By, on
By By B, and on By B, B, and the projections in the side and
front views will be By By respectively, "The other three points are
similarly projected by means of lines perpendicular to the three
axes; their projections and the lines joining them form the side
and front views. You will note that these lines correspond to the
similarly marked dot-dash lines in Figure 1. We have arranged
our projections so that the top view and side view are placed ver-
tically on the sheet, with the top view above the side view. This
plan conserves space in making our commonest stercoscopic pro-
jections, as we shall sce later.

Drawing a few of these orthographic projections to illustrate
the carlier theorems in solid gegpretry will, in itself, foster a cor-
rect idea of the meaning of Afie space relations and will shortly
diive the student into volyntary conference with his teacher of
mathematics or mechanical drawing to find out how to make
various oblique scctions @ his figures and similar problems of
descriptive geometry, |

METHODS OF DRAWING VALIDATED BY SOLID GEOMETRY

Now that we have learned to make the top and side views of a
figure, let us examine and validate the projections necessary to
make its stercograms. In Figure 3 we have a sketch of a set of
thiee planes used to explain this projection. It shows how we
make a stercogram of a figure which is to appear as though it
were a model standing on our desk. In planes 8 and P you will
sce the side view and plan (plan is an casicr tenm to use than top
view) of a square-based 1ight pyvamid ABCD-F. The observer
is supposed to be behind the plane to the right, with his eyes
Actually i the posititions R (richty and 1. (lett) ina line ERL
paratlel to pline P~ and hence 1o line ON and perpendicular
to plance S at F.He would then ook down on the projections or
on the “model”™ If we could join the points iU and 1, with the
pomnt I of the actual model, the two lines thus obtained would
cut the plane P in the two points Py and ') which are the desired
projections of I for the two eyes.

ObviousIy 103 too mach o sk that we e an actial phiysical

L.
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model for cach picture we wish to make, so we shall have to inter-
pret this space projection in the light of a corresponding plane
projcction of some sort. "The line which juins ¥ with its projec-
tion I in P is obviously perpendicular to plane £; so also are the
lines which join L and R to their projections L7 and R’. These
three lines are then parallel to each other. A single plane will pass

et l : \
|
I
.

Fagure 3

through Koand Toand dhelr projections on £, and it will e per
pendicular o 2 so that s projection on P owill be ity trace RO
i that plhinesand Fyowill he somewhere on R similarly 17
will Tie somewheve e 77070 Aan, the hines LR and 117, being
perpendicular to ple SCoe panallel: hence a plane passing
thioush RO 7 and 1 owould cur plare S inthe straizhe Hine £
and the plae m b0 b s perpendrcalan to O at the ponnt
Foowhichosthe ppojecnion ot I hrom £ on O i the plane S, The
two projections beoand Foomuse Hie inthis plane: hence they must
he locatcd where the trace of this plane in 2 meers the two Tines
RO SRR ETTE I SA B BNETAN Jrienves thoat the ]:l:;i('(til\li; of ANy puillf l',
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not in plane P, from the two eve positions L and R onto the plane
P may be tound by (1) drawing lines RV” and L'V’ in plane P
or (2) finding where these two lines are cut by a line perpen-
dicular to OV through the point ¥Vp where £V cuts OY. All
points which lic in the plane £ will be prejected into themselves;
that is, A, B, C, and D will remain A, B, C, and D under the
projection. If now the points A, B, (;, O, and Vy are propcrly
joined W blue pencal, and A4, B, €, D, and I, are similarly
joined in red, we have made a stereogram of. the square-based
right pyramid which, when viewed through a pair of glasses, red
over the right eye and blue over the left, will give a single black
pyramid in space when the spectacled eyes are in positions R and
L. This is the type of projection which Vuibert [2] calls hornzontal
and marks F{ in his* beautiful brochure.

S\\
e IDE\\M -
Ew\\
. \J\\ﬁ

Fie 4

The other projoction is that which is made egainst a vertical
Backzionnd, such as would be needed i the plctutes are to be
thrown onto a4 soreen and viewed by a dlass. Figure 4 is a sketch
of the thiee planes set up for the demonstiation of the validity
of this projection. In this model the actual positions of I and R,
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the eyes of the observer, are shown vertically above the marks R’
and 1’ and in a line passing through E perpendicular to the plane
§ and therefore parallel to the plane P. The discussion here dif-
fers from that of the previous paragraph only to the extent that
the plane on which we are projecting is not one of the planes of
the orthographic projection and the traces of the projecting planes
are thercfore a network of lines at right angles to each other in
the plane of the screen which is perpendicular to the planes con-
taining the plan and the side view. The figure used for demon-
stration is that of a regular tetrahedron and the projection for
the right eve is shown in dotdash lings, while that for the left eve
is shown in solid lines. In this projection the observer is facing
the screen and the image will usually lie between him and the
screen.

Pracricat. DEFAILS FOR DRAWING GLOMETRIC STEREOGRAMS

!

Before we give the actual dimensions and layouts which have
been found convenient in making stereograms, let us face a few
practical facts. The blue and red glasses of which we speak are
made by dieing the gelatine film on lanternsslide plates after the
silver has been removed. The dyes used are those of the Eastman
Kodak Company marketed under the names “cyan A7 and “ma-
genta B These dves are also used in making transparendies for
lantern slicdes and imbibition prints of stercograms. Those inter-
ested in this phase of the work are referred to the proper Kodak

1

mamual 1370 A set of pictunes for fifteen solid 2eometiy theorems
have been aathared tosether by Dr. Breslich of the University of
Chicago. They are furnished with viewing glasses called “Ortho-
scopes.” Fana alisses are advertised for sale by the publishers [+
These ulasses 1everse the onlors we have used and that fact must
he taken into account in making the drawings, Making sierco-
arins presupposes the availabilits of a draowing board, T-square,
tiancles, and thumbtacks or Scotch dvafuns ape. Faber's Mon
ol Red sanand Monool Blue 919 hase been found sansfacton
pencs formasins the duawinzs,

The projection we have foard most interesting for student use
is the one inowhich the boure is viewed as thouzh it stands 1n or
s stspended ahove o honizontal plane; that is, as though it were

ERIC N\
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a modcl standing on a desk or suspended above the desk. Figure 5
shows a convenient layout for the upper right-hand corner of a
drawing board laid out for diawing on ordinary 814” x 117 type-
writer paper, which is less expensive than drawing paper and serves
almost as well. Along the right-hand side about a half inch in from
the edge is the eye line. At the very top of the board, drive in a
small brad or a phonograph needle at the point marked £. About
7 inches further down on this line, drive in another brad for R
and at a pupil-distance (about 2.4 inches) another for L. At about
15 inches below F draw a horizontal base line across the board. A
line parallel to £RL and about 8 inches to its left makes a good
guide line for the front of the drawings. The sheet of paper may
now be placed in a position abeut an inch over the guide line and
about an inch lower than the base line, The T-square should be
long enough to cover the sheet, but it will be more convenient if
it is short enough to clear all the brads. With the board laid out
in this fashion we commence to draw a stereogram.

SIDE o B:':.l- ;l-‘;-L

I Fuowe D owe have chosen 1o prosent o ovezular hexsavonal
vight prism and have placed the plan with its front points on or
near the verdeal suide e, 1 he side view shows-six points, A4, B,
(,0D0 0 md e e propeceed Using ;1_-"'_U’f!}{;g)llﬁ'(lt’,(.'""l“C\j'-s(iudl'c
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!

turned over will serve—pressed against ', as a pivot, draw lines
towitrd the left from cach of the points of the plan whica are to
be projected, like the solid Tine 4. Repeat, using i for a pivot,
getting lines like the dotted A4, Now use £ {or a pivot and project
the similarhy maked points in the side view onto the base line,

\\I.)_ruw vertical Hines from these intersections with the base line.

E

li};é the dot-dash .1, and the intersections of the three lines de-
termined by the same point will give the two projections for that
point. Proper joninings of these points will complete the stereo-
arar. In this sketch, the vighteve figuie is dotted in and the left-
eve fizure iy solid, T vou wish to have your stereogram lettered,
vou will have @ project the linde rectangles in which you wish to
have the letters o tedious but not impossible job. In this type of
projection, the figure in the base plane forms a part of cact pro-
jection, and sheuld theretore be traced with both colers, If you
follow these ditections and then color your two figures to maich
the ulisses, vou will see a tine right prism when vou place your
ditaram on vour desk about cight inches from the cdge and fif-
teen inchies below vour eyes. "These dimendions ave somewhat ar-
hittary and mav be chanzed to suit your cotwvenience, but they
with pooediiee nice fraures. We reconmentd pricking e ontersee
tons throuzh on o dean sheet of paper or card ar @ snting the
cofored Hres an this sheet with a sheet of press bo vd ar o sheet
of plite 2ies underneath 1o avoid the depressions which pencils
witl ke gt sabier hack s ased, These depresscons will show as
Jro b s over of thie colars and glasses ave perfectly matched,

i thone teaders vho wisi to make chart, tor vertical viewine,
we o rresent o Lovone fon this method in Fioure 6. To check this
Broogse, Con e T e too move the eye e to the vivht twiee the
fovvoh b viye Lopos e for i was ampossible to mcdude it the

foanee aned cor o detah o the dawinz Fhe eve Tive shonid be

Gt i St Lo ahicen andchios awas fr the soreen Line, TThe
peor e o s ot ol orcantn tetrahedhron with o cdee in
v e et vl o s hoszontaly viewed bronme a point

e e vl e <ode Vi s H!!H-,‘(L‘ above the
Do s raapcton b ol e puogestons wth £ L and ¢
e ot e e o s teen bie o] thie mneastnenents from

| . ) . oot N e transderied
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around one quadrant so as to be on the right edge of the screen,
Horizomtal and verticai lines are drawn from these projection
marks on the two edges of the screen, and the intersections of

ul
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Figure 6

cortssponeding lines give the points of the stereogran. I'he linc
BC is 4 part ol cach colored figure with A* and 1)’ the two vro-
jected points for the right eve and A and D for the left eve, Of
course. this figure will hane o be set up vertically to appear
Dropetiy,

It would he most unfair to the readers not to waan them that
shen thev start 1o diaw geomettio sterenarams, thev are entering
e new bam ol descriptive i Just as we tvn o read space
ptodel mte various positions o obtan the best view of it we
st Do content o sttt aomare ot fess compiicated fignre many
tines to obtan dhe most favorabie vesudt, Teis the aathar’s phin
sboriiv to present a potitolio o stereosiams of the most needed
Soares i solid ceoanetiyv tozother with an amptiboation of these
divections and eseries of problems to he projected. The sponsors
S this vearboel will be mfonmed when, where, and if i appears.
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THE STEREOGRAPH AS A TEACHING TOOL*

Y

John 'I'. Rule

Pioven ik rowrr of the three-dimensional photograph as a
teaching tool has Tong been known, it full utilization has awaited
an adequate method ot projection. Such a method became avail-
able with the development of inexpensive materials for polarizing
tight. The full possibilities of the medium, however, are not yet
realized by many teachers who will be eager to use stereographs
when they realize that the three-dimensional picture is a great
deal more than a flat pictine with a pleasing sense of depth
added.

It is important, therefore, o review the chief advantages of
such pietunes.

Fust, the Hat picture 1s hxed only in ditection. whereas its
three dimensional counterpart is fixed in size, shape, and diree
ton. Ttis theretore measurable in thiee dimensions. The dimen-
ston ot depth is realand visually obvious, and need not be inferred
from perspective, This s a great advantage in teaching such sub-
jects s sold geoneny, analytical geometry, astronomy, naviga-
tion, and avstal and atomic structure, ‘The problem of seeing a
adt drawing or picture solidly 1s immediately’ eliminated. Three-
dimensional diawings tor solid geomeny and photographs ol na-
chines and machine patts for practical mechanies ilhustrate this
advantaze. Furthermore, the accurate measurement of depth s
absolutels essennal i such sciences as actial mapping.

Second, the stereoscopic praoute has much greater separation
power than the flat pictare. Inthe ordinary. photograph of com-
phcaed appaatus with many indudoal pares patially obscuring
cach other at ditferent depthss i brequends iy impossible to dis.
tnguish hetween the partse 3 he thiee dimensional counterpart of
the same picture will make the entive patern dear. 1 think of two
sond examples of this quality. One s astereoscopice drawing of an

CReper e s E Pl L o b
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icosahedion, From the flat pictne the student is unable to count
the number of taces. but he can do so from the solid pic
ture, The otha v a picture taken inoa chanical Liboragony
where it is important to know the numbaer of glass tubes used in
an experiment. The number of tubes can be casily counted i the
solid picture and not at all in the flat one.

Thivd, the psschological appeal of the stereograph s iy
tremendous and huas an unusual persistence. T captures the e
est of evervone, TThere is an aesthetic satisfaction in the qualin
of depth which is dithicult to explain but nevertheless excroises an
cnormous powet over attention. This is a very 1ol and mmportant
phenomenon. Students will Took at thiee dimensional pictures
long alter their intarest would otherwise have flageed, Further
more, with cach new experience this interest willb vetwmn with i
original heshness.

This quadity is ol the utmost importance 1o teaching such gen
cral subjecrs as weography and historv, The depth interest of
stercograplis nhes tge subject matter fresh and veal, This is whn
stercographs of trips mound the world have alwavs had a gond
market,

These advantaces tozether with aaequare means of presentation
will make the sttreoziaph exoemely effecnive and popubar as o
teaching tool,

It should be mentioned that, scientifically, the thiee dimen
stonal photoaraph has abready come into s own bemy standand
wherever depth mesuremenis e snade, 'Thus inaeriad phoroy
raphv, ranze findinas nap makings and Ny oy comphicared
tdachines e inose for imvl]n@:in; and measuninzg deprhs
thice ditteastonal };llnlngl.l[)ll\.

Certainiy the teacher who fos nor intvestiosed this teld moo

o so o hos advantace,
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AVAILABLE EQUIPMENT AND PRINCIPLES
OF USE OF VISUAL AIDS

M. Richard Dickier

T rurrost of this article is to indicate briefly the various types

of visual aids in current use, the apparatus necessary for using

each one, and a working technique for teaching with visual aids.

It will concern itself with visual aids that are comparatively

new to mathematics in the sense that few of them deal di-

rectly with this subject. The development of content matérial

d for each of these several aids offers a new and valuable field of
endeavor to teachers of mathematics. Once the content is estabu-\
lished—and appropriate content for each of three purposes 1s
needed: to motivate interest in mathematics, to enrich the sub-
ject matter of mathematics, and -2 provide specific instructional
materials-- it becomes necessary to decide what type of visual aid
is best adapted to the particular 1naterial. This description of
available visual aids will be helpfal in clarifving the problem of
choice.

OraQUueE Pictorial. MATFRIALS

Description. Opaque pictorial materials, such as photographs
and illustrations on post cards, from books, magazines, and simi-
lar sources, are numerous, easily obtained, and relatively inex-
pensive. A single picture is frequently more effective than a
lengthy description. 'The main limitation of these pictures is that
they can be seen by only one student, or a sinall group of students,
at one time, unless there is a suflicient number for the whole class.
However, this difliceity can be overcome by using an opaque pro-
jector to throw the pietives, if not too large, onto a screen.

Advantages and Disadvantages. "The opaque projector has cer-
tain advantazes, Te will project, by reflect d light, any opaque flat
or nearly flat material, such as drawings, graphs, or diagrams, and
any written or tvped material, such as lists of examples and prob-

360
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lems. It will reproduce color on the screen. It is extremely simple
to operate,

It is possible to buy a combination projector for opaque mate-
rials and 3137 x 7 standard glass shides. The change from one
to the other type of projection can be made instantly. By means
of suitable accessories, this combination projector can also be
adapted tor the pojection of 27 x 27 glass shides and 35 mm. bl

© SLTIpS.

E

Because the opaque projector, however, projects by reflected
rather than oansmitted light, much of the light s lost. It s,
therefore, nctessary to have the room thoronghty darkened.

Ancther disadvantage v that the opague prajector s ratha
hatky in shape. This is nota setious consideration so far as porta-
bilits is concerned because the newer modeds e liohrer in weight
than the older one.

e Grass SLiny

Neserprion. The alass stide is viewed or projected by tians.
mitted hzhr,

Fhe outside donensions of the standard Amevican ghss are 317
b0 The substand ed 278 27 elass slide is also being used be
cause 10 somew!t fess expeminve to produece and requines less
space Tor storaze. The smatfer shide, however, offers Tess surface
an which to work ared most be made more coetullve T he 279 x27
shass stide most be nuenihed more doonerers than the Lrger one
in order to obran g screan erese of the saane stzes therebne de
Fects i the smalter shde sl hooome more apparent. Other mings
bemz equal, will o he necesaany to use amote powcrbal Lanp
i the projector withe 27~ 27 SHde to obtan o saeen e of
the saie sirze .H::l Poebie o s 11 ahtamed sl the 2 (,” R A
.\li!i('.

The shaos wDide ustadbv corsines of the following ttems: 2ae the
‘_;‘.l.\\' ;ll.ll(' ot other nraterial «'lIH.liHiH'_{ the Sll})'}u't to b Jrro
jecreds T to sk off a picne w. no beer than the
apertire cate of the projector. (b cover alisses to protect the
piciine sutbacer < bindimes tape to bind togerhe the severdd
paris of the siides and Jes o thambmoank toindicate the proper

[)n\ilinn of the siide when [»}.1:('(1 in the })1‘ui(‘< teny .
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Sources. “1he sltides may be wade by the individual who wishes
to use them, or may be obtained thhough toan or sale trom numer-
ous distributing agencies.

The Photographic Glass Slide. Photographic glass slides are
made from negatives by contact printing or enlarging. 'The photo-
graphic slide is mercly a positive iniage on a picce of glass coated
with a light-sensitive erhulsion, just as a print is a positive  image
on a piece of paper coated with a light-sensitive emulsion. The
necessary materials for making photographic slides, with instruc-
tions, iy be purchased from any of the several companies pro-
ducing photographic materials. It is possible to tint these photo-
graphic shdes by means of water colors.

Glass slides are also made from positives on film of the nega-
tives. "T'he positive is mounted between two pieces of cover glass
for projections, The technique is the same o both cases; it is
only the type of material used for making the positive that is-
different.

Uhe Handmade Glass Slide. By a handinade glass slide is meant
4 not-photographic shide. Wiiting or drawings for projection may
he plwced onosuch media as clear ghass coated with clear shellac,
ciched glisss or tumarith, Tead pencil, colored pencil, India ink,
or coloted ink mav be used. These shides may be mounted in the
ustal manner, o b they anc tor temporany use only, they mav be
mounted temporanily or not at all,

Cellophane will take India ink and can also be used for mak-
g handmacae stides, Teis particaban ly satishactory in making type
written slides. Simply place asheet of cellophane of the proper
size o folded slicet of cabon papes and then tvpe onto the
celtophane throuzh the carbon, Removine the ribbon will pro-
duce a better nipression, The cclophane shides e be mounted
pernunentlv or temporarily,

Shdes made by pasting cut outs of opague paper onto ordinary
cover ghis offer interesting possibitivies. When projected onto the
screent, astthouctte eltect s obtoined.

Method of Use. "The slass ¢ can be viewed by tansmitted
Haht for individual use ov projected by tansmicted Light onto a

v

sreen forcroup uses Standard 31,7 x4 stides e projected by

)re

means of 317 x4 shide projecrors and the staller 277 x 277 shides
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by 27 x 27 projectors. It is possible to adapt the 314" x 4*" pro-
jectors for projecting 27 x 27 slides. '

Advantages and Limdtations. Glass slides offer maximum bril-
Hance on the screen. "They may he left in the projector for any
fength ot time and may be used in a room not completely dark-
encd. They may be conveniently arranged for use in any desired
order.

Gl shides ave casily made by the individual who wishes to use
them.

Fheve ares however, cortain lmitations. The slides require con.
siderable stervaze space, and they are easily broken. They are
Fairly expensive, although not unduly so in relation to their value.

THE 35 M. FILMSTRIP

Desaription. 'The filmstrip consists of a sequence of pictures on
astrip ot 35w bl cither black-andswhite or color, made in
anv miniature cunera using 35 mm. film. The pictures may be
either of singleframe size, 347 x 170 or double-frame size, 1147
x 1.

Pictines made on maturabcolor film are returned processed as
positives on filme ready for viewing or projection. Pictures mude
on the ustal black-and-white film are developed as negatives, from
which as many positive copies on film as desired may be made by
contact printing. There is now available a black-and-white reversal
frlm which, when processed, results in positive mmages on the film
and thus climinates the mrermediate step of making negatives.

Method of Use Because these 35 mine pictures are snuall, i s
custornary to project them. Any projector for 2 x 27 slides may
be nsed for the purpose it e is cquipped with a 35 mme filmstrip
attachiment, Phe standand 317 x017 glass shde projector can also
be used by fitting 10 with one ol these aitachments.

Sorced Filmstrips. Sound filmstvips can be prepared by taking
aosertos of st piotures o 39 mnn. blin and reconding the neces:
sary enplanatory material on records, T reconded and ran ar 78
rop e the vecord mas he ased onam \I.mrl.nxd phonograph as
the piotres e projected,

Adcantages and Disadia dages, T hese filistips are eastly made.
Thes e ccoromical o make or buy or ship from place to plce,

O
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They ave light in weight, and require very little storage space. A
roll of eighteen to seventy-five pictures inay be kept in a small can.

There is no danger of getting the pictures out of order, and
there is no danger of breakage.

On the other hand, the filin is easily damaged because it is un-
protected. Furthermore, it is impossible to vary the order of pres-
entation of the individual pictures except by skipping back and
fortli. "T'hese two limitations can be overcome. however, by cut-
ting apart the several frames and mounting the individual trans-

(37 X4 (X2

parencies as 277 x 27 glass shides.

THREE-DIMENSIONAL PICTURES

Description. The three-dimensional picture, known as a stereo-
graph, has the desirable feature of depth, thus adding reality to
the visualization, This advantage is of importance in any situation,
but particularly in solid geometry, where many students find it
hard to visuahize three dimensions fronn two-dimensional drawings.

Method of Production. "There are special two-lens cameras for
producing three-dimensional pictures. However, these pictures can
also be made on regular black-and-white or color film, in the same
wav and just as casily as-two-dimensional pictures, with any still
camera htred with a sterco attachment over the lens to give the
necessary two images on the same piece of film. The film is proc-
essedd In the usual manner. The 35 mm. maniature still camera is
prticulalv well adapted {or producing steveographs inexpen-
sivelvin this way.

Method of Use. vor individual use, the resulting stereographs
may he viewed as positives on films (cither in filmsirip form or
mounted as slides) or as positives on ghiss or paper feither contact
sizeoor enbarged . through suitable stereo viewers,

For group wse. 35 mim. stercographs, either i filmstrip form or
moanted as 27 x 27 slides, may be projected onto a screen by
medis ol projeciors made or adapted for the purpose and viewed
dnoush suitable spectacles.

NMorios Prorures

[he motion picte, silent and sound, 1s so familiar that Hede

necd be sard ahout 16 e cpt that 1t siould not bhe used for in-
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structional purposes unless motion is essential. Otherwise, the

still picture will serve better and is cheaper,

The question of silent versus sound pictures is still a contro-
versial one. Feonomy and case of production would scem to indi-
cate that the silent tilm, either with titles or with spoken comment
by the teacher, should be used in preference to sound film where
the dialogue un the sound track offers no distinct advantages. I*
should be kept in mind that the comments on the sound track
cannot be adapted to particular teaching situations, should such
adaptation be advisable.

TrcHNUE oF TEACHING WITH VISUAL AIDS

The technique of teaching with visual aids divides itself natu-
rally into three stages: the teacher's preparation, the presentation,
and the follow-up,

The T'cacher’s Preparation. "The teacher must consider these
steps in prepaving to use visual aids: (a) Familiarize himself with
the content of the visual material. (b) Decide upon the purpose or
purposes in using the aid—introducing the unit, direct teaching,
summnuirizing or reviewing, envichment, or appréciation. (¢) De-
cide at what point or points in the unit to use the aid. (d) Deter-
mine what the students should look for during the showing of
the material. )

The Presentation. "T'he presentation n]ay he motivated by one
or more devices such as these: (a) by developing the need for it;
(by by taking advantage of the interest or previous experiences of
the students; () by advance assignments--individual, group, or
class—based upon what is to be seen.

The students must understand clearly exactly what they are
to look for during the presentation. Whether the points on which
thev are to concentiate then attention be general or detailed, these
points should be specifically stated in sentence form on the black-
hoard or in notebooks. Tt is advisable to dvill upon difhicult and
new words that may be found in the material to be presented. Tt is
also wise not to list too many points for observation during any
one showing.

I at ol possibles the material should be presonted immediately
after developing the points to be observed during the showing,

O
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(@) All apparatus should be ready before the presentation, and
arrangements made for operating it (b) If the material is to be
shown more than once, it is wise not to interrupt by calling at-
tention to special items during the fivst showing.. (¢) It is advis-
able, if it ¢an be arranged, to preserve normal conditions by
having the chss meet as wuaal in the resulan dasstoom for the
presentation. - '

The follow-wp. The discussion of the tlm should be stavied
as soonas possible after the presentation is completed, preferably
the same day, and should be based upon the points on which the
students were to concentrate their attention. At the same ume it
will be passible to answer other questions avising from the discus-
sion and to eliminate any ertoncous impressions created duving
the presentation,

‘The teacher should capitalize upon interests aroused by the
vistal matertal and the discussion o stimulate the students to
further activity associated with the nnit under consideration.

If the matenial s presented for the purpose of imparting infor-
mation, the students should be held responsible for the informa-
tion gained,

Al the material, o oney portons of it may be shown several
tines, depending upon the needs of the qroup. Fach such sithse-
quent showing should have for its purpose the settling of special
problems o1 the chifving of conception. Tnothese cases it s
not necesary to show all of the material,

The technique heve presented is simaple and casv o foltow, but
ity mean the difference between suceess and failoe. Te really
wotks
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APPENDIX 1

"SHORT DESCRIPTION OF INDIVIDUAL MODELS
‘ AND DEVICES

ARITHMETIC

Addition combinations. Slots are cut anto paper pasted on cardboard. Numbers
appear above slots, Colored slips ase inserted as soon as the pupil has had the com-
hination, If he fuils one m diill, the colored ship is reversed and the notched end
inserted.

EIHEL WEYMOUTH

Imdiz iduad eorons n basie comhinations, When a child makes an error in addition,
subtiaction, multplicition, or division, a label with the combination written on it
is pasted on i coloted prece of paper about the size of a regulation notebook, The
child-keeps the card in her notebook until someone clse misses a combination. A
child must give all the combinutions on the and before handing it to another child.

ALICE M. HAGH

Simple and <ompound interot. This model, nuade in the manual training depart-
ment, shows the difference in the value of mousey invested at simple interest as com.
pared to compound interest. The first column at the extreme left represents $10
deposited in a bank. The fiont ra v shows the inciease at simple interest; the back

row, compound mterest. From left o right each column shows the amotint at five
sear pettods  As e basses, the diference which wis not geat a fiust becomes in-

creastighy soouhicast e columns of meney” can be made on oa shop Lathe)
RATHARINE YOUNC

369
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Porabulary. Since nmlm.\l‘nuling i mathenuties depends 10 a0 great estent on
understanding vecabulary, we have attempted to focas attention on word meaning
in several ways, We have found the following to be the most effective ones:

{a) ‘o usmg picunres o' show the meanity of words, These are sclected from
vatious somreds and can be arzanged as a bulletin boaid exhibit or on posters for
classroom display, .

(b) By using posters designed to show the rootuaneaning of the word and its wide
use us part of other words in the English language. The accompanying illustrations
show two such posters,

(c) By printing the vocabulary of each chapter or subjegt on a roll of paper at

Aached to a window shade voller. This is hung on the wall of the classtom und can

be relled up out of sight when notu use. Such a list is tseful for (urick 1eviews,
: RATHARINE YOUNG

GENERAL MATHEMATICS
t

~
s

Picture frames. Frames for pictures. of mathematicians a1e made in the shape of
triangles or other geomettic figures.
HONNIE E, CONE

Tile designs. A bagful of assorted tiles is kept in the classroom. Tile designs are
made by plane z,e(mxcu) pupils and fastened to the cardboard with ordinary glue.
WILLIAM I, SMITH

The rnrle' in airplane markings. The wm;,r markings of the airplanes of various
nations ;nl painted on three-inch squares of balsa wood. The circle appeas to be
basic to most of these desipns. (

L

. : WITLIANM B, SMITH

a

Measwre: visualizing rods, vards, feet, and inches. Picces of heasy ddothesline, cut
in lengths of the inch, foot, vard, and rod, are hung on the wall at the front of the
classrobm. Fach piece is brightly painted and labeled,

ALICE ML MHACH

Measure: frerimeler of georictrie figures. Each child is supphed with a packet of
toothpicks fustened together w.th an elastic band. These sticks aie used to iltustrate
the perimeter of various plane figuses, Sucl) fiurés as the thomhus, squae, penta-
gon. hesagon. and others may he readily formed. .

ALICE ML HACH

-

Adreas A squne foot. cut from cadboard and marked off into square -inches, is
placed in the font of the 1oom for reference when discussing siea problems. kach
childd i given an enselope containing 106 square indhes ent trom paper. ‘These are
placed within the cectanzle. as a4 means of checking the calonlations pettormed to
determine the area,

ALICE M. HACH

Faomuia for e avea of the triangle. (See fraee 3R,
(Y UArea cquals Vit product of the base and the alttude ™ By 1 Cot onn of
prpet two conginent tiandes and place tagether o such aowas as o for a parallel

O
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ogrun ABCD. The area of this parallelogram is the product of the base and
' HB

the aliitnde. The triangle is 14 the parallelogram, and ¢an be expressed as-2~—°
or 14 B, , : ’ .

(1) "Area equals the product of the base and ¥4 the altitude.” (Fig. 2) Cut out
of paper a triangle CED. Cut along liné A8, which bisects the altitude and runs
parallel to the base LD. Place ABG in positibn BFD, making a  irallelogram AEDF
with base equal to the base of the triangle and the altitude equal to 14 the altitude
of the wiingle. ' '

(¢) “Area equals the product of the altitude and 14 the base.” (Fig. 3) Cut out of
paper a triangle ZBD. Cut along line AC which bisects ‘the base and runs parallel

* {0 ED. Place CBA in position FEA, niaking parallelogram CFED with ahtitude equal
te the altitude of the triangle and base equal to 14 the base of the triangle,
KATHARINE YOUNG

Formula for the area of the trapezoid. (See page 372.) .

(1) “Area equals the product of the'altitude and 14 the sum of the two bases.”
(Fig. 1)ut trapecoid MNEB out of paper, Cut along the line AC which runs
through the center point of £B and parallel to MN. Place triangle ACB in position
DAE. Thespavallelogram NMAD is formed, whose area is the product of M4 aud
the altitude of the trapezoid. But M4 is 14 the sum of MB ana NE.

(b) "Area equals the product of the sum of the two bases and 14 of the altitude.”
(Fig. 2 Cut trapezoid ABCD out of paper. Fold so that the two bases 4D and BC
comcide. Cnt atong line MN. Place upper part adjacent *o lower part forming the
paritlielogram MAPO. The area of this parallelogram equals the sum of the two
bases multiplied hy 1, the altitude,

(¢) "Area equats 15 the product of the altitude and the sum of the two bases.”
(Fig. 3) Cut two congruent tripezoids out of paper. Place thea adjacent in such a
way'as to form a parallelogram ABFE. The area of this parallelogram equals the

,product of the altitude and ‘the sum of the two hases, which makes the trapezoid
14 this paraliclogram, :
KATHARINE YOUNG
Meaning of the formula for the area of a circle. A wooden box 2 deep is covered
with glass. A raised partition divides the bottom of the box through the center. In
une side is a depressed circle (Exhibit A, page 374); in the other » depressed area
composed of 8 1/7 squares with length of the radius as the side of each square (see
Exhibit B). The surface of the circle (see”Exhibit BY is completely covered with
shot which can be poured over to the other side and shaken down so that it exiac.ly
wiers the sinface of 3 1/7 squares (see Exhibit A) This shows that the actual sur
face covered by the circle is equivalent. to that covered by the squares,
KATHARINE YOUNG
Folume. A cube whose edges are foot rulers ot cut from yardsticks is kepy before
the class for reference in solving problems and as a means of visurlizing a cubic
foot. , \
ALICE M. HACH
Geometry project. Facli year we have a patents’ night at which time we exhibit
work of the pupils One vear, instead of theSsual projects for the geontetry exhihit
Pasked pupils to bring fiom home articles in which they could see any geometry.
The experiment proved m})c sticeessful beyond my expectations. My walls were

-
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lined with dresses, neckties, shirts, sweaters, and all kinds of wearing apparel; under
lock and key in iy cupboard were cut glass dishes, silverware, china, jewelry, and
many other valuable articles, Some pupils preferred to make scrapbooks. From these
they discovered geometry in advertising, in architecture, in the home, in house plans
and household applianees, in the arrangement of foods, in linoleum, silverware,
jewelry, ht‘d\pltd(lb. rlotlung. in flags and. uupmakmg. in tractors, transportation,
and in nature. ;

MAE HOWELL

¥l
Use of lines and angles in evervday life. After a study of "Geonwuy in Nature,”
my classes enjoy several days,with the topic “How Lines Are Used in Everyday Life.”
In a recent class these suggestions were made: (a) Use of line in car design to give
appearance of length. (b) Use of concentric circles on hub caps to give appearance

‘of motion, (c) Use of stripes in clothing design to give illusion of height. (d) Use of

thick glass or false bottoms in bottles of toilet preparations to give the appearance
! lar;,e volume.- (€) Use of lines and auglcs to provide optical jllusions.
' RALFH A. AUSTERM ILLER

" Polygonal forms. The ninety cd‘vcx and concave polygons are made of black

plastic. The figures are fastened in a*plywood frame about 3' x 4' and Fangs on the |

wall of the classroom. They are referred to frequently throughout the course in
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plane geometiv. The order ()[ the ligures iy that assigned by the formula for aes-
thetic measure of Professor George D). Birkholl (see Sixth Yearbook, National
Council of Teachers of Mathematics, pp. 190-195).

WILILIAM P. SMITH
s
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A mathematical Christmas tree. An annuad project of the solid geametry elasses
in the Rapid City, South Dakota, high school has been to make better and more
unique solids than those created by previous classes. “hese included threc penctrat-
ing cubes, two penetrating pyramids, % star at the top of the tree, a cross, a starred
dodecahedron and jcosahedron, a snub cube, a truncated icosahedron and fourteen

crystal solids. :
FLORENCE KRIEGER

The spiral. The mathematical “sea sheh” is etched on black-plastic. One side of
each right tiiangle is of unit length, Starting with an isosceles right triangle, whose

hypoienuse is /2, the suceessive hypotenuses become /3, /4, V5, /6, etc.
WILLIAM P. SMITH

L)

ALGEBRA

Syw

Signed numbers—addition. Each pupil makes his own scales of sx;,ned numbers
and uses them to learn the rules of additiog. For example to add 5 and —6,

ALTTTTTTTTT Ty il
09 8 T b 5 432 -1 QM 62 eI +4o15 v +] +8 +3 40 4!
LLr ettt
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D09 87 654321 O+l 2245 -@ﬂosoawow
e et et iy

plice 0 of scale B below .45 of the A scale. 'The answer will be for nd immediately
ahiove — 6 of the B sca™ . - |,
KATHARINE YOUNG

Model for teaching algebraic multiplication. On page 377 is a device which illus-
trates the rules for the sign of the product in algebraic multiplication. The appa-
ratus consists of a light wooden bar or lever, balanced at M. Small screw hooks
(r, 7o o, hole oo, ete) are placed at equal distanices to the right and left of
M. Oue end of the sting over the pulley has a hook (H) attached, and the other
end of the string is left free to be atrached to the proper screv hook when a weight
is attached at H. .

If a weight is hung on a right hook (r,, ¥, etc), the bar will turn in the sunc
direction as the hands of a clock, that is, clockwise; a weight hung on a left hook

e bete) causes the bar to tmn counterclockwise.

lkfnn making (the experiments there must be agreement on three nrittess:
- Distances nn‘lhc bar "to the right of M are positive: distances to the 1eft of M
e negative.
2. Weights attached (o the screw hooks (that is. downward pulling weights) are
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negative; weights attached to the puliey string at H (that is, upward-pulling weights)
are positive,

.r,

|
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3. Coumcrclockwxse rotation of the bar is considered positive; clockwise rotation
of the bar is negative. .

The following experiments will show how the apparatus works.

1. To find the product of 4 2 and — 4, hang 4 equal weights on r,, Since the bar,
turns clockwise, the product is negative; that is, (.- 2)(—4) = — 8,

2. To find the product of — 2 and — 4, hang 4 equal weights on l. Since the bar
turns counterclockwise (— 2)(—4) = 4 8.

8. To find the product of 2 and + 4, fastn tne free end of the pulley string
atry and hang 4 equal weights on the hook #. Since the bar turns counterclockwise,
(+2) (449 =8

4. To find the product of — 2 and 4- 4, fasten the free end of the strang at /, and
hang 4 equal weights on the hook H, as in Ex. 8. Since the bar turns clockwise,
(~2) (4 4) = — 8. '

These experiments show that the rules for the sign of the product in mulnplica- }

tion, stated below, are reasonable; that {s,
f two factors nave like signs, their product is positive; if they have unlike signs,

their product is negative.

W. D, RERVE

Graph blackboard. A squared area is drawn on a piece of yellow cellophane, 314"
_Xx 4”, with black and red India ink. If placed between two regular-size lantern
“glasses and lringed with passe-partout, the cross section lines may be projected on a
blar*:board with the ordinary slide projector. Curves may je sketched readily on
the board. In this way, a graph board may be provided for any classroom.

HENRIETYA TERRY

Graph board. A graph board 5 x 5 is useful when made of wall board which
has been painied black and placed in a wooden frame. The squares for the grdph
are painted with yellow paint. This board is fastened to the wall with wooden pins
so that it may bk\put up when needed and taken down wuen not in use.

KATHARINE YOUNG

Graph bourd. One slate of the blackbraid is ruled into two inch squares with
the aid of a child’s yellow coloring crayoi. The cost is relatively little. The lines
can be removed at any time, but an eraser does not take them off. 1f the lines be-
come dim with use, they can easily be retraced.

MARY L. WEBSTER
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A g aph bourd--hwie lo produce one in " Barren Budget Land.” With the aid of a
leather punch, holes ave perforated at one-cydintervals ona picce of black oicloth,
The wrong side of the doth is printed with & crisscioss pattern which serves as a
guide in keeping the holes equally spaced, A dowel stick added to the top and bot-
tony, or two old curtain rollets, complete the device, When™it is placed against the
hlackboard and a dusty eraser is passed quickly over it, it easily stencils a rectungula
system of points.

JAMES R, HAYDEN

Classroom blackboard equipment. "Ihe figuie here shows o number of instpu-
nu}us and measuring devices that e uselul in teaching nfathematics,

.
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Graphs. Hooke's experiment on’ elasticity is performed with the aid of a large
spring and sume weights. A committee of students performs’the experiment while
the rest of the class records the data, The results are graphed, and the line studied,
intecpreted, and tested for accuracy of prediction,

Following work on straight line graph, a pan of boiling water is brought into
class. At regular intervals a large thermometer is thrust into the cooling water, The
temperature drop is recorded and the results are graplied, interpreted, and com-
pared with other records. '

LAVERN TRIPP

o

PLANE GEOMETRY ‘

Use of colored chalk. Relationships in families of theorems may be shown by the

use of colured chalk or Ditto ink in marking corresponding parts.
‘ ANICE SEYBOLD

Congruence theorems®—using color.,Colored paper parts may be use for the
superposition of congruence theorems. For sas. two equal green strips, two equal
sellow strips, and two red angles are first exhibited, One triangle is completed by
attaching it to the board with transparent tape, The second is completed on top of
the first in the otder in which the steps of proof are wiitten out.

' ' ANICE SEYBOLD

Congruence of triangles. In discussing congruence and inequality theorems a
model is used consisting of a black rigid triangle to which is fastencd a light col-
ored flexible triangle. The hase of the flexible triangle is equal to that of the rigid
triangle and is fastened to it. The left side of the flexible triangle equals that of
the black one, The flexible triangle, hinged at two vertices, may be used to illus-
trate congruence when three sides are equal respectively, as well as when two sides

and the included angle are equal. Inequality theprems may also be illustrated,
| HFUHRMANN

Congruent triangles (ambiguous case). Two triangles are not always congruent if
two sides and an angle of one are equal to the corresponding parts of the other.
The model shown here is constructed of painted jplywood and colored cardboard.

»

i‘R\.-\N(.'LS M. BURNS

® The l.xcn.d now is Lo postulate these theoremyy, $DUHOR,

*
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Triangles, Three strips of wood are fastened together by small metal hinges. The..
sum of the t* > shorter strips equals the longest strip, The wooden angle piece is |
held in place by the weight of the two upper strips. The following may be demon.

strated: (a) The ambiguous case in trigonometry, (b) The sum of the two shorter

sides of a triangle must be greater than the longestside. (c) The various kinds of

triangles. ) . .
WILLIAM P, SMITH

Exterior angle of a triangle. An exterior angle of a mang]e is greater than either
opposite interior angle, ,

Two 8” protractors are fastened at each end of the base of a triangle which has
been drawn on painted plywood 16% x 277, elastic cord leading from holes at
each end of this base can be looped over pegs which locate the vertices of an equi-
lateral triangle, two right triangles, and three obtuse triangles. Readings onthe pro-
tractors when the vertex is in these various positions show the constant relation be-
tween an exterior angle of a triangle and one of its non-adjacent interior angles,
and the changing relation hetween the exterior angle and its adjacent interior angle.

FRANCES M, BURNS
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. [ 2
. Sum of the angles of a biangle. The sum of the.,angles‘ of a triangle is equal
to 180°. ’
“The two base angles of a plywood triangle having a base 17" and an altitude 117
are cut with a jyg saw and fastened-with Scotch tape, in their orviginal position, or
at the veitex of the triangle where their exterior sides form a straight angle. '

FRANCES M. BURNS
]

Inequalities. 1f two sides of a triangle are unequal, the angles oppusite are un-
equal in the same order. :

¢ m—

A

»

B 0 y c
‘Lake a paper triangle 4BC with liucqu%l sides. Fold one side on another from
the common'vertex 4. The crease will be the angle bisector AD. The-side 4B is

made to fall along AC, B falling on B', £ 8 on /B, and since /B’ is an exterior -

N

angle of A B'CD, it is greiter than angle G.

The general quadrilateral. Four sticks not equal in length are joiied to form 2

equadrilateral. The tesulting hgure is’hot rigid. The diagonals are not equal, and

do not bisect each other. The angles are not bisected. However, an elastic cord join-

N reney

myg the midpoints nf, the successive sides foyms a parailclogram. The sides of the
patallelogram equal-one-half the lengths of the diagonals. The quadrilateral may
be de-furmed instwo ways to make a triangle in which the elastic cord remains
‘parallel to the b{se. The model may also be used to illustrate a skew quadrilateral.

: H. FUHRMANN
; .

Ramll('ln_qn%s. ‘I he following theorems are illustrated by the models shown here:
(1) The djdgonals of a parallelogram bisect each other. ' N

(2) If the diagonals of a quadrilateral bisect each other, the figure is a parallelo-
gam.

(3) The diagonals of a rhumbus are perpendicular to and bisect each other.

(4) The lines joiniug the successive mid-points of a quadrilateral form a parallelo-
gram. '

(5 Two points each equidistant from the extremities of a line determine the

-~

ycr[,cndiculur hisector of the tine.

O
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For each of the preceding theorems the bypothesis is executed by means of

. wooden strips 14”7 wide joined with round.head stove bolts in such a way that they
pivot at the corners. Small elastic cord tied to screw eyes forms the lines for the

‘- conclusion. ) . : .
. . oo T . >, ) :
£ ’ 3 i \
b
]
t
In addition to the parallelogram theorems, principles such as these can be demon.
strated with these models: “Parallelograms with equal petimeters do not always
have equal arcas,” and “The line of centers of two intersecting circles is” the per-
pendicular bisectorcof their common chord.”
L]
: FRANEES M. HURNS
Parallel ruler. This barallcl ruler for blackboard work is made from the two
halves of a yardstick connected by links fastened to the sticks by holluw rivets. It is
constructed on the principle, and is a constant reminder of the theorem: If both
pairs of opposite sides of’a quadrilateral are equal, then it is a parallelogram.
AY
FRANCES M. BURNS
The gyroscopic top. 1f the top is passed around the'class while spinning, pupils
feel its reactions to turning. Tt iltustrates the parallelogramn of forces.
' ANICE SEYBOLD
o .
.
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Farallelograms. L1 the diggonads ot 4 quadrilateral bisect cach other, the figure is
a partlelogram, “ ‘ S

i'wo sticks are crossed and fastened at their mid-point. An elastic cord strewched
atound the ends assunies ll;é'"pusiliun of a purallelogram. As the angle between the
diagonals clnges its position, the iigtfur remains 4 paratlelogram, When the diago-
nals are perpendicular, a thombus is fgymed, and the angles of the rhombus are
bisected by the diagonals. :

L]
\ H. FUHRMANN

Purallelograms. A Aexible parallelogiun is constructed from sticks. This iliustrates
the theorem: If theeopposite sides of a quadrilateral wre equal, the figure is’a
parallelogram, Elastie cords joining opposite vertices show that the diagonals bisect
cach other but that the angles me not hisceted. When the diagonals aie equal, the
pataltlelogram becomes a rectangle. If another elastic cord is made to pass through
successive mid-points of the pnallelogram, another paralletogram is formed. This
second paradlelogram becomes a rhombus when the original parallelogram becomes

a rectangle,
& -
1. FUHRMANN

Parallelogram: rigidity, The p:h';\]h-lng\:un is not a rigid figure. It can change its
shape without changing the length of & side. When nails in a crossbar are made to

. o . N IRy
; «-mﬁ'x}" KK o ﬁ'—;'ﬁ
SR E el )

fit into holes in opposite sudes of « parallelogram, the bar remains paraliel to the
other two sides but the figure is not vigid, When the bar is attached o wo adjacent
sides 1o form 4 tianele or @ Wapezokl with two of the sides, the paraliclogram be-

comes tigid and can o support aoweight.
H. FUHRMANN
Rectangles. 1t the diagonals of a guadnlateral are equal and bisect cach other,

the figie is a vectangle
Two equal shicks are fastened at their mid-points. An elastic cord stretched
through the ends forms a rectangle.8When the sticks are at right angles, the rec.

tangle becomes a4 sqiae.
H. FUHRMANN

Q
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o Rectangle. 1f a rectangle varies so as to assume the shape of a square, the diagonals
hecome perpendicular to each other and 1esolve into bisectors of the angles of the
rectangle.
H, FUHRMANN
Median, ‘The medians of a triangle meet at its “center of gravity.” The. model
‘here shows how the triangle is in balance,

1.4

R _ . ) ' FRANCES M, BURNS

Median. Mediaus 'of a variable triangle with fixed base. .
. L] ’,1

\

]

The buse ot a trnangle is painted on a px_c"(_gc of plywood 187 x 4. Holes are
bored at the extremities of the bise and the ends of an clastic ‘curd are knotted at
the biack. This elastic cord is strung through a screw eve fastened to a peg. A sec
ond cord comes from the mid-point of the base; this s threaded and then knotted
thiough a hole in the peg very cluse to the sciew eye. When the peg is fitted into
holes 1epresenting the vertices of right, acute, isowceles, and obtuse triangles, the

positton of a4 median in these tiangles is shown.
T FRANCES M. BURNS

Merdians and perpendicular bisectors. Medians and perpendicular bisectors can be
shown in a flexitile tiiangle. ‘The perpendicular bisectors of two of the sides may
b sepresented by fined sticks. ‘The medians to these same two sides consist of elastic

ERIC | "

Aruitoxt provided by Eic:
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cords fastened to the respective vertices and mid-points. The stick representing the
perpendicular bisector to the base and the elustic cord joining the mid-point of the
base to the vertex of the triangle are shifted to the necessavy positions by means
of 4 pulley ¢ 1 Guriage antangement built into the base. This keeps the perpey-
dicular hisedtor in the center as the base changes in length. As the triangle assumes
witious sices, the noedians and  perpendicular bisectors may- be shown to 1emain
aaticurtent respectively. '

H. FUHRMANN

Triangle: altitude, median, perpendicular bisector of side, and angle bisector.
In genernl, the bhiseaor of an angle of a tiangle, the altitude drawn from this
. . L 3y .
same vertes, the median to the opposite side, and the perpendicular bisector of that

side are not the same line. The illustrations show a triangle with a constant base,
the perpendicular bisector of that base, a movable stick which joins the mid-point
of the huase to the opposite vertex, an altitude represented by a plumb line, and a
bisector of the vertex angle, assunning varjous or constant positions as the triangle
changes from scalene to isosecles, At least six theerems relating to the isosceles tri-
angle may be demoustrated with this model,

H. FUHRMANN

Impuortant lines. Model showing the positions of the aldtude, mediand and angle
bisector of a scalene triangle, base 187, altitude 117, The dowels tepresenting these
lines are painted in contiasting colois.

e gt -
SPTER
! ;

FRANGES M. RURNS

*
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° L] ] . /
Altitude of @ triangle. An altitide of a Lisngle may fall inside the base, coliitide
vith one side, or [all outside the niangle, depending on whether the angle at the
right end of the base is acute, 1ight, or ubtuse, ’
\\ . @ o H. FUHRMANN

-

Altitude. Positions of the altitude of a vaviable tiapgle having 2 fixed base,

The base of a tiangle is painted on a prece of plywood 127 x 17, Narrow round
elastic forming the othtr two sides Teads fiom holes at the ends of the base and can
be looped over pegs tocated at the vertices of a right wiangle, an isosceles triangle,

.

J fmeae s et © S s w . -

two acite Diangles, and two obtuse tiangles. When the wodel is held upnight, o
plumb bob suspended fiom the vertex shows the positon of the altitnde of that
triaugle w th tespeet to the base.
FRANCES M. BURNS
dngles insoibed i a cncde. A cirde having o 197 diameter is paingd on plywood.
The center and a chord are markeds A mprow elastic leads from the extremities of
the chord to pegs at the vertices of a nght tiangle, two acute triangles, and two
obtuse triangles. When the elastic is stietched over the pegs, the position of the

center of the cirdde in the ditferent kinds of triangles is shown, Tius model will alwo
demonstrate @) an angle inscribed inoa segment whaose are is less than a semiciele
is obtuse; (bY an angle inscibed in a segment whose e is wore than a sewidircle
15 acute; (O the wedian to the hypotenuse of a right niangie is oue-halfl the hy-
potenuse; and (dy angles inscabed in the same segiment are cqual. .

¢ FRANGFS M. BURN}

ERIC |
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Right angles inscribed in a semicircle, A 197 circle and its dimmeter are painted
on plywoud. Nantow round elastic leading from the back thiough holes at the

‘vml\,ul' the diamgter can be stictched around any of the many pegs fastened on the
citede. An gngle inscribed in a semicitcle is a right angle. The locus of the vertice:
uy,:ih\t; right angles of right triangles having a givest line segment as hwpotenuse i
a urcte whose dizmeter is the given hypotnuse, !

) FRANCES M. BURN'

Measurement of angles. Models showing the relation between certain kinds )
angles in angle degrees and their arcs in avc degrees are reproduced below and a
the \top of p. 388 . :

Complete 360° bristol bomd protractors 147 in diameter are bound to plywoo
with Sctch tape. Small ten-cent protractors aie attached at the vertex of the angle
one side 'of which is a fixed line drawn on the figure and the other an elastic whicl
can be held at any desited position by a push pin through a small loop at the ens

of the clastic.
FRANCIS M. BURN

N,
Y
. ¢
. \
4 i .
s '.‘
. 1
' “
,, .
. .
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Measurement of angles: circle. A circle with its diameter equal to that of a board.
protractor is cut from plywood. Its edge is marked at five-degree intervals. “Thin

steel or copper rods may be placed ift such a way as to form central angles, angles
formed by two chords of a circle, inscribed angles, and exterior angles, These cases
may be shown to merge into one another and hence illustrate continuity, The

-necessity of adding ares or subtracting them from each other is also noted.

' H, FUHRMANN

Continuity: angle formed by two 'straight lines mtexsemng a circle. Use a piece
' ~  of cardboz -, 207 x B0”. Cut a slot from point P to the center of the circle and
., .

tivet two narrow bars at O, The s b.m slide back and forth in the slot from P to

the center and ilustrate the seven cases in succession.
EMMA HESSE

O
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T'hearems relating to chords, ares, central angles, and inscribed angles of a cirdle.
In model A, a semiciicle is made of a chromium strip taken from the side of a
*wrecked automobile. The full cirde in madel B is made from a picce of metal

molding. ‘The edges of the metal molding are bent in such a way as to form a slot

in which slides a nail head as shown in the black cardboard cross section in the

pictuge for model A. Dotted construction lines are shown by means of red rubber

bands and the usual sides of the figure with black bands. About fifteen theorems

relating to diords, ares, and central and inseribed angles of 4 circle can be demon-
strated with the aid of these models.

WILLIAM 1. SMITH

{ .
Tungents to @ cirele. A circle is drawn on a piece of plywood 157 x 207, At the

center of the circle is fastened a wire which iy bent at a right angle at the outer
extremity of the rudius to form a tangent. By piveting the wire through the center

Q
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this tangent can have lts point of contact at anv point on the circle. The movable
tangent and a fixed tangent which is painted on the plywood are scaled in bands
of contrasting color one-inch wide. The model is sed for demonstrating the follow-
ing relations: (a) Tangents to a circle from the same external pdint are equal. (b)

Tangents at the extremities of a diameter are parallel. (c) If a line is perpendicular

to a radius at its outer extremity, it is a tangent. , i
)
: FRANCES M. BURNS

Center-square, 15" long, for finding the center of a circlé. This is used to help
apply the following theorems: (a) Tangents to a clrcle from the same external point

)
|

T Iy .

are equal. (b) The biscctor of the vertex angle wf-an isosceles tr‘:angle is the per
pendicular bisector of the base. (c) The perpendicular bisector of a chord passes
through the center of the ciicle. The upper edge of the bisector always bisects the
angle. , .

FRANCES M. BURNS

Tangenl secant relation. A large circle is drawn on bristol board backed with ply-
wood. The tangent is fixed, while the secant, marked in 34" units, pivots from an

]

-~
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A
exte?lal polnt. If care is taken in choosing the dimensions, several illustrations of
lh}r tangent-secant proportion using whole numbers can be obtained.
' FRANCES M. BURNS

. | Secant and external segment. A large circle is drawif on colored showcard board

meunted on plywood. A 217 secant marked in inches pivots frota an external point.

If care is used in chookin’g the dimensions, several illustrations, involving only

integers, of the constant relation between the secant and it external segment can
‘be shown, ,

FRANCES M. BURNS

drea of a segment of a circle. Colored cardboard with the chord of the seginent
scored and taped with Scotch tape so that the triangle will bend out of sight illus.
trates the principle that the urea of the segment equals the area of the sector.minus

the area of the triangle.
: FRANGES M. BURNS

Similar triangles (blackboard device). A triangle having a base 147 and an altitude
107 is cut from plywood. A secend triangle whose sides ave parallel to and Lyg"
from the larger one is removed, giving a tool for quickly drawing similar triangles
on the blackboard. ' '

R FRANCES M. BURNS

I;'q;tal segments. A series of parailel lines which cut equal segments on a trans.
versa' i3 painted on a piece of plywnod 167 x 20”. The any othes transversal” is.
represented by a dowel which pivots. This cah also be used to illustrate the theoent:
[f a line bisects one side of a triangle and is parallel to a second side, it bisects the
turd side.

v 7

If parallels cut equal seg-
marls on one transvares| they
will et equal segments on
A wny transversel '

PR S

,.l, )‘: x .

AT PR F

FRANCES M. BURNS

Triangles. The line segment joining the mid{oints of two sides.of a triangle is
parallel to the third side and equal to one-half of it. “

® Q .
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A flexible wooden triangle is used. The base is marked off in equal divisions. A
stick attached to the ﬁ‘!id-point of the second side has the same divisions. Whe: the
triangle changes positions the stick is rotated so that it passes over the mid-point
of the third side. It then remains parallel to the third side and equal to one-half
of it. (Strips of graph paper may be fastened to the base and stick if mdre accurate
readings are desired.)

% H. FUHRMANN

Similar triangles and proportion. A triangle having two of its sides 16” and 12~
is painted on plywood. Half-inch units are marked on buth sides. These are num-
bered at intervals of 4” dn the 16” side and at intervals of 87 on the 12” side.
Elastic cords attached to push pins can be fastened at any desired points. This
model has been used to demonstrate the theorem: If a line divides two sides of a
triangle proportionally, it is parallel to the third side. It will also show the converse

of this theorem.

FRANCES M. BURNS

°

Area of triangles. Two parallel lines 714" apart are painted on a piece of ply-
wood 12”7 x 24”. A triangle with its vertex in one of the parallels and its base in the
other is drawn. Elastic cord leading from holes at each end of the base can be.
hooked over any of the six pegs in the parallel through the vertex. The positions-
of the pegs show right triangles, acute triangles, and obtuse triangles, al] of which
are equal in area to the fixed triangle.

FRANGES M. BURNS

- Right triangle proportions. These three plywood triangles help to demonstrate
the “right triangle proposition.” Dimensions of the largest are: base 207, altitude
91e".

(4]
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_ FRANCES M. BURNS
X Mid-points of triangles, The line joining the mid-pnints of the sides of a triangle .
is patallel to the third side and equal to one-half of it. '

A nartow stiip of wood to represent the base of a triangle is tacked to painted
plywood 11 x 16", A second strip of wood, half the length of the first, is fastened
at the mid-points of twounequal pieces of fia. elastic cord which form the other
two sides of the triangle. A push pin through the vertex places the verteX at any
desited point. The line joining the mid-pointsof the two sides remains parallel to

. the base, whatever the size or kind of -triangle.
FRANCES M. BURNS

. Pythagorean Theorem. The square on the hypotenuse of a right triangle equals
the sum of the squates on the other two sides. ‘

&

o

FRANCES M. BURNS

Q
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Py Uulantan Theorem. An old method of building a right angle by “rope stretch-
ing,” usmg the 3-4-5 combination, is illustrated here,

FRANCGES M. BURNS

Jdreas of polygons, The mieas of similar polygons and circles are to each mher as
the squares of their corresponding lines.

FRANCES M. BUKNS
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Jnterior and exterior angles of polygons. On a piece of nlynood 227 x ‘!l" a base
line segment 107 long is drawn, having an 8’ protractor attached at one end.
Vertices of the equilateral tiangle, squave, regular pentagon, and regular hexagon

]

P bt e - 4 Srmte =+ a

Daviny the 107 e seamont as base e cpctudiv docated and gparked. Holes are
Hored at the estrenntes ot thes base avad snedl vonnd clastic cord s knotted at the
Pare k. When thys elastic as held in phice by prehe pens, the varions polygons are com-
pleted. The ndel will show L the sze of each interion and each esterior angle
of these reatar polvzons ands b how cadh intevor angle increases while each ex-
terior angic decrcases as the nmpber ol sides of i icunlar polizon maenses,

* CPRANCES M, BURNS

Lot of Doscrdhed peds e VLY cirdde is painted on [\‘l\\\tuul. Peus me located
at the vertices of the mesarbed soproe, teanb o octeaon, ond regoian sivteen sided
polygon. When clastie is strerdhed over the pess, the themene 1 the number of
sdes of A ey insathed polvgon sorcpespodiv donblodsthe posmerers and areas
approach neaer and neater to those of the coreles s ot e,

THANE LS ML BEURNS
[y

NOLID GEOMETRY

Sotud e oo, Seeny Hoee domesaonss A magmifving ghass, af ly’ld oved
ivures in the texthook for solid pecmetny theorems, gives anampresaon of depth in
addition to that prodicced by the ordinary perspaative of the drawimg or picture.

O
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Madels for the proofs of pmropositions i solid geometry. Clear celluloid 17167
thick issused for the planes, painted applicators for the lines in space, and narrow
colored Scotch cellulose tape for the lines on the plnes. Duco cement joins the
planes; sealing wax holds line to line or line do plane,

Balsa wood models may also be used for proofs of propoesitions in solid geomerry,
FRANCES M. BURNS

Lines and planes. Lines papendicalar to the same plane are paraliel.s

CUHRISTINE FISGHER
&
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Lines and planes. i a line is papendicula to each of tho hitcrsecting lines at,

their point of intersection, it is perpendiailar to the plane determined by these

lines.

CHRINIINE FISCHEIR

Planes. 11 twa patallél planes are cut by a third plane, the inteisections are
parallel, :

CHRISTINE FISCHIR
Paralleleprped. Wie and plywood madels s be used to illostiate amy right,
tectangnlar, tegular p:nullrlcpip(‘d.

AR

.
R

o
wWht,

FRANUCES AL BURNS
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Locus. The locus of points within a dihedial angle and equidistant from the faces

is the plane bisecting the dihedral angle. G,

s @

A CHRISTINE FISCHER

secions, The intersection of a4 plane and a surface is a section. ¢

t,\_\
CHRINIING FISCHER
Moravian star A Star poivhedion o tormed trom an rcosahedion, Made from
transiceent material with electre Light widhan, 0 s nsed a5 a deconation in Mora-
o bomes at Christmas tiimne.

FTORA MAL WATSON
fodyhedrons. Thiee mterseciig cubes, each cube constiucted g diflerent colo

of cardboard, may be used a0 Chinstinas trec ornaniend.,
FLORFNGE KRIEGER

Q
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Sume composite pulyhedrons. The solids shown in the accompanying figures ap-
pear in the following order;

Top row: tetrahedion, tettihedions on each face of a tetrahedron, octahedrons
on each face of a tetrahedron, icosahedrons on each fuce of a tetrahedron, tetra-
hedrons ont ench face of the tetrahedions on each face of a tetishedion.

Middle row: cube, cubes on each face of a cube, vctahedron, tetrahedrons on
cach face of an ocuthedion, octahedions on each face of an octahedion.

Bottom ow: dodecahedron, dodecahedrons on each fuce of a dodecahedron,
icosabiedron, tetrahedrons on each face of an icosahedron, octabicdions on cach face

of an icosihedion.
DWIGIHY B, 1T ATH

Conge sections A dass cone is sealed at the wop, The level of the hupoad shows
the come sections s the cone s revolved.
WITEEVAE 1 SAITH

Q
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The sections of a cone. ‘Lhese conic sections werve hand turned on a lathe by a
student, 4

FRANCES M. BURNS

Folume of a sphere, using Cavalieri’s [;rinnplp. ‘The sphere in this model is made
of Pyrex glass and the cylinder of celluloid. The diameter of the base of the cylin:
der and of the cone equals that of the sphere. The altitude of the cylinder equals
the diamcter of the sphere. “The section of a sphere pidrallel to the basic plane
equals the section of the cvlinder minus the section of the cane. The boy who made
this worked on it for two months during his spare time.

WILLIAM . SMITH
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Spherical angles. Mode! for proof “A spherical angle is equal in “degrees

o —"

4

A quarter circle of 10” diameter s glied to a complete 1 circle. A second quar-
ter cirvcle is hinged to the first in sucii a way that it turns freely through 180°, The
circles are’ pivwood painted in different colors. Applicators at the vertex of the
angle are used for tangents.

FRANGES M. BURNS

Stdes and angles of a sphencal triangle. The sides of a spherical polygon have the
same meastire as the face angles, and the angles of the polygon have the same mecas-
ures as the dihedial angles of the corresponding polyhedral angle at the center. A
spherical quadrilateral is cut from a rubber ball 77 in diameter. Small wires leading
from the vertices are soldered together at the center of the sphere. Applicators are
used for the tangents at one vertex and for the perpendiculars to the radius.

FRANCES M. BURNS

Q

ERIC

Aruitoxt provided by Eic:



. 402 ; | » Eighteenth Yearhook

'y
¥ Spherical triangles. Location of the pole of a great circle, /Polar triangles. Con-
gruent and symmetric spherical triangles.

FRANGES M. BURNSY

Madel of spherical Iriangle. 4 is the cymplete base circle, radius 214", The slotted
bar through which B turns is furmed of two strips of buass, separated, at the epds




E
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by short pins to which they aie soldered, The right-hand bearing is the saddle
shown in the plan in 4 (p. 402). This beuaring is soldered to 4. The left bearing
is a pair of clips, onc on each side of A angd soldered to it. Allow just cnough space
at each end of the bai for play between bearings. For clarity, the cut shows more,
B is the seccond (half) circle, same radius as 4, turning about a pin in the slotted
bar.of A4, at the center of circle 4. B carries a slotted bar, cxacfly like that of 4,
ont a radial line of B. Bearings as shown are soldered to B. C .5 the third (half)
circle sliding in the slotted bar of B. To holll the parts in any chosen position a
small button rivet may be placed on the inside of the bar slot, or.the bar slot may
be bent together at the middle to_ provide friction,

The device may be improved by providing means for measuring arcs and angles.
This may be done in any one of three ways: (a) Graduations on edges of circles.
(b) Semicircular scale, radius 214, graduations on inner edge of semicircle. (c)
Triquadrantal triangle, with graduations on inner edges of quadr'mts D is made
up of .threc sections, like £, each soldlered to the next by the ah showfi on £, which
has been bent’at right angles to E.

The circles should be of tin of sufficieatly heavy guage,lo prevent bending.

‘ ! L. LELAND LOGKE

TRIGONOMETRY ¢

Fariation of trigpnametric ratios. "Uhree 187 colored dowels which pivot jllustrate
the changes in the trigonometric ratios for angles from 0° to 90°,

FRANCES M, BURNS

Trigonometne functions of the general angle. A dirde s sawed from a picce of
mahogany board. A movable steel generating aiom has o weighted piece of string
fastened o the end of it Ay the aom otites, the functions of angles in the various
quadrants are demonstared. Alter the soom bas passed 150+, the weighted string

O
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must be held up, or a slit must be made along the horizontal diameger of the circle
through which the string may be passed. .
' WILLIAM P. SMITH

Variation of trigonometric functions, On bristol board, bound to plywood by
Scotch tape, a 10 circle is drawn. At the 0° and 90° points tangents scaled in half
units are constructed. A metal strip bound with black adhesive pivots at the center.

R — C et e e e e ¢

Lo this netad strip, at the outer extiemity of the radivs, a second movible strip is
attched kach of these s also manked in hali Gaits. Special angles are marked on
the cude. The board helps to demonstiate the line values of the trigonometric
functions, values of these for special angles, and changes in the functions as the
angle inaeases from G2 to 360° When negative values of the secant and cosecant
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Lare needed, an elastic cord is pulled from the back through a hole at the center
. '

of the cirgle,
FRANCES M. BURNS

Solution of triamgles—ambiguous case. Painted dowels of the desired lengths fit
into a hole at the upper end of line segment b. Material usegl is bristol board
backed with plywood. Size 16”7 x 26”.

-

FRANCES M. BURNS

” Sun dial. Sun dial for north fatitude 10° v, Hour lines are located on a copper
bise. Gnomon is aluminum,

FRANCES M. BL:RNS

Q
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Angle mirror. Plywood and ten-cent store

mirrors. Used to establish a right angle
and to lay out a lurge cirdle.

FRANCES M. BURNS
“Sextant mude of plvwood.

FRANCGES M. BURNS
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Aruitoxt provided by Eic:



‘ APPENDIX 11
BIBLIOGRAPHY

SPECIAL ARTICLES

ARITHMETIC
A Method of Finger Multiplication. E. J. Rendlorft. School Science and Mathematics,
Vol. 8, pp. 580-581, Octoher, 1908.

A method applicable to the products of any numbers, when these, less 1, on

being divided by 5 give the same whole number as the quatient.
Resourcefulness in Teaching the New Arithmetic. Harriet E. Glazier. School Science
and Mathematics, Vol. 10, pp. 777-779, October, 1940.

Why are our cans muade 1ourd and so much the same shape? Assignment to
make a simple paper mode! to bold a gallon, Various results are listed, leading
to the cylinder whose height equals diameter of the base.

The Rhombic Dodecahedron for the Young. W. Hope-Jones. Mathematical Gazette,
Vol. 20, pp. 254-237. Octoher, 1936.

Junior high school students may construct a rhombic dodecahedron as related
to bee-cell. Diagrams and directions.

A Device as an Aid i Teaching the Idea of Tens. Herbert F. Spitzer. School
Science and Mathematics. Vol. 42, pp. 65-68, January, 1942,

Uses unit blocks and bandles of ten to introduce the child to numbers and
their representation,

Constructivn of a Honeyeomh. Louis Vogel., Schoot Science and Mathermnatics, Vol.
37, pp. 386 387, April. 1937,

Directions and diagiam for making cardboard bee cell 1o be used at third or
fourth grade level.

Methods in Arithmetic and Algebra. R. L. Short. School Science and Mathematics,
-Vol. 39, pp. 239- 250, Muaich, 1939, '

Suggestions for helps in arithmetic and algebra from second grade through
ninth. Multiplication tables for the tens systemn and for fractions, pure decimal
fractions, casy proportion, understanding easy quadratic methods, ¢asy squares
and square roots.

GENERAL MATHEMATICS
Introducing Mathematical Concepts in the Junior High School. David W. Russell.
School Science and Mathematics, Vol. 38, pp. 6-19, January, 1938,
How pictures were used to introduce mathematical concepts of perspective,
architecture, and applications in engineering, insurance, mining, oil industry,
and safety.
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Objective Materials in Junior High School Mathematics. Joy Mahachek, Mathe-
matics Tedcher, Vol, 32, Jpp. 274-275, October, 1939. '

Devices for measuring angles and distances.

Classrdom Practice in the Teaching of Everyduy Mathematics 1. Raymond J. Mejdak.
Mathematics Teacher, Vol. 34, pp. 368-369, December, 1941,

Models are used to find fueas of solids, to illustrate theory behind equations,
and in the study of addition and subtraction of signed numbers.

Suggestions as to a Course. in Mathematics for the Entering Class of a High School.
J. C. Packard. School Science and Mathematics, Vol. 6, pp. 292-293, April, 1906.

Outlines activities to be carried on in atithmetic, algebra, and geometry—
experiments which aid in further study of the subject.

The Supplementary Project in Mathematics. Charles A. Stone. School Science and
Mathematics, Vol. 24, pp. 905-912, December, 1924.

Includes a list of twenty topics which may be used as basis for reports, Also
bibliography on history, mathematical recreations, famous -mnathematical prob-
lems, famous mathematicians, books of general interest, surveying, journals. -

Correlation of Mathemalics with Biography, History, and Literalure. Joseph V.
Collins. School Science and Mathematics, Vol. 5, pp. 640-615, November, 1905;
Vol. 5. pp. 726-730, December, 1905.

References to books dealing with lives of Longfellow. Washington, Lincoln,
Napoleon, Grant, Jefferson, Gladstone, Beecher, Franklin, Edison, Wordsworth,
Macaulay, and their interest in mathematics. Gives anecdotes which add to class
interest, T

Mathematics and Geneval Science Cooperate in Junior High School. Jules H. Fraden
and Paul M. Tully. School Science and Mathematics, Vol. 4, pp. 511-544, June,
1940,

A sample unit plan on the metric system is shown. Other units suggested are:

How fast does sound travel? Measurements of temperature. Science saves health,
Apparatus for Measurement of the Growth of a Plant. George W. Low. Schcol
Science and Mathematics, Vol b, pp. 27-28, January, 1905. '

A simple instrument based on the protractor.

Correlation of the Mathematical Subjects Develops Mathematical Power. Charles
A. Stone. Mathematics Teacher, Vol. 16, pp. 302-310, May, 1923.

A graphical solution of a puzle problem of two candles as solved by a seventh

grade student is described and illustrated.

ALGEBRA

An Algebraic Balance. ¥F. C. Donecker. School Science and Mathematics, Vol. 5,
pp- 411415, June, 1905.

Describes a piece of apparatus fordemonstrating laws of positive and negative
nunbers, incduding laws of signs; commutative, assotiative, and distributive laws;
the transformations of simple equations; laws of the simple and compound
fevers; law of equelibiium with forces tending to rotate a body: law of parallel
forcks.

Another Alpebiraic Balance. N. |. Lennes. School Science and Mathematics, Vol. 5,
pp. 602-605, November, 1905.

A demonstiation model which can be set up with the aid of stands. metal
rod, meter stick. pulleys, and weights.

Geometric Auds for Elementary Algebra. Alberta S. Wanuemacher. Mathematics
‘Teacher, Vol. 22, pp. 49 37, January, 1929.
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... - ' Toothpicks, string, and squared paper are used to study perimeter of regular
polygons, draw circles, discoser area and volume formulas,

Pictorial Representation of «* — b* = (a 4+ b) (a — b). Franz Denk. School Science
and Mathematics, Vol. 33, p. 686, June, 1938 .

Draw square side a. In one rorner cut vut square with side b. A diagonal cut
of remaining piece results in two equal (rapeoids which may be rearranged to
give rectangle (@ 4 b) (@ — v).

Graphical Algevra. Frances E. Nipher, School Science and Mathematics, Vol. 19,
pp. #17-420, May, 1919 .o

Diagrams: show how to represent (y + x)® and y¥ = x3

Sacrates Teachgs Mathematics. Norman, Anning. School Science and Mathematics,
Vol. 23, pp. 581-585, June, 1023,

How wouden blucks are used to represent {x 4 )3, X% 498, x? — 3%, (x 4y +2)%

Graphic Methods in Elementary Algebra. William Betz. School Science and Mathe-
matics, Vol. 6, pp. 683-687, November, 1906.

Lists sequence of topics for introducing graphs ind extending their apphcauon
to ulgebra any geometry. Bibliography.

Graph Hnrk in Elementary Algebra. F. C. Touton. School Science and Mathematics,
Viol. 5, pp. 537-562, October, 1905.

A (,m;n'uml Solution of the Quadratic Equation. Alhertus Darnell. Scheol Science
sed Mathematies, Vol T pp. 4617, January, 1911, - ‘
Graphical Solution of Quadratic with Complex Roots. T. M. Blakslee. S$chool

Science and Mathematics, Vol. 11, p. 270, March, 1911,

Enrichment Materials for Firt Year Algebra, David W. Siarr. Mathematics Teacher,
Vol 32, pp. 68-77, Febrwy, 1939,

Pictures. churts. graphs, motion picture ﬁlms, periodicals, and list of books
for the mathematics library.

High School Algebra. Hitam B Loomis. School Science"angi Mathematics, Vol, 7,
Pp. 590 591, October, 1907, " '

A Project in" Mathematics--Two Algebra Classes Build a Railroad. Donald . Smith,
Moathematics Teacher, Vol 18, pp. 67 101, February, 1925,

. A dluss of boys and one of gitls considered the problems related to building
atd operating arailway ssstent, A branch of the New Jeser Central was used
and infornution on every  hase of its work collected].

Unexpdored Posabilities of histruction an Graphic Methods, William L. Schaaf.
Schiool Science awd Mathematies, Vol 4, pp. 160-170, Fehruary, 1911,

Suggests that greater use could be made of certain types of curves which
rarely appear in secondary mathematics testhooks, of caleulsting charts or
nomographs, and o. pictorial graphs and that a critical attitude toward graphs
and their intérpretation should be cubtivated.

Bibhooraphy lists over <infy hooks and monouraphs on graphical methods, and
periodal referenas divided ws ollows picionial cuatisties; graphic nethods;
appiicaton of graphrg methodsy foaanhmic diats nomosaphy,

PLANE GEOMUTRY .

Posuad Lody ey Trncine s Grooney Joesle Mas oz Natienal Mathematies Maga-
cne, Valo TEopps 15300 10, December, 1030,

Some suguestions urer u e oob colored chalk in helping the pupil visualize
conrespondence in congrueat or osinshoe figures; a smatl colltction of colored
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v,

cardboard  polygons and circles and me2thods of filing these materials: four
ruleis bolted together to form a loose-jointed piuallelogram; reducing the solar
sistem Lo saade by drawings, a cardbuaird model of an old Egyptian level, angle
niitror, pantogaph, crossstall, slide vule, sundials. Includes references,

he Use of Envichment Materials i Secondary Mathematics, Joseph C. Shuttles-
worth, Sccondary Fducation, Vol, G, pp. 210 212, December, 1937.

Students construct regular polygons that fill the plane spice around a point and
also discover arrangenients tor aegular polygons to fit together to make regular
and semi-regular polvhedions. Jhey 4" leain to work with surveying instru-
menthand other appatatus, *"Ihe usua:  sstoom expetience is reversed by pro-
ceeding from a concrete and specitic problem to the more general geometric
theorems which explain such problems,” .
he Teaching of “FHexible” Geometry, Daniet B, Lloyd, Mathematics Teacher, Vol,
32, pp. 321-383. November, 193y, '

Using the pantograph, paratlel rulers, transit, and linkages in plane geometry.

Pitalizing Geomeltry by the Use of Pictwres. Donovan A, Johnson, School Science

and Mathematics, Vol 33, pp. 032 1034, December, 1938,

‘Topies which can be advantageously illustiated by pictures: geometry in art,
nuthenntics e nature, the-use of tiangles, optical fillusions, geometric ¢hurch
windows, makic | mubiiplicuion casy, circdes, geometry in the home, bridge
builders as mathematicians, paralel lines, synuuetty, mathematics in photog-
raphy, vocations requ’ing @ batkground “of mathematics, objectives of mathe.
matics. Bulletin boawe disphu,

s Pealizing Geometry with Vonal Aids. Richard Drake and Donovan Johnson.

Mathematics Teacher, Vol 83, pp. 36 59, Februay, 1040,

Lists projects for nuthematics classes, objectives for using visual material, and
equipment for the” mathematios clasroom: picaires, faneern: slides, motion pic.
tures, film shides, stercopticon pictures, and thiee-dimensional pictures. Bibliog-
taphy.

Faalizing Geometry  throush Nlustrative Material. Idelta Waters. Mathematics

Teacher, Vol 28, pp. 101 110, February, 1933,
A unit in pline  geomenty on o geometty o natore, m,  ands industry.
Bibliography. .

Uses of Cardboard. Ruth Lane. Matheuwstics Teacher, Vol 18, pp- 239-241,

Apil, 1923,
Problems for bond work are prmted on lange chatts of muanila cardboard.
Two printing sets e sised in naking the dharts, which are numbered and filed.
In geomeny stdents\diaw medians of triangle, and check the center of
gravity by baluncing tiiangle on a pencil point. Prispective figures are drawn
w solid geometry for each theor-m and models inade. Flash cnds used for review.

The Teaching of Geometry Clua AL Hane School Saence and Mathematics, Vol. 5,

pp- 619 632, November, 1905 pp. 717-72%, December, 1905,
USach work way beogiven as antting a pioper pinatlelogram along a dingonal

and showing by superposition that the duzonal of a parallelogram divides it -

o two equal tiangles” A frame made of four wites jointed at the ends to
mose vasibo wdlb impress the fact that four sides do not determine a gquadrilateral.,
Three woes imubandy joined will shiow the case of the triangle. The ideas gained
by this Rind ol work st he wsed ) entarge experience. The mind must be
alert to apply fucts as soon as .'lcq-.m’f’d.\d.

v
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Popularizing Plane and Sulid (uume'tr/ Gertrude V. Pratt. Mathematics Teacher,
Vol 21, pp. 4ld- {21, November, 1923,

Use of the bulletin board, pictures in the classroom, a field trip, style show,
slide 1ule, art und architecture, models.

You Can Make Them, Claa O, Larson. \I.lthum.uus Teacher, Vol 35, pp. 182-183,
April, 1942, _

Rigidity of geometric i, ares, the isosceles triangle as a device for bisecting an
angle, parallel rulers and a simple transit aie described, with accompanying itlus-
tiations.

Use of Models in Teadiiing Plane Geometry. Mannis Charosch. High Points, Vol.
T pp. 42 -4, Februmy, 1932,

Little “Tinkermg” m Geometry, W. Knapp. High Points, Vol. 17, pp. 16-20,
Apiil, 1935,

Mathematical Principles Applied tu Mechanical Drawing, Emil E. Shattow. School
Science and Mathematics, Vol. 36, pp. 890-896, November, 1936.

On entering a drawing: (1) graphical inethod, (2) computative method,
{3 mechanical method which makes use of a proportional triangle—a meclianical
device consisting of a 45° celluloid right triangle, the inside edge of the base
of which has graduations of 1/2, 1/3, 1/4, 1/5, 1/6, 1/7, 1/8, 1/9, 1/11. The
tiiangle is povided with a celluloid handle whicn is pivoted by muans of a
rivet C. .

Optivnal Topies in Plane Geometry. Clara O, Larson. Mathematics Teacher, Vol.
30, pp. 188-189, April, 1937.

Mentions using pieces [tom an erector set to illustrate plane geometry; also
student applications of geometry to art, wmusic, mechanical drawing, and ad-
vertising  (weometiic tade-niks),

Our Geometrie Environment, E. E. Watsun. School Science and Mathematics, Vol.
39, pp. 953 259, March, 1939,

Hhustrations from astronomy, light, perspective, art, radial symmetry in fowers.,

fish, and snow civstals, and nautilus shell, v cyclone, suspensios bridge, mineral
crystals. s

Geometry for Fveryone, l\(nnuh S. Davis. Mathematics Teacher, Vol. 35, pp. 64—
67, February, 1942,

A list of filty ilustiations in student’s environment shows applications of
fundamental facts of grometiy.

A Number of Things for Beginners in Geometry, Vesta A, Richmond. Mathematics
Teacher, Vol 20, pp. 12 149, Muarch, 1027,

Student interest focused on various activities each week: examples of mathe.
nutcs in natime, construction of regular polyhedrons, sivple transit instriments,
measuring iregular picces of land and drawing to scale, atum and salt crysals.
antallography, gromentic designs, polygons from pueeles such as the tangram,
maodels ol locus theotems, proportivi. and the pantograph, dynamic symmetry.

Soie .\'u_qﬁvstivms for Using Amateur Photography in Mathematics Courses. T. L,
Faoole, School Science and Mathematics, Vol, 33, pp. 506-510, May, 1933,

Suzaests stadent with a cimera can obtain pictures illustrating symnetry,
crcnlar and Gothic windows, compound curves, eczentric and concentric circles,
propajtion, similarity, tringular bracing, parabolas formed by suspended cables.
For locns pnoblenis, time exposutes may be taken at night of a point represented
by a prece of Lurning magnesium or flashlight traveling around a wheel, a cycloid

O
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from a moving wheel, concentric circles shown by stars around north pole star,
Students may make slides for classroom use and, using an ordinary camera, make
stereoscopic pictures for three-dimensional impressions by snapping pictures of
* the same object in two positions, three inches apart. _
Colored Crayuns as an Aid in Teaching Mathematics. Ada M. Parsons. School
Science and Mathematic, Vol. 14, pp. 33-35, January, 1914,

Only a few colored crayons are needed in proving the theorems on congruence of
triangles, the proposition that angles opposite the equal sides of an isosceles tri-
angle are equal, in locus problems, etc. ®

A Device to Aid in Generalizing Geometrical ldea. Henry Kemmerling. School
Science and Mathematics, Vol. 27, pp. 606-609, June, 1927,

A board, 213 feet square and 34 inch thick, is perforated with 14 inch holes,
2 inches apart. No. 14 casing nails fit holes. Elastic bands are stretched Between
nails for straight lines,

A circle of variable size is made from au 8.foot saw with the teeth ground
off. This strip bends into a nearly perfect cncle and s hcld in place by small
blocks,

Developing a Concept of Proportion before Presenting the Formal Work., T, L.
Engle. School Science and Mathematics, Vol. 82, 'pp. 268-271, March, 1932,
Cartoons and pictures are enlarged with the aid of graph paper. Illustrated.
A Geometry Pupil's Britliant §ork. George W. Evans. School Science and Mathe.
matics, Vol. 6, pp. 595-597, O<tober, 1906,

A mediocre student can be led to do his own thinking in geometry to discover
interesting geometric properties,

A Suggestion for Review in Geometry, C. A, Petterson. School Science and Mathe.
matics, Vol. 7, p. 701, November, 1907,

Hlustrates 1 composite figure to be mimeographed and used w discover geo-

metric properties for aeview work, Other simiar Ogures will sugpest themselves.
Hume-made or Inexpensive Mathematical .lp[mmlus Joseph 'V, Collins. School
Seience and Mathematies, Vol. 7, pp. 521528, June, 1907,

Piscusses ind illustrates an algebraical balance, solid geometry mo(lchnv fiame,
plane table, pantagtaph, bladkboard compass protiactor, slide tules,

Tive Cerminology of Elementary Grometry, Louis C. Rarpinski and Adelaide M.
Fiedler, School Science and Mathematies, Vol 24, pp. 162 167, February, 1924,

A table shows the origin, from Greek or Latin, of tenms used in peometry and
the first Enus b nthor to use thie ward. Materul ¢ be presented 1o oo chart
for classtoom use or for school exhibit.

Pbviere for Teacking Lecus, Margaret G Amigo Mathematics Teacher, Vol $4
1o U7 October, 1911,

Locue Makes a Plea. D McLeod. Mathemuatics  Teacher, Val, 27, pp. 336 339,
Novomber, 10934

I wepdudia: {ts Causes and Coare. Geotze Selleck. Mathennitics Teacher, Val, 22,
[0 352 8339, November, 1094,

Tocus in plane amd <olid seometin: "A locus o das beeps phobin away”

Trachpar e Lowens Conerpt fn Plane Geesneprs. FoOB Woedford, Mathematics
Teacker, Vol di0 pp 105 106, Februare . 1osy

Bewribes marerials aseed by students in viseabzing the Locus but not in con-
argeting it Discusses 1 pumber of avpeviments which can be curied out with
trese matetrials,
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SOLID GELOMETRY '

7he Teaching bt Solid Geometry at the University of Permorn. o H. Nicholson.
Mathenutics ‘Teacher, Vol 30, pp. 326 330, Nosvember, 1937.

Most of the important solids in solid geometry were constructed and models
were made of the main propositions, Desargue’s Theorem and other theorems
from modern pute solid geometty were also induded. Two illustrations show
models made of cartons, string, clectiic wire, hnitting needles, umbrella stays,
smatl thin pieces of wood, colored paper, toothpicks, cardboard, airplane toys,
copper wires, tin, saeening, a boy's building set, a salt container, and soldering
wite. Fifteen ohjectives are discussed and fifteen 1eferences listed.

Color Stheme for Figures in Solid Geometry. M. C. Spencer. School Science .md
Aathematics, Vol, 10, p. 519, June, {910,

“(1) A coln is used to outline the portion of cach plane ‘used; (2) all lines in
a plane, provided they me not intevsections of the plane with another, are drawn
in the color chosen for outlining that plane: (3) all lines commen to two or more
plines are diawn swhite on the blackboard and black on paper.”

Hare You Tried Clav? Hariet B, Herbert. Sd}unl Science and Mathenuitics, Vol. 42,

pp. 218 220, March, 1942,
Clay and sticks ate used in flat boxes or on spheres to help illustrate many of
the theotems of solid geonwetry.

Solid Geametry Mml:lmq Frame. C, E, Comstock, 9(11(}11 Science and Mathematics,
4 Vol 4, p. 171, 1904, ' -

Models in Solud Geometry, Miles €. Hautley, Mathematics Teacher, Vol 35, pp.

5 7, Januny, 1942, ¢
Suind models are made to help visaalize theorems.
A Helpful Technojue i Ten hang Solid Geometry. James V. Bernardo. Mathenatics
Teachor, Vol 33, pp. 39 40, Januny, 1940,
Models made of. tnespensive materials --paper, sticks, string, cardboard, ete.
1 speaal Mothoad in Menswational Geometry. Sister Mary Ges and. School Sdience
and Mathenutios, Volo 3b pp. 487 933, November, 1931,
A\ classioon experiment in which stidents used molding clsv, protractor, and

e,

straghtedae o mold o prsm whose bases are squares and to find tatal e
thet, with satne ponnt of clay, 10 model a prisie whose base was o thombns,
Glass Models Shce Thod Domension. )0 B Russell, Nation's Schools, Vol 27, p. 29,
Apul, 1ot '
Moader Models 0 Madern [ ducation. Co Lo Connor. Bolletin of the Mathematics
Section, Fastersy Division, Colotado Education Assodation, Denver, Vol 3, pp. 56,

Sprin, B
T ovted Geveeso e Dace ]l Tigon Meris Mathemates Teadhien, Vol 310 pp. 7520,
Februny, jais
AN are aaed momtodaciney the wanl o oonuetny s well as ia umder-
stapebavg some asic prncples ol dosaipine geemetiy,
Models for Deachong Salod Goone s School Sacnee amned Muathomovos, Vol 13,
Y (L RS F Repaated fime The School Waon il
“Cut thiee pooces of I SW Goeopper wae, el 20 iehes lon Lall them
tomrtber, and hand thiem ponnd the medille wnh Aol ten tues of 22 S WG
coppet wire dendh this part werl o hiede soliler, aoed rhen cart nto two el
lengths Betebne the cinds o the wites natwands Bere o Titile s pents N apply

of theee b o Tegged proces s e toad
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“From the toy shops o ivanmongers, tound wooden tods about 5/16 inch in
diameter can be obtained, which are sold in 4-foot lengths. Cut- them up into

" lengths varying by 1 inch, the largest 15 inches, the smallest 10 inches, and with a

twist drill rather smaller than 16 $.W.G. make a hole at each end axially.

"By inserting the legs of the tripuds, etc,, into these holes any framework can
quickly be built up. )

"By rolling a piece of thin brass round one of the rods a split tube can be
made with which rods cin be joined telescopically and anyv length obtained.”

The Tesseract, (u -4 D)%, @ Demonstration of the Binomial I'lheorem in Fourth
Dimensional Geometry, Hartiet B. Herbert. National® Mathematics Magarine,
Vol 15, pp. 97-99, November, 1940,

A Study of the Cultivation of Space Imagery in Solid Geometry through the Use
of Models) Edwin W. Schreiber. Mathematics Teacher, Vol. 16, pp. 102-111,
February, 1923. : :

Discusses arguments against using models. Points out need for developing
space imagery in student, lustrates forty-oné models  and patterns for twelve
of these. Bibliography.

Solid Geometry Made More Interesting. Marvin C. Volpel. School Science and

+ Mathematics, Vol. 38, pp. 740-742, October, 1938,

A model of the Taj Mahal made of cardboard and ten boxes of matches;
domes of plaster of Paris gilded.

The Regular Star Solids. Gertrude V. Pratt. School Science and Mathematics, Vol.
28, pp.  13--4R7, May, 1928,

A discussion of regular polyhedra, Archimedean solids, and four regular star
polyhedia: the small stellated dodecabedron, the great dodecahedron, the grear
stellated dodecaliedion, and the gieat icosahedron, Ifjustrated.

Construction Work 1n Solid Geometry., Edwin W. Schreiber, School Science and
Mathemaues, Vol. 19, pp. 407413, May, 1919,

Based on Kepler's “To measure is to know." Students in solid geometry cal-
cnlate dimensions: for polyhedrons whose volunie is ten cubic inches. Thirty
models are dlinstzategd, requirtements for fifteen of these are listed.

The Rotustat and Goniostat: A Teacher's Classroom Device for Instruction in Pro-
jection. Herman Hanstein. School Science and Mathematics, Vol. 9, pp. 868870,
December, 0oy,

A set ol medels in skeleton form with which the regular and an endless num.
her ot nresnln s faces, solids, and their penctrations are mounted before the
“ass The models may be rotated in vertical and horizontal revolutions,

Lookos at sold Geometry thiough Perspective. Fithel Spearmin. Mathematics
Peachar Vol 4 ppl B7-150,0 April, 1940,

Fignves frome sohd geometry, including spherical figures, ae drawn, using the
hasic prindiples of peispective,

Covzeng o Honzendal Cylinder. Willam F. Riggs. School Science and Mathematics,
Vol 16, pp. 31-34, January, 1916. ¢

Faplams b diagram which may be used to obtain a vertical scale for the
menn ob begid present at any time in a harizontal ovlindrical tank.

Levoes Ball Geometry, H. F. Hart, Mathematics Teacher, Vol. 15, pp- 239240,
Apnel, pae.

Ures b “dead™ tennds ball illustiated in the solution of ten problems of solid
peomeny.
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The Dandelin Spheres. Lee Emeison Boyer. Mathematies Teacher, Vol 31, pp.
124-125, March, 1938,

Theorem: section 8§ a cone of 1evolution mande by plane which does not pass |

through the cone’s vertex is an ellipse, parabola, or hyperbola. The foci of the
secrions aie the points of contact of the intersecting plane with the spheres in-
scribed in the coue: the ditectrises of these sections lie in the pline «determined

by the circles of contact of the sphcrcs with the cones in which they are in
scribed. Bibliogiaphy.
Polar Triangles. \William FU Riggs. School Science and Mathematics, Vol, 6, pp.

663 666, November, 1906
Suggests making a spherical triagugle from cardboard and fining a corresponding
polar triangle into it. Auother substitute is 4 cheap six-inch terrestrial globe with
pins stuck into it and connected by colored sirings,
A Model of Supplementary Trikedral Angles. R. M. Mathews, School Science and
Mathematics, Vol 13, pp. 846 -818, December, 1918,
The model cotsists of two main parts, one for cach of the wrihedial angles.

PLANE AND SPHERICAL TRIGONOMETRY
Pisualizing Trigonometry. L. Y. McAllister. School Science and Mathematics, Vol
31, pp. 827-828, October, 19315 Vol 32, pp. 893 900, November, 1932,

Diawn an a picce of white cudbond 11 Dy 27 tacked to a flat wooden board
are a cirede of 4 1adins, the X and Y oaxes, perpendicular tange its to the circle
at the intersections of the drde with the positive N and ¥ oaxes. A boavy stif
wite 3 long, 107 in diameter totares at the center of cirele: another wire hangs
ficely from this wire at the radins distince fiom center. By rotating the first wire,
valies of sines and cosines may be determined. Vatiation of the trigonometric
functions in the four quadrants may also be shown,

A Device for Teachers of Tiigonometiv, Novman Anning. School Science and
Mathematios, Vol 25, pp. 739710, October, 1925,

Device consists of thiee bias which mave in pialiclogiam fashion for noting
vatiation of tiigonometiic functions of the general angle. Negative values are
snggested inoved. Scales gradnated in tenths or hundredihs may be pasted at
necessany locations, "Lhe author queries: "Would there be any advantage in having
each pupil make one for himselfr How would he graduite the ciicles? Is this
ar some simmiln mecdhanian offcred by the supply howses tn assist phivsics teachers
in treating sunple himonie motion:™

A Method of Demompatong and Tearhing the Trigonometric Funelions, 8. C.
Mitchelll Schaol Scicnce and AMathematies, Vol 17, pp. 249 247, March, 1917,

The "trigonomettic fundtion indicitor” consists of @ plane s face upon which
is uid out a quadiant of o arde of unit yadios. “The cosine scale measured in
tenths and nundiedtln s the horzontal satle The tangent scile appears as a
tangent Lo the onde papendicalan o the horvontal, “The sine, secant, and <o-
Lingent scales are aiso shown.

An Dastrumerdt for Didoaceng a Sewo Ciones A0 Stanles Mackenzie. Physical Review,
Vol. 13, pp. 366 367, 190%,

Desarnibes comtruction of instrument, together with illustriations,

The Soue Biewtion v Nature. Abrahame Mo Gindbing. High Pons, Vol 19, pp.
69-70, Nonewmber, 19370 Reviewed in Mathematios Teacher, Vol 31, p. 35
January, 1933,
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Discusses simple expetiments fiom sound, mechanies, and electridity, Desenibes a

ciude device for diawing a part f a sinc cur e on paper or on the blackbuatd.

Cartograpiucal Projections for Geographical Maps. Alexis M, Ugzefovich, School
Science and Mathematics, Vol. 38, pp. 378-390, April, 1933,

Conformal, equalarea, perspective, arimuthal, conical, and other projections
are classified. Among the projections discussed and illustrated are Mollweide's,
Merautor's, Lambeit's, Goode's, and Bonne's.

Graphical Determination of the Distunce between Two Given I’m’nts‘ on or near
the Surface of the Earth. Alexis M. Uzefovich, School Science and Mathematics,
Vol. 28, pp. 931 958, December, 1923,

Using two cards, the writer shows how the distance between two points on the
carth’s suthisce can be approsimated. Also discusses use of an “‘airline-distance
meter” which is iltustrated.

A Straight Line Chart for the Solution of Spherical T'riangles. Journal of the
Woshington Adcademy of Sciences, No. 17, Odober 19, 1924,

The Graphical Solution of Sphevial Triangles. Myton O. ‘Tripp. School Science and
Mathematics, Vol 20, pp. 731 742, November, 1920,

Eleven diagrams show how scale drawings may be used to solve right spherical
triangles.

JUNIOR COLLEGE MATHEMATICS
A Homemade l’lm:inzrtcr for Classroum Use. Frnest W, Pouzer, School Science and
Mathemitics, Vol. 11, pp. 242-245, Mauch, 1911,

Althongh iu;,mutul for students in the calculus, the plinimeter desaibed
could be used wherever congruent, equivalent, proportional, or hiregular areas
are studied. Hiustated. o '

How a Polar Planisieter Works, Allan WL Larson, School Science and Mathematics,
Vol 35, pp. 932 911, December, 1935,

Discusses wenerad charadteristics of the planimeter, theory of the motion of
tracing arm, polar ann togethes with the tracing wom, and an applicition of the
polar plammerer in cleulating the indicated horsepower of a steam engine.

Uhe Hatchet Planimeter. Hetbert b Cobb, fchool Science and Mathematics, Vol
P, p. 802, December, 1015,

Gives directions for making the instrument from wire one eighth inch in

dizmeter. Can be readilv made and used by any stadent of geatictiy,
Goenmetrical Re presentations of the Tevms of Cortain Sevies and Thegr Sums, Adrian
Strusk. School Scienee and Mathentics, Vol 37, pp 202 0%, February, 1937,

Using wooden blucks, the following are illustrated: the sum of the first nonum-
hers, the sunt of the first n odd numbers, the sum of produdas of no 42 h, the
st of the squares of the fist 0 numbers, the e of the squaes of the fust »
odd numbers, the sum of the cubes of the fust nonumbers, These blocks aid in
developing the formulas for these simple series,

Grapiueal ln'rpu.\t'nl«lliun n[ n Geametrical Sertes, D HO Rechert, School Science
and Mathematies, Volo B pp 21 220 Januany, 1917,
A NMecharueal Solut:on u/ I/u Crube. Robert C0 Yats, Mathematies Teacher, Vol
S2op 215, Mas, 1w
A cundboand snp atcched o the plane is osved o detesmine woluations of the

C1thig ('lill.lli(lll
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The Use of Models While Teaching Triple Integration. E. A. Whitman. American
Mathematical Monthly,” Vol. 48, pp. 45—43, January, 1941.

Integraphs. Conrad K. Rizer. School Science and Mathematics, Vol. 33, pp. 1003~
1005, December, 1933,

A brief description of eight integraphs. Reviews the literature on integraphs
that, have not been placed in the hands of manufacturers to market. In the
United States there are integraphs at Cornell University and Massachusetts
Institute of Technology. Bil:lihgraphy.

GRAPH PAPER,
The Cross-Section Paper as a ,\Iathrmatxcal Instrument. Eliakim Hastings Moore.
‘School Science and Mathematics, Vol. 6. pp. 429-450, June, 1906.

Discusses the systematic use of crossssection paper as a unifying element in
mathematics. Hlustrates double entry tables—-numerical and graphical-and sets
up devices or linkages for graphical computations.

Graphic Radroad Time-Tables. ¥lorian Cajori. School Science and Mathematics,
Vol. 10, pp. 204-205, March, 1310.
“ The course of every triin is plotted by oblique lings. "The diagram shows at
a glance when a train anives at cach station, also wiere the trains mect and pass
each other. In railroad offices, the graphic time charts are prepared first and the
time-tables in ordinary use aie copied from them.”

Graph Tracing. ¥. C. Buon. School Science and Mathematics, Vol. 5, pp. 398-401,
June; 1905 -

. Encourages tracing of curves rather than plotting of points.

An Experiment in the Use of Graph Papers. Norma Sleight. Mathematics Teacher,
Vol, 35, pp. &1-87, February, 1942 '

Uses made of various types of paper studied as part of ¢l1ss work.

Toward Better Graphs. Edwin Eagle. Mathematies "Teacher, Vol. 35, pp. 127-131,
March, 1912, . -

Nine important properties which Qmphs should possess.

1 Practical Three Dimensional Graph. Franklin Miller, Jr School Science and
Mathematics, Vol 3, pp. 919-922, December, 1931,

“Contour sheets” are cut out of stitf cardooard sheers and interfocked wit,
others, Slits should be wide enough, cuts staggered. Fach sheet should be Labeled
and x und v co-ordinates manked along lower edge. Complete.d graph may he
filled with plaster of Paris or paraflin, if a permanent model is desired,

A Use for the Graph in Elementary Chemistry. Charles Ho Stene. School Science
and Mathematics, Vol. 36, pp. 281-283, March, 1936,

Two chemistiv problerms solved graphicatly, Lists cight typical problems for

graphical solintion.
See 80 ROOKS!
Fanched Teaching of Mathemates, M Woodiing and V. Sunford Bp "2 53,

TE NIDE RULE
A stdent Made Male Sule. Williame oo Bush, Moarthemaos Tewher, Vol 27,
pp. H0s A0 Decomber, Tt
Uaes senn beamithinie papes stips abeat £ 7 sides Pove s appiad o card
Boand el strips are pasied onto it "Hhe cardbie e SLader oomele foom g old

sicce of photographic film, Ruale is safficiently accurate 1o guaractes twe digits
k ) ] Y

O
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The Slide Rule Constructed without Logarithms. A. H. Fensholt. School Science
and Mathematics, Vol. 13, pp. 417-421, May, 1915,

Using a unit for the length of the- slide rule D scale from' 1 to 2, the points

4. 8, 16 are laid off. By means of a graph units for 1 to 3, 1 to 5, | to 7, etc., are

"'\dctermincd. ‘This helps students to understand the subdivisions of the slide

rule but doc§ not give an accurate scale.
4 Slide Rule for Classroom Use. Ernest W. Ponzer. School Science ind Mathematics,
Vol. 10, pp. 776-779, December, i910.

Directions for making a classroom slide rule are given. "In tais day we do not
biesitate to use, in fact it is our duty to use, all those aids which. will help round
out any course in mathematics from arithmetic up.” Illustrated.

Construction of a, Demonstration Slide Rule. Earl C. Rex. School Science’ and
Mathematics, Vol. 40, pp. 161-164, February, 1940,
. Using student assistance, a 7 x 9” x 2” ruler for the classtoom is made at a
cost of about a dollar.

The Slide Rule as a Subject of Regular Class Instruction in Mathematics. William
E. Breckenridge. Mathematics Teacher, Vol. 14, pp. 342-313, October, 1921,

Advocates teaching the use of slide rule carly in the mathematics course.

The Shde Rule in Junior High ‘S hool. Chailes A. Stone. School Science and
Mathematics, Vol. 30, pp. 645°650, June, 1930.

Lists topics for eighteen meetings of junior high school slide rule class.

A Slide Rule in junior ant Senior High School. John F. Barnhill. Mathematics
Teacher, Vol. 17, pp. 859-364, Octobur, 1924,

Advocates the use of the slide rule in seventh and eighth grade, especially in

cheiking calculations. References.

.The Slidz Rule in Plane Geometry. W, W. Gorsline. Mathematics T'eacher, Vol.

17, pp. 385103, November, 1924,
3 A detailed account of how the slide rule can be used in solving fifty seven
» problems relating to twenty-two theorems of pline geometry. .
The Slide R It as a Check in Irigonometry. William E. Breckenridge. Mathematics
Teacher, Vol. 23, pp. 52.59, January, 1930.
Multiplication and division; proportion &nd simple square root; checking right
and oblique triangles using the law of sines.
The Shde Rule in the Junior College. W. W. Gorsline. Mathematics Teacher,
Vol 26, pp. 292 295, May, 1933,
Outline for twenty lessons: reading of the slide rule, waltiplication using C
and D scales, division using G and D scales, proportion, combined multiplication
and division. and additional topics.

Adapting the Slide Rule to Hige. School Chemistry. Hovt C. Graham and John

Huff. School Science and Mathematics, Vol. 30, pp. 525-528, June, 1930

Outlines procedires to be followed in teiiching slide rule to a high schoo:
chemistry class.

The Slide Rule in Business. S, 1. Shellev. Mathematices Teacher, Vol 14, pp. 61 -
263, May, 1991,

“IET were to interpret for you the sttitude of the average basiness man to-
wards mathematics today, T helieve that it wonld be something s follows; “Teach
as much mathematics as you can; the raore the heter. Get the folluwing practical
things into your course as early as you possibls can, eertainly hefore the student
has finished high school: (1) teach him to add, 2) teach him to subtract; (3)
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teach him to multiply; (1) teach him to divides (:’))\u:ach him simple equations;
(6) teach him measurement of all hinds: (7) teach Rim chaiting, so that he can
both undarstand and ke charts; @3) teach b thie slide rule, that he may
save his own time and mine in the numberless (.ll(lll;ll\lQnS that come up in the
transaction of business™.” . N

Helping the Student Choose a Slide Rule. B, Cecil. Bullczin\{f the hunsas Associa-
tion ot “Teachers of Mathematics, Vol 13, p. 68, April, 1941}

Time Is Monev. Willlam E. Breckemidge. Mathematics Teache Vol. 16, pp. 332-
3131, October, 1923, : .

“A stony Hor hizh school and college students and for all wh dre interested
in saving time. One boy tells another of uses and method of us'il\r\sli(lc rule.
A Convewent Bule for Locating the Decimal Point in Slides Rule~Calculations.

Liovd C. Elliott. School Scienee, and Matheniatics, Vol. 26, pp. 957-9359)\Deceinber,
1926
New Method fur Decimal Point on the Slide Rule. ¥. H. Wade. School Scidnce and
. Mathenaties, Vol 32, p. 381, April, 1932,
The Stide Rule Watch. Robert L. Burg and Walter V. Buarg. School Sciuncé\nnd

Muathematics, Vol 42 pp. 72-74, January, 1942,
A device comsisting of a dial and a poipter which may be used for localfh\g
decimal point in shide rule calculations.
Talk on Logarithms and Shde Rules. Florian Cajori. School Science and Malhc\
matics, Vol. 20, pp. 527-530, June, 1920. CN

Hiustrates title page of the carliest book published on the slide rule.
Solution of Quadratic and Cubic Equations on the Slide Rule. R C. Colwell.
Mathematics Teacher, Vol .9, pp. 162-163, March, 1926, : ‘
Slide Rule Solutions of Quadratic and Cubic Equations. 'T. J. Higgins.  nerican
M.athematical Monthly, Vol, 41, pp. 646-647, December, 1937,
The Mude BRule o the saluton of Cubie l-.‘:1ua;irms. L. E. Cuifman. Bulletin of the
Kansas Asociation of Teachers of Mathematies, Vol 11, pp. 4 5. Octeher, 1936.
Paper based on anticle by R. AL Whiteman in Civil Engineering, October, 1934,
The Richt-Angle Shde Rule. Oscar G. Fryer. School Science and Math smatics, Vol
dn, pp. 122 425, Apul, 1936,

Spedifications of a rightangle slide rule for finding all trigonometric functions
and for solving am problem invotving the relation of the sides of a trinngte.
Also applicuions o college physics. Dimensions, materials, cte. e listed,

A Shide die for Quadratic Equations. L Co Barker, School Science and Mathe-
mutics, Vol 35, pp. 8$11-813, November, 1935,

Shows how the sales for such a slide rale may be constructed and used to

find the roots of a4 gquadratic equation, whether it is facte.able or not,
See also Boons:
Ewcwched Teadhang of Mathematios. M. Woodting and V. Sainord  Pp.o ot 5,

CALCU LATING INSNTRUMLNTS
An Tmprozed Ahacns, Stelly Eo Myers, School Seience amd Mathomatios, Vol 7,
pp. HUl 603, October, 1007,
Desaithes aninsttument catsisting of beads on corved wires,
Some Mathemtios of the Calovdaton s Machne, Lo Leband Locke, Mathematies
Teacher, Vel 19, po 423 4250 November, 122
An nteduction w the aperation and undenstanding of this maciiine.

O
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Mathematics of the Calculating Machine. L. Leland Locke. Mathematics Teacher,
Vol. 17, pp. 78-86, February, 1924 o
Discusses automatic operations on the calculating machine.
T'he Use of Calculating Machines in Teaching Arithmetic. W, S. Schlauch, Mathe.
matics Teacher, Vol. 33, pp. 35-38, January, 1940.
‘ «Calculating Machines and the Mathematics Teachers. Evelyn M. Horton. Mathe.
mitics Teacher, Vol. 30, pp. 271-276, October, 1937, )
Discusses the listing inachine, bookkeeping machine, key-punch and tabulating
machine, and key-driven and non-key-driven calculating machine.
dbacus. David Eugene Smith. Encyclopedia Britannica, 14th Edition, 1958, Vol, 1,
pp. 603-607. ,
Calculating Machines. David Baxandall. Encyclopedia Britannica, 14th Edition,
1939, Vol. 4, pp. 5i8-533.

SURVEYING INSTRUMENTS
Constructing a Transit as a Project in Geometry. T. L. Engle. Mathematics Teacher,
Vol. 24, pp. 444~447, November, {931,

“The only materials that need to be purchased are two protractors, a pocket
compass, and  three small unmounted spirit levels.” Dimensions and directions
for constructing a transit for approximately two dollars, Ilustrateo.

A Few Live Projects in High School Mathematics. Frank M. Rich, School Science
and Mathematics, Vol. 20, pp. 34--15, January, 1920,

Divections for makhg\—n chromatic zither from a box of thin wood or from
tin, a samisen or type of banjo from a cigar hox, a xylophone from bars of wood
or lengths of pipe, a homemade transit (ol interest to boys and girls) and home-
made stadia. All materials are listed,

A Project in Narigation. Edna Cadson. School Sdence and Mathematics, Vol. 36,
pp. 580 584, Juue, 1936.

Fundamentals of the use of the sextant with four simple deviees for illustiation.
(Construction of actual sexant given in Popular Science Maonthly, p. 34, Septem.
ber, 1933) Use of the sextunt; sanple observations. An old ambrella is made
into 4 device for showing the relationship of the sun to the celestial equator,
References.

A Devaee for the Teadhang of the Operation of a Sextant, John B, Leake. School
Suence and Mathematios, Valo 35, ppo 023 S0, December, 1035,

Istructiors and dingrams for constiucting and vsing a <sextant,

[ Can't Sre Gevmetiy, George AL Bovee, Rducationad Sereen, Vol 12, pp. 10 41, Feb.
trary, 1034,

Avdient, medisvadand modern surveying insttimments are studied and used by
siielente “Phes also nahe model seenes o iflmnate tentbook problems. Use of
cotored chalky stadent's cantoe as, totaine blackboard, and 2 nnithematies Tabora.
tany are also discpssod,

B Pxperiment o beell Matiematies. Sua Beile Wasser, Bulletin of the Fansas As.
sccidton of Tewhors of Mabematies Vol 84 pp 78, Teboars, 1039

Erpeemneot used, oo sincbed, beactes dersvad from coie,

Mapr Comerucizos Wil T Sivden School Scacoee el Mathiematios, Voll 5, pp.
SO0 Ty, [0

Priseneaes Libcradory work in mMap constriction,
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© Instruments for Topographic Surveying. Willard 8. Bass. School Scicnce and Mathe:

matics, Vol 5, pp. 167 172, March, 1905,

Discusses tripod, plane table, alidade, flagpoles, measuting tape, pins, level,
leveling tod, and stadia and stadia rod needed for group work.

Early Forms of a Fgw Common Instruments. William F. Stark. Schaal Science and
Mathematics, Vol. 9, pp. 871-874, December, 1909; Vol. 10, pp. 43-67, 126-~139,
January, 1910, ' '

Hiustrates panallel rulers dated 1686 and 1723, a pantograph used in copying

pictures in 1643, and a scmi drcular stide 1ule of 1696, instrumeints for measur:

. ing distances and angles, the geometiic squane, the crossstff, sector compasscs,
map making instuments, leveling instruments, and antillerist's  instruments.

Thitty-eight figises, many of which could be repreduced by studets.

The Cross-Staff. W. E. Schimptf. Mathenmatics Teadher, Vol 24, pp. 320-321, Novem.
ber, 191,

Describes its construction and discusses problems which it helps to solve. Ref-

€TCuHCCs, .

Plane Table ani .4rrn'n:pnnt\-ing Apparatus, Willard S. Bass. School Science and
Mithematics, Vol. 4, p. 207, March, 1904, :

d Simple Hypsometer, E. N. Trauscau, School Science and Mathematices, Vol. 7. pp.
114117, February, 1907.

Directioms for constructing a simple hypsometer and its use in finding heights
of trees a1 in topogtaphic surveying,

Sce also BOOCKS! ' :

*Field Waork i Mathematics. Carl N. Shuster and Fred L. Bedford.

Mathematics of kvennday Eife, Geametry Unit. George A Boyee and W. W, Beatty.
Pp. 4-7 (the range-finden), 37-41 (the trama, 10 52 (the crossstalf), 60 63
tdrumhbead surseying and map making), 104 1o etatl and range finder and
isosceles triangle), 18 156 {quadrant and sun diat).

Surveying for Schools and Scouts. W AL Richardson. Pp. 31-38, 47 -40. 86 91,

Enriched Teaching of Mathematics. M. Woodring and V. Sanford. Pp. 46-50,

ALIGNMENT CHARTS :

Alignment Charts. Joseph Lipka. Mathemuatics Teacher, Vol 1E, pp. 17101780 Apul,
1921,

Solutions of problems taken from industiy, percentage problems, finding
graphically the 1oots of iy quadratic equation. Building a graphical chat for
muluplicttion and division. References.

How to Figwe dverages with the Top of a Shoe Box, or the Use of an Alignment
Chart in Adceraging. J. A Roberts. Mathematies Teacher, Vol 17, pp. 471174,
December, 1024, v

Nomography. J. S. Ceorges and W. WL Gondine. School Science and  Mathematics,
Vol 36, pp 267 2720 Mach, 1036

On the graphic solution of equations usng romography cptl el lines). Noma:
pram of () x &y =20 v —av o (B vomax vy (b oz ox —y 4w (D)

. e -
2= xy; (b) a-:. -

(XU

Fatue of Nomaographic Charts in thr Feaching of Physics. Albeit Covne, School
Srience and Muathematics, Vol 37, pp. 720724, June, 1937,

Nomography. M d'Ocagne. Encyclopaedia Britonnicd, Hith Fdition, 1939, Vol 16, pp
485484, -

O

ERIC

Aruitoxt provided by Eic:



O

ERIC

Aruitoxt provided by Eic:

.422 _ S Eighieenth Yearbookh

THE SUN DIAL :

The Mathematics of the Sun Dial. LaVergne Wood and Frances Mack Lewis. Mathe
fuatics Teacher, Vol. 29, pp. 295-303, October, 1933. :

A unit on the sun dial based on solid geometry and spherical trigonometry.
Theory and construction of the horizontal sun dial, and setting the dial, are in-
cluded. References. ' '

The Sun-Path Dial. Joseph F. Morse. School Science and Mathematics, Vol. 8. p. 561,
October, 1908,

An adjustable device for demonstrating the course of the sun above and below
the horizon of different latitudes at different times of the year,

A Method of Finding the Meridian by Shadows and Mechanically Graduating a
Sun Dial. Edison Pettit. School Science and Mathematics, Vol. 10, pp. 483-486,
June, 1910, : _ :

Five figures show how to mark the sun dial, -

An Adjustable Sun Dial. ]. F. Morse. Schuol Science and Mathematics, Vol. 15, PP-
740-741, November, 1915, , '

- Describes an invention of Mr, Leinert on which necessiuy adjustments are madr
for latitudes 80° to 45° N. '

HOMEMADE INSTRUMENTS FOR DRAWING CURI'ES
Blackboard Compass. Perry Ros. School Science and Mathematics, Vol. 23, p. 542,
May, 1925,

On one side of a wooden slat, (7 thick and by wide, are cut a series of V
notches. A cravon is held in place by a rtubber band. The device may he made
in a few minutes and is serviceable where an inexpensive compass is wanted for
blackboard use.

The Conic Compass. john L. C. Lof. School Science and Mathematies, Vol, 38, PP-
842-816, November, 1938.

Idea of this compass based on that of the elliptic compass (Mathematical Dic.
tionary, Davies and Peek, 1875, P- 112). Point moves on the intersection of a right
citcular cone and a plane. Mechanical construction, theory, and operation are
explained,

4 Simple Blackboard Ellipsograph. Haym Kruglak. Mathematics Teacher, Vol. 33,
p. 179, April, 1940.

Two diagrams and directions for consttuction of instrument which requires
inexpensive suction cups mounted o1 a sheet metal frame.

An Lllipsograph. Robert C. Yates. Nutional Mathematics Magazine, Val. 12, pp. 213-
215, February, 1934, ’

A hinkage for drawing ellipse is explained and illistrated.

A New Fllipsograph. . A, VanGroos. Schi o] Science and Mathematics, Vol, 22, pp.
471 472, May, 1922,
- Two s are made to rotate about a point. ‘The middle point of the line join.
i the ends of the arms will generate an ellipse. Suggested by watching the
opening and cosing of gaes at a radrond crossing o cii,\' street,

Lllipsographs. David Bavandall, Lacvclopaedia Britannica, 1ith Fdition, 1939, vol. 8,
pp- 370 371,

LINKACGES
How to Draw a Straight Fine. F.E Tuck Scho] Science and Mathewtics, Vol, 21,
pp- 554538, June, 192},
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Ten linkages are deseribed, These models are very suggestive scientific toys for
mechanically minded boss.

Linkages. Joseph Hilsenrath. Mathematics Teacher, Vol. 30, pp. 277-284, October,
1937. )

Watt's approximate stiaight-line motion; Tschebicheff's and Robert's approxi-
mate straight-lineanotion linkages; Peauceliers cell and Bricard's exact straight.
line motion; Peaucellier’s and Robert’s couicographs; and Kempe's angle tri-
sector, discussed and illustrated, :

The Story of the Pavallelogram. R. C. Yates, Mathematics Teacher, Vol, 33, pp. 301-
310, November, 19140,

Parallelogtams are dissected with straight lines to form a triangle and a square.
If the trinugles forned by joining the mid-points of the sides of anv quadriiateral
are rearranged. thev will comeide with the remaining parallelogram. Parullelo-
grams in mation are illustrated® with various linkage ssstems. The partograph
and luzv tongs are shown to be illustrations. Other hnkages are also explained.
Bibliogtaphy. f/’

Linkages. R: L., Hippesley. Encyclopaedia Britannica, ith Edition, 1939, Vol, 4, pp.
- 193-164.

TELFESCOPES

Telescope-Making in the West Allis High Schagl. Harold R. Stamm. School Science
and Mathewatics, Vol. 37, pp. 613-650, June, 1937,

Birections ate given,on how to grimLtlic disk and to nnike a telescope mount-
ing, Inexpensive muterials,

Amateur lelevmpa Makmge, Willard Geer. Sdluol Scicnce and Mathematics, Vol. 34,
PP 76-70 . nuary, 1034,

A Skeletor. wiescope. F. G Woodiuff, School Science and Mathematics, Vol 2, pp.
340 341, 1902,

Desciibes gnd Hlmn ates aosimple working model, )

Amateur Telescope Making, Janes Lo Russell, School Science and Mathematics, Vol.
11, pp. 63 68, Janudey, 194].

Recommernnds that beginner have an inespensive telescope-making kit. Discusses
the mirnror, grinsling. polishing, the Foucault test, parabolizing, aluminizing, thé
diagonal, the celll the wibe, the eve picce, thé mounting and adjusting. Refers to
Simateur Telescope Making, \(unnht. American Publishing (ompam, New \nrk
as the relescope maker's “Bible)”

Practical Addvice and fid in Telesope Making, Henry L. Yeagley., Sky Maguazine,
Vol 20 pp. I3, Macch, 19380 pp I8 4R Apeil, 19335 pp. 11 ., June, 1938; pp. 10
. May, 1038,

Homemade Teleseoprs Open the Heavens to Amatcurs, Cliford L. Butcher. Sky
Magazine, Vol 20 pp. 12 L June, 16938,

EXPERIMENTS

To FHluai e und to Hoeld, Robert G0 Yates, National Mathematics Magazine, Vol T, pp.
2.4, October, 1939,

Discusses projects, desices, and constructions to motivate hizh school mathe:

matics instinction. -

The Lifictency of Certain Shapes in Nature and Tee lenology A suggested unit of
instraction on intuitive sohdd peomet®y, Mav Hickev, Mathematics Teacher, Vol.
20 pp. 129133, March, 1939

O .
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Experiments which can be cartied out in finding the maximum area for a given
periueter, shape of ovhindiical tin can of one-quart Gipadty with least amount of
tin, munimal surfaces of various soup films, and other activities for an eighth grade
ceurse. Thirteen 1efaences.

A Thyead of Mathemuatical History and Some Lessons Zoe Ferguson, School Scdicnce
and Mathenpatics, Volo 34 pp. 37150 Januany, 1924

Biscusses experiments found in €V, Boyv's Soap Bubbles and the Forces Which
Mold “Them, which result in haperboloids of one sheet. Parabolas are iHustiated
by capillians action, Elesen fizies,

Soap Frm Fsporrmeats with Minmal Swrfaces. Richand Cowrant., Amernican Mathe:
matical Monthds, Voo 47, pp. 167 17 H Mach, 1910,

Fxperiments with wire frames and soap solution. Inddudes formula for making
a satsfactony soap film solution,

Some of Narice's Curees Coone Sections. Sue Avis Blake, School Sdience and Mathe
tnatas, Nl S, pp. 21 2100 Mach, 1036

A disanssion of conics as retated to asttonomn,

Sonce nof Natgoe's Croves, Simple Peviode Motfon. Sne Avis Blake, School Science
aned Mathienuties, Vol 36, pp. 486 489, Muas, 10936,

S mple penodic motion produced by falling bodies and by i freely swinging
s viewed from sarious angles and acied upon by sanons forees, Brief reference
o astrannms,

sorre nf N s Curces, Sue Avis Blake School Science and Mathemuatics, Vol, 36,
pp. 71T UL Ocoher, 1946,

The cade and sphere in nuire; paabolas formed by projecnles; photogiaphs

of & stream from g hese forming a paraholi Catenanes treated brefls, '
JOpteat luseon of Gore Sections, Galen Wood Ewing. School Science and
Mathematios, Vol 33, pp 276 277, Mach, 1938, )

Vhjppsiing heht of o tlashhichit on the wall o different positions resulis in

cictes ciipse. parahoba wm! Bavperbola, Hinstaced
Corvive Sorcttoss Dermesd By Somee Elenvents of ¢ Plane Taangde Aaton Bakst, Mathe
(NI ST ENTRITH PR TS D PG S I RTITTHT AN SR O /

Convena tooele, dae o of whach s fised e magnstale and position and the
e aho aiven construct on that base ail tnangles having the same arest then
toe o of the pomts of imterscciion o medians, perpendiculiug constructed at
et posnds ef e sadess hosecras of argles oad otntides of all bangles hasing
e saome rrea o the sene base ate sospe el o stighe Bine o steaght ine, an
el o vperhinba,

PNimiroe Devcoe o Hiatrate tioe 't b roworiioy ol W scovdhe Schond Soience

b Maheoates Vall 12 1 Pt Moot e

Sl bl s nds o Tasek Shany e e d B - cendsieek ar hive inch
riery e i ovcen o thread sohone e o b b e i fipa e as Lo u I
oo e et te phieed i e aod pearios e bbb hoenge n the
Pl ot N

Sl s e e s ) s e T 6 Bt Schinad Scienee
[ERTI LN IR TR ITINTIINS BRI AP B e 2oLy ANedh et

P devie desenad by AW ot e lane s ottached o poooved

FEEAY ;l":f;\.‘-t'-f dect Bely podhed cbeacn b o we T {GHow e }wlfl oy h)

Do higdis stsperefed brome the ned



Appendix 11 . _ ' . 425

A Projectile Experoment. Oscar Lo St School bcxN{c aud Mathematics, Vol, 83,
pp. 9569538, December, 1933,
Anexperiment using i strean. of water to show projectile’s path,
A Short Foucawlt Perdulum. LS. Welty and L. DL Strong, School Science and
Mathematios, Vol 28, pp. 295 263, Maich, 1923,
Discusses tocory of this pendulinm and gives diredtions on how to make a work-

ing model with i suspension wire a little over nine feet in length and a- forty-
pound cainnon ball for a boh, Eight figures. .

Compound Harmoree Motion Apparatus. Cyril Rubihmann. School Science and

Mathematics, Vol. 12, pp. 767 771, December, 1H2
Descnibes i simple apparats for recording Lissajons' figures,

Spark Recording of Lissapods' Figures in the Elementary Physics Laboratory, R L,
Edwards. School Science and Mathematics, Vol. 30, pp. 904 910, November, 1930
Shows advantages of sputk recorded figures over those usually traced with sand.

A Demonstration Apparatus for the Composition of Two Simple Harmome Curves.
E. G, Plasterer. School Science and Mathematies, Vol 34, pp. 424-426, April, 1934

Mctures o horemaide piece of apparatus to demonstrate the composition of
two simple harmonic motions two wavs -at right angles and at paratlels. Two
puctures show the apparatus and the canves obtoned from vinious experiments.

Mcocharical Devices for Draqng Losagous' Fogures, RGO Colwell, School Science
and Mathemutics, Vol 36, pp. Jous Yoas, December, 1936,

Desaviptions and disrams of misdhine for blackhoard work for obtaining the
sine and comine curve. '

Walking and Climbing opa. RoCO Colwelll School Sdvnce and Mathematics,
Vol 27, ppo 19 B0 Bobanny, 1027,

.\lle[ll(' CNPeTImens with the L'\l(l\((f]»i( T

P OLE Eorpe o Ton Nosas el Cluades 'L RKnipp. Schiool Saience and Mathematies,

Vol 20, ppo 113 Ha, Tebnnas, 1o

Desarbes atop mande by onnetncde abinet naber in the nincteenth centuny,
Of interest to those aoquainted with material in the books Spinning Tops by
Juhn Peoy and Spaameee Tops wnsd Guroscopic Metion y Harold Craboce (Long.
mans, Green and Compans, New Yok,

T RISTCTEON
The Troeecn ot bbb Sarvom b Do Auabiennat s Deacher, Valbl 33, I
RS Lebargsy, 1uia
Doscvipron, theary, and v Glesin eiogs,
O T L B S A IR T LU A RN £ N FELI SPPS TECR RYPRLNRT I NS R AP VRS L YR 1t
Sl ot Bhdfer ol Coer B Toonaed l);le;;. Moabometos Teacher,
Vil np T Mo, bzl
o oo v foate Tracdes €08 Fhosdl Schond Seciae aned Moo nanes, Vol i
ppood 000 Mas ) 18t Aba see nde an po 525 ot Valls
Comesteze o nele by g ragh schena] by TU commes crrary whisebs s b dis
v by horr anndenas
Lovied iy v v Mucd b Rosmonet Goacor o Ml e, Vel 8,
ST SRS TR L R ’

I el noo s el el ol coetpaen D rgnries cnls e oo o with

oo abie pehie anale Hebhosr by
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The Trsection of an Ancle, W, B Givens, American Mithematical Monthly, Vol. 44,
pp. 459461, Aupust Sepranber, 1937, '

Trisection by means of an auxilizny curve: the “Fokale.” References.

Trisecting Any Angle by Mceans of a Hyperbola. W. A, Knight. School Science and
Muthematics, Vol, 10, pp. 52 583, Ocwber, 1910,

dnother Trsection Lallecy Robert E. Motitz, School Science and Mathematics, Vol.
O, pp. 621 622, Ocunber, 0o,

Discusses errors in artide by C. 8. Floyvd, see above.

The Trisection of an Angle 1;)‘ Means of a Graduated Ruler and Compasses. Clar-
ence Ohlendmf. Sehool Science and Mathematics, Vol. 13, p. 516, June, 1918,

Graphical “Triscction of an Angle. E. 1. Pickering, School Science and Mathematics,
Vol 22, p. 543, June, 1922,

4 Machine for Trisecting Angles. Alfred 1. Thiessen. School Science and Math-
ewatics, Val. 1, p. 236, March, 1914,

Line Motion and Trisection. Robert C. Yates. National Mathematics Magazine, Vol,
13, pp. 63 66, November, 1938.

A linkage for trisection of angle as well as bibliography and three diagrams.

The Trisection Problem. Robert C. Yites. National Mathematics Magazine, 1: Vol.
15, pp. 129-142, December, 1940; 11: Vol. 15, pp. 191-202, January, 1941; 1. Vol.
15, pp. 273-243, March, 1911; IV. Vol. 16, pp. 20-28, October, 1941; V. Vol. 16, pp.
171-182, Januwry, 1812,

I and 1 Trisedtion using the following curves: the quadratix, the conchoid,
the hyperbola, and the cvcloid of Ceva. I Fifteen mechanical trisectors are
described. .

4 Hose Linkage, Trisection, avl the Regular Heptazon, Robert C. Yates, School
Science and Mithenatics, Vol 39, pp- 870 872, December, 1939,
‘The linkage traces a fourdenved rose and acts as an angle trisector,
The Trisection Problem. James H. Weaver. School Science and Mathematics, Vol
A5 pp. 5496-595, October, 1015, .
Discusses the solution of Archimedes and ane of Pappus,
See alvo BOOKS:
Plane Geometry. Mirick, Newell, and Haiper, Ppo 152 113
Trisection. Rohert C. Yates.

PAPER FOLDING

Paper Folding an Plune Grometry, Savalt I Britton. Mathematics Teacher, Vol. 32,
pPpo <27 205 Mav, (030,
< How to dewenmine the perpendicular bisector of aosegnient and the center of a
Girode whone wre is gooen,

Tieraga Stap of Paper anto ¢ Koot o Tornga Pentagon. Schinol Science and Math-
ematics, Vol 26, po 651, Jure, 192,

Proof that the sexndar pentason o formed

Constructzan of Corie Sections By Paper Foldei: Aliced [T aka School Sdience and
Mathematos, Vol 7. ppe s ST Qacher, [haoy

see also nooksy )
Coromietsioad Fovoroa iy an Pager Poldir 2 [0N Row
Tools ROCOYates, 'po 56,
Wasster Nicheo fetoytqioments, ROND AV g P 28 1%
Prun weth Paper 10 Teening,

i
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Houdint's Paper Magie, Howdini, Pp. 117 140,
Procédes Originaux de Conshinctions Geéometviques. Y. Fourrey. Pp. 115-139.

DINECTION
Additton by Dusection. Robert C. Yates, School Science and Mathematics, Vol. 40,
pp. 801-807, December, 1940,

Sugpests constructing cardboaid models (colored poster board—about 14-ply—.
is recommended) to dissect geontetric figures and rearrange parts into others:
transfo. meition of o given triangle to one having a specified shape; transformation
of a given paraliclogram to another having a specified shape; transformation of a
qrendrilateral to o a tiangle. References,

See ilso BOORs:
Mathematical Kecreations and Essays. Ball and Coxeter. Pp. 87-04, 106,
A Companion 1o Flementary School Mathematics. Boon, Pp. 100-111.
The Pythagarean Proposition. Loomis. Many figures used in the geometric proofs
mayv be shown readily by dissection,
“ntroduction o Geomelry, Siddons and Snell. Appendix. Shows  Pythagorean
Theorem in colored scctions,

purrrLiCc4TION OF THE CUBE

An Approximale Solution of the Problem of the Duplication of the Cube. A, A
Duntitrossky, Schoal Science and Mathematics, Volo 13, pp. 3U1-312, Apiil, 1913,

Describes o construction which gives the edase of a double cube with 1712500 as
the degiee of accuracy.,

The Derecation and Applaations of the Conckboid of Nicomedes and the Cissoid of
Dincdrs. Harny Roeser. Schiool Science and Mathematios, Vol T pp. 790 7496, De-
cember, 1914

A traslation fonn Cintars Lectires in the Histors of Mathematios, Vol 1,

Pappacs Saluloon of the Duplicateon Prol-lem Jaries (. Weaver. School Sdence and
Mathemtties, Vol 130 ppe 206 217, March, 10913,

A dircde diawn on g ranzed table is ised as the hasis for the solition

USE OF GEOMITTIIIC U TTOOTS

Consricitens sithoa Deod e Fdeed B, ROC Miclubald? Awmerican Mathematical
Monthlv, Val 25 pip. 375 San. Octoher, 101,

Geomelry Coonbuctooans WO W Bonvon, Scheal Sacnce and Mathennatios, Vol 10,
ppoAls 290 fnne fato,

Five consitnetions with st :hoedze ione, cochi withe compasses aione, four
winlt tier olane, Bive waith sqiane e,

Coanpss ooty Wilter He Coanvoalim, Schioal Scenee and NMonbemanies, Vol 32,
pp- S dons Apedl pan,

Usiney compasses adones Liow o cotstinet the pomts of aiersectens of straight
line azd o orde, and how o constinet the poant of drvisecGes ol twn stiaight
hiness Abse the Bseors of the paobbene,

Geapetrial Coonprugions oot the Conpfuroe s Walier O Caanaban, Sehiond
Science and Moathennitas, Vol Socppy 152 <9 Bolanay 1000

Coanntrnctions which are poss Bl il amyposseble. osbes ondy a staichtedee and
sect et Inscandiog the compisses, five constioetans e oo land osing the

straightedee atane
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Constructions with Limited Means. Mmion E. Stnk. American Mathematical
Monthly, Vol 48, pp. 475 4749, August-September, 1911,
Uhe dngle Ruler, the Marked Ruder, and the Carpenter’s Square. Robert C Yates.
“Nationid Mathenatios Magazine, Vol 15, pp. 61 73, November, 1940,
Theory ol these nstrnments is considered. The angle waler and niuked square
e showin to be related by the principle of duality, References.
HE Geometneal Constraction: May Be Muade with Compasses. Michael Goldberg,
Schout Science and Mathematios, Vol 25, pp. 961 963, Decemiber, 1925,
See alvo Books:
Ruder and Coripasses. Thilda Po Hudson London, Longinans Green and Company.
194, -
An Introduction to Modern Gec wetn. TosoShivelyv, New York, John Wiley and
Sons, 134 P 132 185, )
Toaiy Robert € Yates, Ppo6o 33 42 53, 66 81,102 117,
Procédes Origanaux Je Constru tions Géametngues. b Fourrev, Pp. 4559, 74-94.

THE MATHEN THICS LABORATORY
The Tewihing v dgelng by Hu' Iulmmhm Method. Chiatles W, Newhall, School
Science amd Mathenues, Vol 5, pp. 40 l.'lll\ll.ll}'. T,
“Often the stdent qan use o .ul\.ml.l_-.;c a mode of attack sinnlae o that used
e the solution of  corstrnciion problems deantetiy, jmagine the problem
solved, snd ty o discover what steps were pecessary o atttin that end. .., To
neithe o une complete apphicanon of the methods of the labotton to the teach.
ine of aleebra, we might make ose of some of the deviees and anrangements be-
fore veferned v as extenabs which ane pecalion o the Libovatony stidies
Savee A pevience s o Laborat-oory Maths vogtnos and Hhen Besades, Franklin Turne
Jomus School Scienee aped Moathematios, Val 5, pp foG (e, June, 165,
Dacovses exponments viel e geoms v compasison of the inch and eenii
meter, Livs of retlection, conter of granvy of a0 triangle, law ol pefraction, the
Jullv: Babanee vy dllustiate puopartion oer Schinal Science and Mathenatics,
Maoch, on
SNt e mteeddaction of the subjoct of voomeny the methad of obsanation
aneb expertment o, o B helieve shonld, be extensivels ise 1 Ta put off its in
Crehotiom vl e s on sceaned v ol Bt o S s hiosew 1, oo late o
teocte e nrost el bde deantn
Vit ! bade o oy Rl Golll Loy Selned Scace gnel Mohe taatios, Vol X
e T TN bnaember, oo

] Voove el we st bt the provoneni exercses Soadt be Lo i the

et v s et conped oo chont thee con, s

Pre methom el Teboratoas o-odn 1o b oaeh procheet o thie plhivaies an-l

NIERTEN Vb c oty et onsbe o Conee s 2t hie et ! APPLATTS TeCs
Nt et st o meastnen b G oo By s cras 1h Jrpals can
[STE EYRTIMNTEAE T TN SRS B |n||=;-l||| U

oot cornectrn wath asthinene oo S b e okt oolhe finr satishics,
LR B O R L TN (YL R TERNE Y YU TURU P RIS JE PSRN IVRTUE B PP PR TS P T S FIS A YD
{l!;;l:f\ s tye N,

B I TR A LTEN LY P TN Ot ST TN PR TR DPIT RTINS PR tpper chissess Care st Beoraken that

thr siadent socimes Tar hselt the materiad tor compnt e, by measuement
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and observation in medhanics, physics, chemistry, mcteorolugy,. surveying, and
astropomy. . . . !
“5. ‘FThe accurate constiuction of graphs might be considered an important
prablem of the mathematical laboratoty. . .,
"6, The preparation of geometiical models i importane, . ..
"7, In the teachers' librany spedial attention should be given to the literature
of applied mathentaties. .,
Experimental Geometry. H. J. Chase. School Stience and ! {athematics, Vol. 8, pp
A77=5749, October, 190X, '
Muthematics. William U, Campbell, School Sdience and Mathemagics, Vol. 9, pp.
353-381, April, 1909,

“Indications seem to poiut to the need of a more practical basis for both algebra
and geomeny than we ave now attempting—perhaps to a kind of mathematical
laboratory. . L I, however, the mathematical laboratary comes, et it come, not
as an addition to what we e now doing, but as a s.astitute for parts of it. . .

Muathematicai Laboratory, Scheol Science and MM aematics, Vol 13, pp. 544-545,
June, 14318,

In October, 1913, University of FEdinburgh opened a laboratory for piactical
instruction in numericad, graphical, and mechanical caleulation and analysis, as
requited in the applied mathematical sciences, and for research in connection with
the mathennrical deoartment. The practical work in the laboratory involves
suche tapics s cnse fitting; wonstruction of cuives and suifaces; linkages; rou-
lettes, progecions; photogrammens; -map making; use of instruments employed
in caicubinen, sspeciatly shde rales, arithmometers, planimeters, integraphs, and
tarmonic wdvsers, graphic soluton of monencal equations; graphic and me-
tharncad solution ol problews in sphenical tigonometrs: nomography; applica.
tions G toaneles of vectors; aastruction of tables of new functions and functions
not presinusiv tababated,

A Drearc o e, Wilham AL Auston, School Scaence and Mathematics, Vol 21,
0 O01 62T October, 1021

Desaribes dasstooms which have been equipped as faboratories for plane geom-
vty the Liboratony procedures ased, and the quantity of work accomplished. Hlus-
thated

Fare nimen
Mo, 12l

Alvievates fhe e ot o behienatery to hisiover theorems of penmetiy .

Chrg Lo s e By pt -m'f(i Chorr WaObiam A Nostin Afathematies Peacher, Vol

Geooney Go A Hoonver, Mathematios Teacher, Vol 15, pp. 157 163,

noopp T osn Febpaay july
{ oo v mothard of teaching plane geometry with the nse of manuals. No
Leateren teas b rocitrsens Popads e actece v o ek and take the initinuve.
[T T oo s o e Wi v N e Ssihied coesce aned Mathe

R L A A 1T AT D I ETYPOCE RO AP

Povos vy v e o b <hed L one Bebaoretcas ek Faal vaom has sahiles
Pl ie KT e e el et e shesks ane® iso el tig
s v Do coe e s cadbener used for i awan e wark of

CEoch rarel b clveaong Loand, o TEesguane. a straghtedge and seate,
Jrottacor o cangas o teomele, atnd o onpy of the panuad.

Two s o v ek e IRIFTLA ooce 4 taande Dilwaatany; [u'ri()xl_ Pruptls follow
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the ditections in the manual and petform geometiic experiments and write up
the notes on what are aalled places. Single petiods thiee days per week me used
for recitation work.” THustations of work.

A Laboratory Method of Teacdlung Mathematios in the Classroom. Chatles A, Stone.
Mathematios Teacher, Vol 17, pp. 200 222 Apnl, o2t

Obsetvation, experimentation, and nranipulation e fivored vather than just
the testbook medivm. Froblems i this method are descnibed,

Geonetry a Taboratony Adience. Josepht A0 Nvhers, Schoal Science and Mathenntics,
Vol 21 pp. 91 053, Decenber, pu2y,

A criticism of Wilham AL Anstin's paper in School Science and Mathematics,

Vol D5 pp. 9% 71 January, 1924
Coreomy oy @ Labendory Science, FoOHL Sutton School Science and Mathematics, Vol
ahopps 91096, December, 1021,

Desonsses Walliam A Austin’s paper in Schoal Scienee and Mathematics, Vol, 24,
pp s T Jamarny, 1924,

Gty Laderatory Science Johne O0 Pyles Schand Science and Mathematics, Vol,
Shopp a7l December, 1u2g
v dincr wion of William AC Aust o5 paper in School Science and Mathematics,
Vol 28 ppo s 71 Jamiiuy, tuZ g,

Pead e Plow Goometny withont' a Textbook. Theddore Strong. Mathematics
Feacinen, Vol 1o, ppe U i1 Febroansy, 1926 '

Lo Dot Meticnd dn Veaching of Geametn, Co AL Austin, Mathematies
Porchion Vb 200 ppe 271 2700 Moy, Jaeg

Doscneses atte ke procedure, and teaching rechique inothe labotatory plan,

fobvator, SWark o Ge ety RN Mol Matnennatios Teadher, Vol 94, pp-
TEQT, Jannany, Tuil, . )

"I Ltharators geametss, the pupil works otar the time being, at feast) as an
nudividiads He works with his hands, ot a0 table, using squne, protractor, com-
tass, rndes el sciseonss Al experiment s question pat to antae. Fhe scientifie
spit demnds that we be an the alere 1o put questions to wature and that we be
hovest in recording the tesalts we teat!s get, not necessanhy what we think we
onzht to aet.

The Matisvoatiocs Falorvaton g Device foy Prtadeson s Matioomatics. g\ Ramsever.,
Mourhemitns Teachier, Vol 2%, pp. 2% 20 At Jads,
he rocue s equipment, bulenn board, hooks, insfruments, ol Arpraratus
oo s the emrelntoon of Physacs aad Matbo maties 1L Bosnop. School Saence
and ALt s, Vol 5, pp 132 1734, Mach, 1005

Another quedtton which iy otten asked and whech s cortinby much 1o the
pont s Docothese vddents Know thiesy puare nuthematios s well as stadents who
e odd oty ahe abstiact mathenaces® Thes i of comnse, o vens dithenlt gues.
con toanswer D have neode anoattempt to find an answer in this way,

“1ohove mnomiv dlasses ot onds stidemts whe lone taken this work, but also
strdents who hove come to us froan Gist class high schools where 1 know that
e prepacpen ancpire mehenuatios iy very zood. T ohave sometimes asked for
the el ol some ceamernaal theoreme thit we have heen usng, as for instanee
the Podcvoren thaarem o have nover vet found a stdent with ondy the abstract
prepatation o wantld asanpt 1o demonstiate one of these ofthand, While 1
base found thon v Loge nnmiber of vhe sondenis who huse had the concrete
geometry were abde toopive the demonsttation 0 o as De Milhiken very aptly
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expresses it, ‘vou can teach all the physics you want ih.algebra and geometry
and then there will be plenty left for us'.”
An Atterapt to Correlate Algebra and Physics. Willard 8. Bass. School Science and
Mathematics, Vol. 6, pp. 495-500, June, 1906.
Gives a proposed outline of course in physics and algebra.
A General Science Course of Elementary Physics and Mathematics Combined. J. C.
Gray. School Science and Mathematics, Vol. 12, p. 377, May, 1912,
Work in physics and mathematics combined in experimnents and problems.

v

THE MATHEMATICS CLASSROOM AND ITS EQUIPMEN'T
A Mathematical Atmosphere. W. D. Reeve. Mathematics Teacher, Vol. 31, p. 387,
December, 1938,
Editorial discusses piggures angd equipment for every mathematics classroom.
Planning the Mathematics Classrobm. Fred L. Bedford. The School Executive, pp.
290-292, April, 1936. -

List of suggested equipment includes chart files, shelves and table drawers,
bulletin board, blackboard tools, teacher's file, muscum case and show case, models,
instruments, and other equipment. Architects’ sketches for a mathematics labora-
tory are includ~d.

A Mathematics Room That Speaks for Iself. Edith L. \Tc)ssnun School Science and
Mathematics, Vol, 33, pp. 423-430, April, 1933,

Wall charts made by students include one listing seven requirements for "An
Excellent Paper,” nine “Desirable Habits to Be Formed or Strengthened in a
Mathematics Course,” another on "Earliest Mathematics, #1700 B.C." List of 24
other student-made posters is included.

Stimulating Interest in Mathematics by Creating a Mathematical Atmosphere. Mary
Ruth Cook. Mathematics Teacher, Vol 24, pp. 248.254, April, 1931,

This article gives suggestions on how a mathematical atmosphere can be created.
Some means are the use of mathematical models, pictures, proverbs, reading
room, posters, exhibits.

The Bulletin Board as a Teaching Aid. G. I'. Cahoon. School Science and Mathe-
matics, Vol. 28, pp. 867-873, November, 1928,

Checking and clipping articles, filing clippings, the filing boxes, folders, back-
ground for mounting, attaching clippings to background, titles, a “wire” bulletin
hoard, pottable hulletin boards, time between changes, using the bulletin board,
tvpe of questions, periodicals and sources of material, outcomes.

Fugitive Materials, Frances A. Mullen. Mathematics Teacher, Vol 31, pp. 205-208
May, 1938,

Establishing a sertical file with major headings: biographies, other historical
notes, puzedes, other recications, pictures, plins, club prograns, humor, impor-
tance—pgeneral, relotion to other fiekds, miscellaneous, to be filed. Svurces given.
Students contribure and maintain file.

Mathematical Equipnent and s Uses. H. C. Wright. School Science and Mathe.
matics, Vol, 15, pp. 500-504, June, 1915.

At Univaisity of Chicago High Schoo! each mathematics room contained two
lurge wooden protractors, two wooden 30°-60°-right triangles, two isosceles right
triangles, five wooden straightedges, nine blackboard compasses, fourteen foot-
rulers, ten lead pencils, two small brass protractors, a spherical blackboard, a
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five foot slide aule, a cork Lulleting bouid, Glass dovoted cases for storing of
mechanical devices and models. A case containing twenty-five revolving panels,

.a section of squared blackboard, and a supply of crayons; scissors and string
also available. Survesing equipment included two transits, level, leveling rod,
steel chain, several steel tapes, wire pins, red and white sight rods, and engineer's
notebooks for field work.

The Primary Purpose of Training in Mathematics—Not a Kit of Tools but a Way of
Thinking. Editn L. Mossman. School Scignce and Mathematics, Vol. 38, pp.
992-1002, December, 1938. '

Discusses well equipped dlassioom: plenty of blackboard space, a library, pic-
tures of mathematicians, slide rules, transit, models, charts and posters, etc.

A4 Method of Making Wall Charis. N. A. Harvey. School Science and Mathematics,
Vol. T4, p. 516, June, 1911

A negative is made of pictne or chare desited, and enlarged to a convenient
size—eg, 207 x 207 thes s attached 1o a mounting board 227 x 28%,

Sce also BOOKS:

Enriched Teaching of Mathematics. M. Woodting and V. Sanford. Pp. 104-112.

MATHEMATICS CLUBS

A High Schonl Mathematics Clul. Charles AW, Newhatl, School Science and Mathe.
nuitics, Vol 5, pp. 323 330, May, 1905,

Desaribes activities of one of the fust segondary school clubs in the United
States; that at Shattuck School, Faribault, Minn, Contains outline of several
topics and sugyestions for meetings.

Sources of Program Materinl and Some Types of Program Work Which Might Be
Undertaken by High School  Mathematies "Clubs. Ruth Hoag, Mathematics
Teacher, Vol 21, pp. 492 502, December, 1931, N

Projects indude compitation of dictionary of terms and symbols nsed in hign
school  mathematics. mathematics scraphook,  construction of instruments  for
ficld work, writing of a history of mathematics for high school students, con-
struction of a set of models tor sohd geometiy dusses. preparation of mathe.
matics paper. Dononsteations and experiments indude soap bubbles and mathe.
matics, finding of pi by dlunee, paper folding and pline geometry, slide rule
demonstration, the steel sqrane. Ao indudes a list of plavs, skits, and dialogues,
mathenmatical wames, tapies fon gronp or individial proesentation.

Mathematies Club Prograoms, AL Harny Wheeler, Mathematics Teacher, Vol, 16,
pPp- 385 8390, November, po2d :

Lists fifteen topics vsed i clab presians, Also gives sisty cight titles and ref-
crences for topies inomnmbcor and measinmg sestems, the metue system, history of
arithmetic, old anthmeus, some remarkable numbers, cunous properties and
hehefs, and geometry.

Making Mathematics Interesting, Augusta Batues. Mathematies Teacher, Vol. 17
pp. 401 410, November, 1021 .

Informal club meetings and contests as part of dass work. Ribliograg.

Juwor High School Mathematies Clides. Ruth Person, Mathiematics Teaeher, Vol
At pp. 228 229, May, 1941,

Mathamaneal recreations avd games ave used as basis for dub meetings. Ref-
erences.
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4 Mathematus Club, Mary Caroline Hatton. Mathematics Teacher, Vol. 20, Pp.
39-45, Janumy, 1927,

Activities ineclude a slide wule project, a smiveying study, celebration of Mathe-
matics Week, transit operation, and films 1elating to mathematis and its appli.
cations,

High School Mathematies Clubs. Zoln Reed. Mathematics Teacher, Vol, 18, pPp-

341-362, October, 1925
Discusses a program on the slide rule, induding instiuctions for coustructing a

rule; tricks and puzzle problems such as ticks with cards and nubers; eight

number thynyes; songs, contests, and games including puns fiom geometry; a

shore play, *"Ihe Math Quest™; a hike ino the woods to studdy mathenitics in

natue; a debate on the metiic system. Annotated bibliography.,

. Mathematics Clubs. Helen Russell, Minerva Dunean, Rebecca Symes, and  Mary
Dethy. Mathematics Teacher, Vol 17, pp. 283-285, May, 1924; pp. 350-358,
October, 1924

How to organice a ddub; such commitiees as entertainment, library, history,
vocational, problem, “student help,” o atest, price. Severdl programs are out
lined. Bibliography.

Mathematics Clubs in the High School. Sophia Refior. Mathematics Teacher, Vol.

15, pp. 434-133, November 1922, ‘

Discusses a few typical programs,

Mathematics Clubs. Louisa M. Webster. Mathematids ‘Teacher, Vol 10, pp. 203-208,
June, 1917,

Activities of Hunter College ddub e reported. Topics include anagyphs,
Lincoln’s debt to,mathematics, the watch as a compass, alligation, use of imagina-
tion in mathema mathematicians famous in other fields, the meaning of a
billion, mathemat:  n natuie,

Mathematics Clubs in the tHigh School. C. A, Snell. Mathematies Teacher, Vol, 8,

pp. 73-78, Decewber, 1915,

Mathematics Clubs. Frank C. Gegenheimer, School Science and Mathematics, Vol.

16. pp. 791-792, December, 1916,

Weekly mectings at which members proposed problems for solution and read
articles in magazines selating to mathematics. Answers the question, "What shall
we do for the bright pupile”

Mathematies Clubs. H. Vernon Price. Mathematics Teacha, Vol, 32, p. 324,

Noventber, 1939,

Activities suitable for a0 club with lanted memberstup based  on hono
grades.

Mathematics Clubs in Secondary Schools. Beulah Shoesmith.,. School Science and

Mathematies, Vol 16, pp. 106 1S, Februas, (015,

Deseribes progians and topics discussed it mectings,

The Ennichment of the Mathematies Cowrse, H. E. Riter. Mathematics Teacher,

Vol 31 pp. 3 6, Jannarns, 1U3x,

Activities which can be carried on as dlass work 61 in the mathenndics elub:

[y

sunveving, maps and scale diawines, ete. References,

Lhe Mathematies (lub at Curnis High School. Esther Sweedler. Mathematics
Ueacher, Vol 29, pp- 391 305, December, 19360 alvo i High Poiats, Vol, 19, pp-
6d 64, February, 1937,

Studying surveving a8 an activity of the mathematics club, .
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The Mathematics Cluh—Streamlined. Max F. Weissy High Puints. Vol. 21, .pp. 74-77,
October, 1939.

Students sponsored -a Math Information Please program, math scavenger hum
a program on logical analysis, mathematical guggenheim (a parlor game called
20 questions of "guggenheim™), math bingo, topolunacies, mathematical charades,
mathematical Professor Quiz.

High School Mathematics Club. Radig talk by Norman Anning. Mathematics
Teacher, Vol. 26, pp. 70-76, February, 1933. :

Hints alout organization; Start a club library.-Put on-an ass«embly program.
Try problems in problem departments of mathematics magazines. Models for the
school display cabinet.

Monroe Surveyors' Club. Morris Kaplan. High Points, Vol. 22, pp. 55-56, June,
1940.

Recreational Values Achieved through Mathematics Clubs in Secondary Schools.
Marie Gugle. Mathematics Teacher, Vol. 19, pp. 214-218, April, 1926.

Recreations for the Mathematics Club. Bryon Bentley. Mathematics Teacher, Vol.
23, pp. 95-108, February, 1930. : '

Dis-usses several which can be used as stimulus to class discussion or at club
meetings. Thiity recreations chosen from algebra, geometry, and trigonometry.

4 Christinas Project. Muriel Batz. Mathematics Teacher, Vol. 30, pp. 876-377,
December, 1937,

A Christmas tree was decorated with geometrical figures and solids as orna-
ments. Sugpests a tree which is entirely geometrical: the hase a cylinder, the
stem a very narrow rectangular parallelepiped. the main part of the tree consist-
ing of several tiers of graduated trapezoids surmounted at the top by an isosceles
lriung‘lc.

The Christmas Party. Phyllis A. Holroyd. Mathematics Teacher. Vol. 32, pp. 352-
353, December, 1939,

Includes picture of a mathematical Christias tree decorated with various star- '
polyhedrons.

4 Mathematical Christmas Tree—a Picture. The Mathematics Teacher, Vol. 33,
p. 337, December, 1940.

The Math Star. Frances A. Mullen. Chicago Schools Journal. Vol. 19, pp. 169-172,
Mouarch-April. 1938

Describes math magazine published by students, mcthods of organization, types

of articles and problems, and other topics.
Sce also BOOKS:
Mathematical Clubs and Recreations. S. 1. Jones.
Enriched Teaching of Mathemalics. M. Woodring and V. Sanford. Pp. 85-100.

THE MATHEMATICS LIBRARY
The Mathematics Library and Recreational Programs, Helen Tasvlor. School Science
and Mathematics, Vol. 30, pp. 626-634, June, 1930.

Contains Hist of thirty titles of books with short description of each, a descrip-
tion of three high school assembly nrograms. including an assembly sketch and
song.

{ Iist of Reference Books and Magazines for Teachers of Mathematics. W. ). Reeve,
Mathematies Teacher, Vol, 19, pp. 303-307, September, 1922,
Reference books and magazines listed by topics: books of a pedagogical nature;
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« hooksy on teaghing of mathematics; books relating to mathematical topics; book.
containing recreattonal material; books of a historical natue. : .

Biblograpity of Popular Mathematics, D, B. Lloyd. School Science and Mathe.
"matics, Vol. 38, pp- 186-193, Felnuary, 1938, '

Books on history, biography, recreations, enrichment, and soutce material.
Periodicals on appieciation of mathematics, relation of mathematics to other
fields, history, mathematicians, arithmetic, numbers, algebra, geometry, trigonom.
ctry, probability, measurement, physics and astronomy and the fourth dimen-
sion, recrextions and problems, devices and equipment, programs and contests,
plays. ‘

New Materials and Equipment in the Teaching of Mathematics. B. R. Ullsvik,
School Science and Mathiematics, Vol. 39, pp. $32-142, May, 1939,

Discusses and lists books and magazine articles, motion pictures, posters, puzeles,
equipment, evaluation instruments, records, ard commission reports,

A Selected List of Mathematies Books for Colleges, Elton ], Moulton, American
Mathematical Monthly, Vol, 48, pp. 600 609, November, 1941,

FILMS, SLIDES, AND PROJECTION EQUIPMENT

11LMS

The Play of Imagination in Geometry. Film produced by David Eugene Smith and
Aaron Bakst Resiew by W. S, Schlauch. Mathemaiies Teacher, Vol. 24, pp. 55-56,
January, 1931, '

Mathematics Films. Margae' Punnett. The Mathematical Gazette, Vol. 21, pp. 119~
151, May, 1937, ' :

Exhubition of Mathematical Films. The Mathematical Gasette, Vol. 20, pp. 110-114,
May, 1336,

Describes mathematical films exhibited at a meeting in Fngland in 1936.
Mathecinemutics. Grace M. Hopper. American Mathematical Monthly, Vol. 47, pp.
" 36% 568, October, 1940.

Animated cartoon technique is used to produce film showing limacons.
Mathemaiics Films, E. H. C. Hildebrandt. Mathematics Teacher, Vol 34, pp. 26 -34,

January, 1941,

Films are listed under headings: grometry, adva muthematics, teaching
of mathemuatics, mathematics and art, mathematics and  architecture, mathe-
mitics and nature, weights and measutes, money, mathematics and  physics,
optical instruments, engineering and industty, mathematics and astronomy,

A Science Teacher Looks at the Classroom Film, H Enminett Brown. School Science
an b Mathematics, Vol 39, pp. 312 351 April, 1930,

Crincisms: that eductors tend to cham too much from the use of the motion
pictures 1n the dinstoom and embriace the new in visual education too eageris.
Too nanv films fnl to recognize that the unique function of film is to show
motion; they cover too much ground, arve tvo inclusive, too general, and often
dowmight dull; they e too imdccwate and do not balance the amount of
detail. Tere are often smuall but irritsting technical eirors or omissions and the
photography s often poor  Animated drawings are not emptoved to best od
vantaze. Advertising in some films s objectionable: nddes of films e often
misleading and the cditing poor. Projectors are oo expemsive and too cumber
some,
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The Classroom Film. R, E. Davis. School Science and Mathematics. Vol. 39, pp.
627-630, October, 1939, '

Replies by a chemistry teacher to criticising of H. Emméu Brown in School
Science and Mathematics, April. 1939, Impossible to produce a picture that will
please every teacher, Film cannot take the plice of a teacher. Film can show cer-
ttin types of experiments which the busy teacher cannot prepare. Visits to in-
dustrial plants are sametimes impossible because of large classes. The classroom
film has its limitations. The use of films will not lessen the teacher's load.

SLIDES '

Lantern Slides. Fred L. Holtz. School Science and Mathematies, Vol. 6, pp 262-267,
April, 1906.

A Small Size Lantern Slide, Cluence R. Smith. School Science and Malhemalxc.s, Vol.
29, pp. 530-532, June, 1920, ) '

Suggestipns for Making 2 x 2 Inch Lantern Slides with Inexpensive Fquipment.
Victor E. Schmidt. School Scicuce and” Mathematics, Vol. 40, pp. 165-169,
February, 1940.

Lists equipment and mateirials needed, discusses method of making slides and
construction of the camera and holder,

Homemade Lantern Slides in the Teaching of Plune Geemetry. N. L, Martin, Edu-
cational Screen, Vol, 13, Junuary, 1934

Sixty slides on congruency of triangles, parallel lines, and other straight-line
figures were made, together with sixty on citcles and loci. Sume slides were ccllo-
phane and others were etchied on glass. Slides were used to introduce a new unit,
as well as to show its development and to cany on the review, Author's con-
dusion from studv: "L A series of corrclated lantern slides will increase the
cifectiveness of the presentation of plane geometiy, € The value of Lintern slides
appears to vary inversely with the’ native capacity of the individual child. 8.
There is a high degree of correlation between achieverment and the use of the
slides.™

The Stercopticon as an Aud to Plasics Teaching, Charles F. Valentine, School
Science and Mathematics, Vol 23, pp. 78-80, January, 1928, ;

“Only two or thiee shdes we selected for amy cdass discussion period, The
dhides tnust be seleaed with particulan attendion 1o their use in the lesson plan:
The slides must have a shore focus and throw & brliant tmage on a blackboeard.
"“he stereapticon must have a short fucus and throw a brilliant image on a black-
Noard; it must he satisbictorns under ordinary lighting conditions, aml should be
focated on the instiuctors desk and be iostanty avadable ar alt times by merely
pressing o button.” “The blackhoand s uend s a arern; the teem s not dak.
encd, The question is uet how miy slides i dass hour, but how they are
prosented.”

STEREOULRAALS

Geometric Sereograans L b cice for Makioe Saled Goromelry Tangihle to the
Average Student. Walter: Shemon, Mathomaties "Feacher, Volo 8y pp. 124-131,
Maich, 1916, s

Duections given for producing feanes of geometric solids with red and blue
coberad pendils, These are vicwod it rod snd Blue steteoseopic spectacies, Can
be produced by stodents,

Stereoseopue Haroue Carees Willion FoRezos Schoel Soesce and Mathematics,
Vol 24 pp 29 %60 Ty, 021
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Scientific Use:for the Stereoscape. Aid to the Imagination in Picluring'spacc Models.
Scientific American Supplement, Vol. 7& P 117. August, 1911,

See also BOOKS!
Excursion in Mathematics, E. R. Bleslich
Basic Principles of Analylic Geometry. W. A. Spencer. )
Dcag?ams in Three Dimensions for Solid Geometry. E, R. Bresiich.
Mathematical Snapshots. H. Steinhaus. Pp. 42, 44, 68, 72, 73, 77, 79, 84, 85, 89- 92

94, 100, 102, 105.

Les Anaglyphes Geometriques. H. Vuibert.

FQUIPMENT ’

A Universal Projection Lantern. ¥ J. Rendioiif. Schoal, Sience and Mathematics,
Vol. 9, pp. 293-298, March, 1909

Directions for constructing a lantern-which projects photographic sli dcs nicro-
scopic slides, apparatus both transparent and opaque by either horicontal or
vertical projection, and printed diagrams,

A Reader for Microfilm. Herman Bianson. School Science and M:thematics, Vol.
40, pp. 411412, April, 1910,

A visual magnifier made fiom a commercial binocular viewer for 35 mm.

film strips at a total cost of ahout eighty cents. Photograph shows viewer in use.
Microfilm Equipment for the Individual Worker, Herman Branson. Sehool Science
and Mathematics. Vol. 41, pp. 140-143, February, 1911.

A microfilm camera apparatns is assembled from a 35 mm. camera and an en-
larger stand. Focusing, choice of speeds, and film stock needed are discussed. Two
illustrations show the completed microfilm camern and the projector ready for
use. Picturols are being made at a cost of about 6id a frame.

A Pupil Operator Service for the Projection of Visual,41ds. Walter W, Bennett and
Lewis §. Edgarton. School Science and \lnhcnnncs Vol. 36, pp. 356 -363, April,
1936. .

Description of a visual aid system, of a Rochester, New York. high schaol which
makes use of student service in operating the projection machine and keeping it
in repair, and employs students for the cletical work of assigning the machine
to teachers and procuwing films requested. A chart shows relationships of the
Visual Aids Corps to other groups whereby it becomies 2 courebsted extra-cur-
ricular activity,

See also Books: ] :
Enriched Teaching of AMathematics. M. Woadring and V. Sanford. Pp. 89-95.

CONTESTS '

A Mathematics Contest—Its Relation to the General Problem of Individual Differ-
ences. Raleigh Schorling. School Science and Mathematics, Vol. 15, pp. 794-797,
December, 1915,

Rules agreed upon for a contest between two high school teams of six students
cach chosen from first-year classes. A written and an oral contest were held.

Mathematics Redayvs for High Schools. b aest H. Roch, Jr. and Thomas H. McCor-
mick. Mathematics ‘Teacher, Vol. 8, pp. 116-123, March, 1916; also in School
Science and Mathematics, Vol. 16, pp. 530-5%, Juns, 1916.

Class divided into teams of four members eath. All teams wark simultaneously.
Practice is given in the four arithmetic proceies. In addition. for example, the
teacher will dictate two five digit numbers. The first member finds their sum,
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the second member adds tiwe sum and the second number, the third member
adds the first and second sums, the fourth member adds the second and third
sum, the fust member adds the thitd and fourth sum, cte, for ten cases or so.
Similar problems are worked in subtraction, multiplication, and division. -All-
school teams are chosen and these may compete in interschool contests,

A Mgthematical Contest. Edgar T. Boughn. School Science and Mathematics, Vol.
17. pp. 329-330, April, 1917,

Rules and type problems used in i contest between Manuad Arts High School
in Los Angeles and the Pasadena High School.

A New Form of School Contest. ], T. Rorer, Educational Review, Vol, 57, pp. 339-
345, Apgil, 1919,
A track meet in mathematics, _
Mathematics Teams to Motivale Drill Wuork in Junior High Schools. R, V. Kessler,
Mathematics Teacher, Vol. 27, pp. 25-29, January, 193¢

Includes a hist of contest rules for a townament and suggestions Tor + inducting
competitions. '

A Computing Club. School Science and Mathematics. Vol. 31, p. 1037, Decenmber,
1931, '

Fditorial siugpests organizing a rapid calculating club in schools, "It mayv pre-
.vent a "ijlure in college mathematics or science.”

Mathemaucs Contests. Ernest H, Kocll, Jro Mythematics Teacher, Vol 9, pp. 179186,
June, 1917, ’

Discusses nature of contests and describes a relay competition in algebi and a

“crisscross™ relay in addition, }
d Geomélric Recreation. Isabel Harris, School Science and Mathematics, Vol. 20,
pp. 731-733, November, 1920. . .
Rules set up for six contests in a class in geometry, .
4 Mathematical Contest. Helen M. Walker. Mathematics "Teacher, Volo 20,7
274-279, May, 1027, '

At a meeting of mathematics teachers, forts two atticles were pliced on exhibit
and those present were requited to identifs a term from clementiny mathemaiies.
Can be used by a high school or college muathematics dub, for 4 school exhibit
or a meeting of teachers.

An Agebra Baseball Game. Mathemuatios Teacher. Vol 23 pp. 317 20, Moy, 1439

Rujes are given for a “classioom’™ game

Sve ;llSO\}H)r)K.\I
Ennched Teaching of Mathematics. M. Woodring and Vo Sanford. PR,

EXHIBITS

Fxhibit of High School Mathematics--Its Hoston and Fducatvonal Value W, 1)
Reeve. School and Sodiety, Vol 20 ppo 191 197 Noeast 70 1915,

A Mathematical dtwmosplers Olise A Keeo The “Thad Yenhook of the National
Council of Teachers of Mathenntics, Tu2s Ppo Zo 2008

The Mathematical Collection, Georg Wolff, The Figh't Yearhook of the National
Council of Teachers of Mathematies, 1933 I'pe 206 243,

Maodels illustrating the parabola and parabolonds, apphortears i ceamenny

and aleetna Fifty -thiee ficnies

Heilping Mathe maatres with g Pxhahet, Witliom C Keathweht Mathenatios T eacher,
Vol 310 pp 6 60, Fehimvns, 1935
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Extnbins spaonsorcod by Chncazo gl shoals Adicr Planctariom have as their
ohjec Tt show the eternal and everbisting utilitarian chatacter of mathematics
hoth trams the praghuatie as well as the aesthetic points of view. Fxhibit articles
are made by students; the exhibit is duanged esery quarter and is built around
4 contiad theme. Publicity given through daily papas and other mediums. List
of themes such as applications of high school mathematics to games of chance.
multiphcinon without  thinking, using mathematics to deceive, how mathe.
maiics is used in diiches, how the designer of dresses uses mathematics.
Usong and Preparing o Mathematics Exhibit, William C. Krathwohl. School Science
amd Mathematics, Volo 39, pp. 702 706, November, 1939.

Discusses nuthematics exhibits prepared by Chicago high schools and held
at the Adler Planetariom. Model bridges werfe made by students showing how
matbentics was usedd in their consttuction, Interest in making models can be
aroised thiongh spirit of competition. Reading material in exhibit should be

in letters Luge enough to be read ten feet away by person wearing bifocal .

glasses. Models should be plainly markad and, as far as possible. in words of one
wilible. Generous wse should he made of colors. “Gorgeous reds, vranges, bliues

and 2reens, if they do not cdash, radiate happiness and cheetfiulnes. .. 'Hrr:‘ke)g

notes of 3 siiceessful exhibit are simplicity, ease of observation and attracts .eness,”
Mathematics Exhibit at Adler Planetarium, 1. McCartney, Jumor College Journal,
Vol 9, pp. 251 253, Februmy, 1939. .
Mathematics Exhibil--3Wold's Fair, Chicago, Lillian Movre. Mathematics Teacher,
Vol 26, pp. 182186, December, 1933,

Lists exhibuts in arithmetic and algebra; applied mathematics: aaalysis; geom-
ctiv: Jokanson's  gauges;  mathematical  recreations, inclunding the Mjystic
Number Machine which obtained an unknown mumber through the application
of music sqitares; Pollock's Models—stning figures on- frames; skew curve projec:
tong centtipetal force; applied centiipetal foree; Galton quincunx; computation
of pr el sowaply mthematical machines, such as the harmonic motion appa-

ratus, Michehons hanmonie anahzer and  synthesizer. Gonella's planimeter, |

Pehneots machoe iltustiating the factorization of a number: gyic compass re-
pratet, acrodvnuamies, pantographer.

Matiematics Exhebit at the Century of Progress Exposition. B Bravenman. tigh
Pt Vol to, pp. 30-310 December, 1031,

Uisual Aneds at the Warld's Fao- -4 Royal Road to Knoicledge, C. Fordney. Nation’s
Schools, Vol Bl pp. 5557, May, 1934

Muscum of Sciece and Industry, Jackson Park, Ch'cago, Hlinois.

H.s a mathematics exhibit consisting of Galton's quincunx, a device for evahr
atitg pi, celipsograph, a slide 1ule exhibit, @ Michelson harmonic analyzer of
twenty tenns, an exhibng using w photionic cell for the snmimation of a series
whose terms aie pepresented by equally spaced lighis, a naber of models of
ruted surfaces, a totiting cone in a pline heam of light to show the cottic sec-
tions, 1 device for evalnaning pio by tossing @ coin onoa checkerboard, and a
pair of Blackburn pendulians for the production of Lissajous™ figuies with sand.

Dr. Dared $ougene South's coft of Mathomatical Destruments io Columbin Univer-
vy, School and Sodiety, Vol 13, pp. 313 314, Murch, 1936,

Poster of the Mathiematees Exhabit at the Harace Man Sehonl for Girls. AMathe:
matres Leacher, Vol 23 po 850 Jannary 1930,

[
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A Mathemation Exhitag, M, Cottell Gregory. Mathematics Teacher, Vol 23, pp.
382-331, Ouwober 1030, .

Guaphs imvolving local statistics; designs for linoleum, wallpaper, doors, and
windons; polshiedions; a solid geometry <hlineh with hexagonal pyramid tower
aned riangular prisin roof;” geomeuy in the houses of primitive people,

A Uwmigue Mathcmatics Lxlubie, Ruth Wilson, Mathematics Teacher, Vol. 80, pp-
128-129, Maich, 1937, -

Under the nde “The Piactival Applications of Mathematics in Various Occu-

. patons and lodusties,” -the mathematics depmument heid an exhibit based

onlodal uses. The elecne and power company  cooperated in making several
chaits, as did the telephone tompany, fife inswance company, city engineering
deparvtment, railroad, aud local architect.

Homemade Mathematies Exhibit. William: Sell. American Mathematical Monthly,
Vol, 40, pp. 555536, November, 1933,

Exlabat Your Mathomatees, L. M. Muoiis., High Puints, Vi, 16, pp. 22 23, December,

1931, v
Muaticematics l)u;:[m at a School {xjubitton. School, Vul. 28, pp. 136- 137, October,
Faz3a, !

s The Exbibit as a Supplementary Method. Crystallography. Harold J. Abrahams.
School Sacnce and Mathematicos, Vol 360 pp. 950 936, December, 1936,
Exhibit in which chemical and mineral anstals e grouped, according to for-
manon. with celluloid models. Besaiption of the six main groups into which
all arystals may be divided. Directions for making the models and preparing the
crastals,
Project-—Teclouques Bolative to Ixhebtions, Maitand P, Simmons. School Science
and Mathematics, Vol -0, pp. 134 133, My, 1910,
Wiitten for- " sdence evhibit, there e many supgestions which can be used
i the madhicnaties exhibat, Suthcient tine mist be allowed. Creation of desire
for this work is essentul. Projects should  be workable, unusual, and varied.
Standard size reconmnended 15 two feet square and not over three feet high.
Dehite chedk-aps of progress muost be made. Projects should be submitted weeks
buefore the exlubit. Explanatony posters should serve as guide.
Mathematical Instyuwments. Davd Baxandall. Encyclopaedia Britannica, 14th Edi-
tion, 1430, Vol 15, pp. 69 72, :
Mathematical Madels. G W. Cusons Enesdlopaedia Britannica, 1ith Edition, 1939,
# Nol 15, pp. 7275,
See abw Books:
Inviched Fooldng of Madioperoo MO Woodting and V. Sanfoud, Pp. 50, 101-103,
103, 110-111.

Proys

Arvcbmmedes, a Mutheriatieal Cenng. Noma Pearl Reid. School Science and Mathe-
nuties, Vol, A1, pp. 211 219, March, 19141,

A ploydeveloped s a aentive activity ina mathentics cliss.

Tiee Rternal Trangle. A plolet Gerald Rafreny. Mathematies Teacher, Vol 26,
pp. 85-492, Febrary, 10933,

Ueenman's Vst to the Land of the Mathe nancuers, Edith Broce Pateron, Mathe
unties ‘Feachier, Vol ST pp 708, Luntay, 1935,

ERIC ,
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An nnaginan uone o the abode of some of the great mathematicians” Tn
dudes production notes rezanding seenery. pn;m”f..'f'fi’np(-nu-\'. and costumes, ‘The
episodes e brom geometns, applications of tnathennitics in ancient times, arith-
metie, aleebin, mathomates e the Meddle Ages, and the toundations of modern
matheundtios, Bibliowaphy,

Fallove o Loce with Plan Geonre'ss . A comedy i two adts. Caroline Hatton A
Duns Ho Smithe Mathenuities “Feacher, Vol 20, pp. 38y 4102, NSovember, 1927,
fuchudes tist of properties and diedtions for dances and nusical numbers.
Flathaond  a Macienain s Pl School Science and Mathenutios, Vol I, pp. 5%3-
%7, Octuber 0L ’

A desenption af e play eported i the Mathenutical Gaeette, [t in hased
ont the hook, I lathimed.” Characters are dsted and desaiptions given for five
scenes, The audience views the play from the balcons ot the anditorium,

Ceome by Hemnized. A schiool play inone act Ripe Scott, Mathomatices Teacher,
Val, 21, pp. 92 b, Februmy, 123,

[ Carat Happens Heree A mathenustico D minsial soces Ao Marie Wheba American
Mathenuned Mottt Vol 450 ppe 617 624 Nosanther, 135

A Pittle Jowney to the Land of Mathemation Alnn B Crawford. Mathematics
Teachier, Vol 17, pp. 836-3120 Ocober, 1921,

A play in thiee acts tased on “haong Math Rolos the Wordd”

A Matheratzoal Tantass. Elzabeth B2 Condev, Schonl Scicuee andd ALithematics, Vol
330 pp. 535-5%5, Mav, 1033,

4 Mathenmtual Fictorn, A play in two aets. School Saence and Mathematics, Vol
17, pp. A7 1520 June, 1917,

Mr, Chips Teaches Geomevy, John ] Sheas School Sacnce anl Aathematics, Vol
L pp. 20 T, Octoher, 1910,

Aty hased onac ocus problen, -

Mook Drad of B oo 4, ar Solvane a I ovsenal eouatson i the halirial Process.
Kt Moson ey, Schoal Sdience and Mathemataos, Vol Es0ppoat D 62, October,
BUSH

Adiprod from Stephen Leacodk's sty AR €L

A Number Play in Tioee dcis, ' Schilicholz, Mathematies Teacher, Vol 17, pp.
158 tan, Nrch, Tagt,

Baseed on “Number Stoties of o Azo™ by Danid Fogene Smith

Ot of Gie £t Viinence Brooohs M o0 Moshemnto s Feacher, Vol 30, pp. RIEH
379, Deceraber 1937,

A pliv, m two acts e ol ved paoscated o aoscheal asembiv by ninth goade
chos, Based on decelopoient of o pianbaor saestem aned 1he ose of mechanienl
deveces fony comprtation

Do Bp gl Do N poter don peappos b Boas Scheal S oree and Mathe
matas, Veb B s 270 UsT N ekl Tord,

AR E Y A N U T Moubierg ooy be ot V2 pp Dhn o, NOvemner.
P,

Wirce o W ochey Gone Toes A mbdbiermafies oy i Bao seenies Hanedhe v Partkn
Morhe e s Teadhm, Vel 700 ppe Lo 08 Janet taen,

Predeoven Wi ead flis Class o Mo MLbe Bl Vinghe S hioeol Soicnce aned
Moehomne s Vialo i pp R LLINCE MO FER R I R

{

Pot oy bl schiond A eIl proecam Nore o e chanantors foroa qlli)

ARPANTEE
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Sce alst BooRs:
Luriched Teaching of Mathematics in the Junior and Senior High School.
M. Woodting and V. Sanford, Pp. 87-89.

RECREATIONS
Hearearional Aspects of Mathematics in the Junior High School, Anea R, Meeks.
Mathematies Teacher, Vol. 29, pp. 202, January, 1936.

The use of mathematical puszles and gamwes in the class period, mathematics
club, the mathematics newspaper,

Mathematical Recreations, Martha Picrce, Matheniatics Teacher, Vol, 19, pp. 13-
2%, January, 1926, ‘

Recreations in Secondary Mathematics. Chailes W, Newhall, School Science and
Mathematics, Vol. 15, pp, 277-203, Apiil, 1915,

Methods of using recreations in mathematics dubs; in informal nmeetings de-
voted 10 ganies, pusles, wicks; in assigned readings; in debates; in the class.
room. References indude over fifts books and®sixty magazine articles.

Misplaced Mathematical Recreations. M. C. Bergen. School Science and Mathematics,
Vol. 39, pp. 746768, November, 1930,

Conclusion: “Practice in pussle solving makes for profidency in puzsié solving,
but in nothing else.” -

From Interest to Duerest, M. Weiner. Mathematics ‘Teacher, Vol. 30, pp. 23-26,
January, 1937, .

Mathematical reaeations books awakened interest in a boy and he became
one of the outstanding sudents in the schoaol,

Anithmetic {uzzles for jumor Grades. E. W. Montgomen. Sdiool  (Elenentany
Edition), Vol. 29, pp. 809, My, 1911,

Proving a Geometrical Fallacy by Irigonometry. Willian W, Johnson. School Sci-
ence and Mathematics, Vol 19, pp. 527-308, June, 1919,

The famous dissection puzele that 6§ . 6% ic. a Muare 8 units on @ side may
be cut into four picces which will form an apparent rectangle 5 x 130 The ditler
ence may be shown to be g paralclogianm of wea one square unit.

Mathematical Fallacies. Cecil B, Read. School Science and Mathematics, Vol, 33, pp.
586 -589. June, 1933,
Discusses severdd common algebraic wnd geometric fatlacies,
Maore Mathematical Fallacies, Geal B, Read School Scence aned Mathemsitics, Vol,
33, pp. 977-9534, December, 1933,
More interesting fallacies whiche can be used in mathematics classes, References.
See ala ROOks:
Inncied Teacking of Mathematics., M. Waondring and V. Sanford. Pp. 96-99.

GAMIS .

Heost, Walter W, Carnahan, School Screnee and Muathematics, Vol, 28, pp. 604-608,
June, 1n2s<

Aame plaved onoa checherboard anid tsiner psgoonids, enbes, hexagonal prisms,

oshinders, spheres, tianales, srues hovagons, and cacles for figunnes. Moves of
fretites e hased on peametire shape Rubos ane nduded. Preces can be mde
with o few toods ad e expendhtine of rane

LoDt 10 Mathewatsoal Card Coame. e e Poce  Anmerican Mathenniical
Monthvo Vol a0, p 7, Februay, 1642,
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Mathematical Games, Alfreda Raster. Mathematics Teacher, Vol. 17, pp. 422-425,

November, 1924.
Describes a version of “Old Maid in Algeora,” a blackboard telay, crossed

words, ip-zip, “Simon says, Buzz,” and the game of math shark,
1 Mathematical Crossword Puzzle. H, C. Cozard. School Science and Mathematics,

vol. 26, pp. 316, 318, March, 1926.

Imolves such nuathematical terms as sum, limit, number, problem, theorem,
degree, circles, log, factor, sphere, polygou. Solution included.
BOOKS
MODELS _
~ dnfertigung Mathematischer Modelle. K. Giebel. Leipzig: B. G. Teubner, 1925, 52
pages.

Elementary surveying instrumcents, model for bisecting an angle, variation of
parts of right triangle, measurement of augles refated to circles, pantographs,
binomial thecorem cuhe, polyhedrons, slide rules. Also

simnilar triangle figures,
cardboard, glass, celluloid, clay, lead.

discussions un how to use wood, paper,
and brass.
Early Science in Oxford. T'
University Press; 1922, 101 pages.
Descriptions of early scales and piotractors, spherical blackboards, ma themati-
cal models, geometric solids, calculating apparatus, drawing instruments, propor-
tional compasses, parailel ruleis, parabolic compasscs, elliptical trammels, sectors,
standard measures, gauging instruments, weights, quadrants, trans.

art II: Mathematics. R. T. Gunther. New York: Oxford

slide aules,
versals, and mictometers. Well illustrated.
General Plastics. Raymond Chery. Bloontington, Ili: McKnight and McKnight,
1911, 128 papes. )
Use of plastics in making models,
Katalog Mathematscher und Mathematisch-Physikalischer Modelle, Apparale und
Instruments. Walther Dyck. Muuich, 1892, Vol. 1, 430 pages: Vol. 11, 135 pages.
Slide rules, calculating machines, devices for drawing various curves, quin.
cunx of Gaiton, insttuments for harmonic analysis and advanced mathematics,
Mathematical Models. Ainold Emch. Urbana: University of linois Press. Four
pamphiets,
String models of surlaces of higher mathematics.
Mathematical Snapshots. B Steinhaus. New Yoik: G. E. Stechert and Company,
1939, 139 pages.
Linkhages, dissection figures, polyhedions, perspective, paper folding, stereo-
prams, soap filios, sty soifaces, Mobius sutfaces, knots, qunincuny, and graphs.
Plasties i the Schod and Home Workshop. A ] Lockrey. New York: D. Van Nos-

strand and Company, 19100 233 pages.

Puzzles o Woedd Eo MO Wyatt, Midwauhkee: Biuce Publishing Company, 1928. 61
petues
Disection figures, shufle puzzes, Tower of Hanoi puzzle, cross and wedge

puzzies.
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Solid Geomelry. L. Lines. London: Macmilian and Company, 1935, 292 pages.
Chapters on poivhedions, semi-regular and star polyhedrons, and crystal forms,

The Fiftynine fcosehedra, H. S, M. Coxeter, P. DuVal, H. T. Flather, dnd J. F,
Petrie. “Totouto: University of Toronto Press, 1938, 26 pages, 20 plates.

Pielecke und 1eeltlache, M, Bruckner., Leipzig: Teubner, 1900. 297 pages, 12 tables.

A classic on all forms of polyhedrons, including semi-tegular and star polyhe.
drons, 146 illustiations and numerous diagrams,

TOOLS AND INSTRUMENTS

Adler Planetarivan and Astronomical Museum. Philip Fox, Chicago: Adler Plane.
tarium. 63 pages. - .

Describes the optical planetarivm installed in Chicago. Also discusses and pic-
tures various historical mechanical planetatiums, astolabes, nocturnals, quadrants,
octants and sextants, sundials, calendars, circuniferenter, graphometer, mathe-
nurtical and diawing instiuments, and telescopes.

Ruler and Compasses. Hilda -P. Hudson, London: Longmais, Gieen and Company,
1916, 143 pages.

Possible constructions. ruler constructions, ruler and compass constructions,
standard methods, one fived circle, and compuasses only. Bihliography.

The Steel Square. How to Use It Scales, How to Make Braces, Roof Construction,
and Other Uses. G. Townsend, Chicago: American Technical Saciety, 1940, 96
pages,

Tools—A Mathematical Sketeh and Model Book. Robert C. Yates, Baton Rouge:
Louisiana State University Press, 1941, 194 pages, 79 plates.

Sections on the straightedue and modern compasses, dissection of plane poly.
Rons. paper folding, linkages, paraliel and angle rulers, and other tools and
linkages.

SLIDE RUILE

A Manual of the Stide e, Its History, Principle, aud Operation. |, E, Thompson.
New Yok: Do van Novraud Company, 19%0, g paages,

Theorny and operarion of the rule, and modified forms of the Mannheim Rule—
the Polvphanse, Pobphuse Duplex, Lo Log Duplex, Ao history of the slide
rule and ,uch speeial forms as the drcular and evtindrical madels.

On the Histion of Gunter's Scale and the Mide Rule during the Seventeenth Cen.
tery Flovan Caponi Berheles: University of California Press, 1920, Publications in
Mathematics, Vol. 1, No, 9, pp. IR7-204,

A histonical aeament of the stide tile,

Mide [l Caloudatans 1O, Cooper, New York: Osford University Press, 1931,
132 poiges,

Berivition of shide pele soalee gl theary of their se, Use made of shide rule
oscenee crrinee e iy shown in chiapter oy applications, Appenulic lists
more than g dozen e tiles naed in other fields.

The Mude Rules FLORD Bresdich and Charles A, Stone. Chicagos Universing of Chi-
caun Press, 1a2q o4 Jraces.

The Sede 1le € N Pachwiith, New York D Vian Nosttand Company, 1911, 133
petaes,

The NP de Be geid Tocardions, ] Pl Chak Chiscarar Fredernick [. Drake
Am! Coonpoy, 941 2o poies

ERIC
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SURVEYING -
Field Work in Mathematics. €. N. Shuster and F. L. Bedford, New York: American
Book Company, 1933, 168 pages.

Fatly instruments, scale diawing, approvimate data, slide rule, angle miwvor,
hypsometer and clinometer, plane table, yernier, sextant, tiansit, pantograph.
Mathematics of Everyday Life, Geometry Unit. George A. Boyce and Willard W,

Beatty. New Yurk: Inor Publishing Company, 1936, 168 pages.
Experiments with elementay suivesing devices at carly high school level.
‘Swieying for Schools and Scouts. Ww. A. Richardson. London: Geurge Philip and
Son, Lud, 1036, 110 pages.
An elementary approach o sunveying through scale dianing and simple in
stiments,

STEREQOGRAPHS

Basic Prinaples of Analvtic Geometry, Walter AL Spencer. New Yol: Newson and
Company, 1930, 27 pages, 10 plates, 22 figures,

Tmportant solids of solid analyvtic geontetry are shawn,

Diagrams in Three Dimensions for Solud Geomeby. Fo Ro Breslich, New Yurk: New:
son and Company, 1030 15 plates,

Figures for theorems in solid geoietny iNustrated by means of stereographs,

Exerrsion i Mathematics. E. RO Brestich, New York: Newson and Company, 1938,
17 pages, 21 plates.

Using ted and blue colored vicwas, iltustrations show cube, parallelepiped,
prisms, o linders, prramids, cones, and spherus,

Les Dugh phes Geametrgues, T Vubert Patise Labraitic Vuibert, 1912, 32 pages.

fundamental principles of stereogiaphs. Hlustrations of dihedral angles, lines
in space, solume of paralleleppeds, prisms, pyramids, star dodecahedion, cylin:
ders, cone, spheres, and iashds .

Mathematische Rawmbiider O Kohler, UL Grab, and C Calov. Diesden: Ehlermann,
FU3R. 65 payes, 21 plates,

Volnnie of cube, binomiul formuba, Tegula solids, Cavalieni's principle, vohime
of pyiamid s one thind of prsm. ¢on sectians, Inpetholoids, the sine curve
as the progection of the hebs, spherical nriangles, loxodiomes,

Serenscote  Photonaphy —lts Application Lo Saene, Indastrv and Education.
Arthur W, Judue London:” Chapnian and Hall, 1OUS, Available thiough Ameti
can Photograpliic Pubhbishing Company, Boston. 3R pages, 21 plates.

Intetesting topics for anutenr phatographeis: prendo steren effeats from single
pictures by omeans of homemade s ex lens of conves mittor deviee, unid-
drawn stereographs for solnd grometry  Faues, steveographs produced from
ordinary  stereoscopic negatses, stercogtaphs photogiaphed with single lens or
with S1e1COSCOPIC LAMCTds, SICTCOSLOPIC actial photography, projection of stereo-
stopic | oetires. A chapter s desoted to stereoscopic ainls 1o geometins teaching.
Excellent bibhography,

GEOMETRICAL DRAWING
Geometneal Draweing and Design. ] Humphiey Spanton 1 ondon: Macmillan and
Company, F30o U6 rugies

Practical diawing based on theors of phane aond solad wennrary

“,‘3
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Geometrical Drawing for Art Students. 1. H. Morris. Loundon: Longmans, Green
and Company, 1941, 228 pages.

Fundamental properties of designs and drawings.

deyer's Handbook of Ornament—Geometrical and Floral. F. S, Meyer. Pelham,
N. Y.: Bridgman, Publishers, 1928. 64 pages.

Source Book of Problems for Geometry. Mabel Sykes. Boston: Allyn and Bacon, 1912,
380 pages.

Tile and parquet floor designs. Gothic tracery based on forms in circles and on
pointed forms, trusses, and arches. Diagrams, pictuves, and exercises based on
famous art and architectural designs of the world. Extensive bibliography.

Geometric Design. A. Bruce Ewer. Denver: Smith-Brooks Company, 1935. 28 pages.

TEACHING OF MATHEMATICS

Craftsmanship in the Teaching of Elementary Mathematics. F. W. Westaway, Lon-
don: Blackie and Son, 1931. Available through Ryerson Press, Toronto. 665 pages.

Chapters on polyhedra, proportion and symmetry in art, the mathem. ‘cal
library and equipment, harmonic motion, map projection, orthographic pro.
jection; many teaching aids for the secondary school and junior college courses.

Mathemalics for Junior High School Teachers. William L. Schaaf. Richmond:
Johnson Publishing Company, 1931. 439 pages.

Problems in ‘Teaching Secondary School Mathematics. E. R. Breslich. Chicago: Uni-
versity of Chicago Press, 1931. 348 pages.

The teaching of functions, formulas, and graphs; intuitive, demonstrative, and
three-dimensional geotnetry. Illustrates various form. of teaching aids.

Teaching Mathematice in the Secondary Schools. J. H. Minnick. New York: Prentice.
Hall, 1939. 336 puges.

Applications of mathematies and mathematics clubs are topics treated in
two of the chapters,

The Cace Adgainst Arithmetic. E. M. Renwick. London: Simpkin Marshall, Lud,,
1935. 167 pages. ' )

Chapters entitled “Misconceptions Relating to Measurement,” “First Notions
of Fractions,” “The Fraction as Multiplier,” “Difficulty in Finding Approximate
Answers” discuss typical errors and the student commens experienced by every
teacher of mathematics; also chapter on “Some Suggestions for Refo\rm in the
Teaching of Number."

The Teaching of Llementary Mathematics. Charles Godfrey and A. W. Siddons.
Cambridge University Press, 1937, Available through Macmillan Company, New
York, 322 pages,

Pythagorean Theorem by dissection. Three.dimensional work discussed under
headings “Seeing a Solid Figure,” “Drawing a Solid Figure.™

The Teaching of Junior High School Mathematics. David Eugene Smith and Wil
liam D. Reeve. Boston: Ginn and Company, 1927. 411 pages.

Homemade instrumenis discussed are those measuring distances and angles,
those for drawings and constructions, including the T-square and carpenter's
“square,” and a circular blackboard. A device for illustrating the multiplication
law of directed numbers is made from a light bar, small screw hooks. and weights.
Chapters also on mathematics clubs and contests and mathematical recreations.

The Teaching of Mathematics. J. Q. Hassler and R. R. $mith. New York: Mac
millan Company, 1930. 405 pages.
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The Teaching of Secondary Mathematics. Charles H. Butler and F. Lynwood Wren.
New York: MeGraw -Hill Book Company, 1941, 514 pages
Materialy of imstuction—aids to teaching include textbooks and workbooks,
cquipment of the individoal student and the classtoom, instruments for ficld
work, instrnments for the elassioom, such as models, spherical blackboard, draw.
g insttuments, homemade equipment. Stimulating and maintaining interest in
mathematics by motivation through intellectual curiosity, applications to other
ficlds of study, mathematical clubs and recreations. Extensive bibliography.

The Technique of Teaching Secondary School Mathematics. Frnst R. Breslich, '
Chicago: University of Chicago Press, 1930, 239 puges.
Ettective procedures and devices in teaching mathematics, arousing and main.
tiining interest; the mathematical equipment—its use and care (includes slide -

rule. blackboards, protractors and rulers, filing cases, homemade instrumnents—a
tansit made from crector set pieces is illustrated): mathematical libravy,

ARV, ARCIHITECTURE, AND DYNAMIC SYMMETRY
A Rhythmic Approach to Mathematics. Edith L. Somenvell. Reprints available fiom
Miss L. E. Christman, 1217 Elmdale Avenue, Chicagn, 1906, 67 pages.

Introduces student to various geometric curves by means of sewing cards; e. g., =
the parabola as the pursuit curve of dog chasing a rabbit, the spiral of Archi-
medes, and many interesting designs. :

Dynamarhythn-ic Desgn. Edward B. Edwards. New Yoik: D. Appleton-Century
Company, 1938, 122 pages.

Dynamic Symmetry—"The Greek Pase. Jay Hambidge, New Haven: Yale Univer-
sity Press, 1920, 161 pages.

Analyses of ancient Greek vases based on the properties of ratios in rectangles.

Esthétique des Proportions dans lu Nualure et duns les Arts. Matily C. Ghyka. Paris:
Gallimard, 1927, 452 pages.

Form in nature and art as related to muathematics. A valuable colicction of
material,

Nature’s Harmonic Unity. Samuel Colman and C. Arthur Coan. New York: G. P.
Putnam’s Sons, 1912, 327 pages.

On Growth and Form. D'Arcy W. Thompson. Second Edition. Cambridge Univer.
sity Press, 1912, 1116 papes.

Omnie of the best treatments of applications of mathematics in nature, including
theory, discussion, and illustrations. Tieats such topics as giowth, soap films,
capillarity, hexagonal symmetry, bee's cell, snow crystals, radiclarians, spider’s
web, spinad of Archimedes, nautilus shell, phalotaxis,

Perspective Made Fasy. Ernest R Norling. New York: Maanillan Company, 1939,
203 pages. '

An elementary, step-by-step introduction to the sabject.

Proportional Form. Samuel Colman and € arthur Goan. New York: G, P. Put
nam’s Sons, 1920. 265 pages.

Deals with a mathematical analysis of ate and natue. Stadies are made of snow
enstals, leaves, Howers, civstals, prne cones, shells, diatoms, butterflies and birds,
fsh and ammals, the human fipare, mt and architecare.

Bhsthmae Foropan 4t lina AL Richier, Tondon John Lame, 19320127 pages,

The punaples of composition as fonnd v the works of the preat oisters

bhased on Liws of prispeetive and dynomic svimmetiy,

O
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Tite Elemenis of Dynamiw Symonedry. Jay Hambidge. New York: Bienano’s, 1926.
140 pages. .
The logaithmic spital is shown to give the approach to this form ol design.
Theory discassed in @ seties of twenty-one lessons,
The Frozen Pountam. Clande Biagdon, New York: Allied A Roopf, 19320125
pages. :
‘Theory of ornament and architectne relued to the five aegular solids and
regular polyhedions of the fourth dimension.

PAPER FOLDING, SOAP FILMS, AND OTHLER EXPERIMENTS
Fun with Paper. Juseph Leeming, New York: Stokes, 1939, 152 pages.
lududes the pentagon, Chinese tangtams, and vaious dissection puzzles,
Geometric Eserdises in Paper Folding.'I'. $. Row. LuSalle, 11L: Open Coutt Publish-
ing Company, 19410 118 puages.
How to foum the squaie, equilateral triangle, pentagon, hexagon, octagon,
nuiagon. decagon and  dodecagon, and pentadecagon. Ao the conic sections.
Howdiw's Paper Magic. Houdiui. New York: E. P, Dutton and Comp v, 1922, 206
peiuses.
Paper folding and paper puzzles form two interesting chaptes.

.1,.,1;) Bubbles. C. V. Bovs. London: Socicty for Promoting Christian Knowledge,

1un2, Asailable through Macmillan Company, New Yorke 178 pases.
Many interesting experiments with soap solution resutting in minimal surfaces
of interest to every high school student.
Spowng Tops. J. Penry. London: The Sheldon Press, 10290 Available thiough
Macnnilin Company, New Yok, 155 pages.
Theony and experiment with the gvioscope.
Mg Figures--4n Amusement for Fverybody. W. W, Rouse Ball. Canbridge: Heller
and Sons, 19210 69 pages.
St desigus, tmany originating with primitive people.

RECREATIONS AND AMUSEMENTY
Amusements in Mathematics. Hemy E. Dudeney. New York: ‘Thomas Nelson and
sons, 1940, 253 pages.
Reprinted as paat of Nelson Black-Out Tibray,
Bn's an drithmetie. B, Weeks, New York: Eo P Doton and Company, 1931
188 pages.
Brarn Teasers. P. J. Rulon. Boston: L. Co Fage aud Company, 1030,
Bram Pests. Walter B, Gibson., Boston: Lo Gl Page and Company, 10300 221 pages.
mdcluding mswers.
Brush Up Your Wits. Hubert Phillips. Phnifadelphia David Mokay Company.
1936, 116 pages.
Calthan's Problem Book, Hubert Phillips London: Toode Lo Rue, JO33, 310 pages.
Canterhury Pusales. Hemy B Dudeney. Nes Yorks Phomas Sebon and Sons, 1910
257 pages.
Divenstons and Pasttmes. RoM. Abraham New Yok FoPo Datten amd Company,
14935, 153 pages.
Games with paper, including dissection, paper conpasses. hive poitied shang
plans for avstal models, indudimg the Tne ceguba poitholioms bnois and stomeg

Rtles.
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Easy Number Tricks. Joseph C. Brown. Pelham, N. Y.: The author. 58 pages.
Fun with Figures. A Frederick Collins. New York: D. Appleton-Century Company,
LYLR. 253 puages. .
Mathemagee. R V. Heath, New York: Simon and Schuster, 1933, 138 pages.
Muathemasieal Clubs and Reareations, S. 1, Jones. Nashville, Tenn.: 8. 1. Jones Com.
pany, 1300 2% pages . C
Muatheratical Nuts. 5. 1. Jones. Nashville, Tenn.: 8. 1. Jones Company, 1936, 340
PREes,
Mathematieal Recrcatwns and Essays. W. W, Rouse Ball and H. §. M. Coxeter.
Ele.enth Edttion. London: Maomillan and Company, 1939, 418 pages.
Geomettical dissedtions; tesselation, color cubes. tangrams; polyhedra, including
the kaleidoscope; thiee classical geometrical problems; calculating prodigies. Ex-
cellent references induded in all chapters.
Mathematical Wrinkles. S. 1. Jones. Nashville, Tenn.: $. 1. Jones Company, 1930,
361 pages. -
Modern Puzles. Henry E. Dudeney. New Yark: F. A, Stokes, 1926, 100 pages.
Numbergrams, N, Spaluwk. Boston: Van Press, 1932,
Puzzles and Curious Problesus. Henry K. Dudeney, New York: Thomas Nelson and
Sons, 1910, 195 pages. :
Puzzle Papers in dnithmetic. Fo G Boon. London: G, Bell and Sons, 1937, 64 pages.
inctuding answers,
Recreations in Mathematies. H. E. Licks, New York: D. Van Nuostrand Company,
1916. 155 pages.
The Book of Puziles. A, Frederick Collins, New York: D. Appleton and ‘Company,
1927, 190 pages. .
Tangrams and the toculus of Archimedes, a few geometrical dissections.
There Is Fun in Grometry, Louis Kasper, New York: Fortuns's, 1037, 135 pages.
Winter Nights Entertainm-nts. R. M. Abraham. New York: E. P. Dutton and Com-
pany. 1933, 186 pages.
Paper folding; string tiicks and figures: knots, hends, and splices.

©

NUMBERS .
New Numbers—IHoaw deceptance of a Duodecimal Base Would Semplify Mathe.
matics. F. Emerson Audrews, New York: Haceourt, Brace and Company, 1935
168 paues.
Numbers and Numerais. David Fugene Smith and Jekuthiel Ginskurg, New York:
Bureau of Publications, Teachers College, Cotumbia Universitv, 1037, 56 pages.
Roman, Chinese. and Japanese abacus and the deselopment of numbers,
Number Stories of Fong Ago. David Fugene Smith, Bosspn: Ginn and Company,
1919. 150 pages, :
Abacus, calculating machines, shide vnles, and fun with numbers,
Odd Numbers, or Aritkmetic Revivted. Hebert Mckav, Cambriduse Universit
Press, 1940 Available tntough Macnullin Company, New York. 915 piges,
Rapid Arithmetic, U O'Connor Sloane, New York: Do Van Nostrand Company,
1022, 19% pages.
Spred wrad Fun with Fyrres, T O Sloane, Ho F. Licks, James E. Thompson. New
York: D Van Nostrand Company, 1939, 602 pages.
The Wennderfuld Wondhoe of One U Three, Dasiid Faicene Smith, Fulton, N, Y -
MeFarbie, Woande, McPabine, 1937, 47 pages

\

O

ERIC

Aruitoxt provided by Eic:



2

‘ . 450 L Eighteenth Yearbook

SOURCE BOUKS FOR FURTHER STUDY, AND MISCELLANEOUS
4 Companion to Elementary School Mathematics. F. C: Boon. Lopdon: Longmans,
Gieen and Company, 1924, 302 pages.
ﬁ Mechanical construction of curves, including lmkagca, Pythagoras' theorem;
NG symmetry; continuity: paradoxes and fallacies.
Algebra, an Interesting Language. E. R, Breslich, New Yoik: Newson and Company,
1939. 70 puges.
Hiustrates and discusses applications of algnbm and arithmetic in hfc around
us.
4 Scrapbook of Elementary AMathematics. William F. White. I.aSallc. llinois: Open
Court- Publishing Company, 1910. 248 pages. (Out of print) -
Napier's rods and other mechanical aids to calculation, geometric puzzles, a
home-made leveling device, * ‘rope stretchers,” the three [amous problems of an-

- tiquity, linkages and straight line motion, paper folding, apparatus to.illustrate
line values of trigonometric functions. Extensive bibliographic index.
s Curiosités Geometriques. E. Fourrey. Paris: Librairie Vuibert, 1938. 431 pagcs.

Pythagorean Theorem, dissection figures, surveying instruments,
Flatland—a Romance in Many Dimensions “A Square.” (E. A, Abbott) Rev. Ed.
Boston: Little, Brown and Company, 1926. 155 pages:
Fundamental Mathematics. Duncan Harkin. New York: Prentice-Hall, Inc., 1941,
426 pages.
Mathematics and the Imagination. Edward Kasner and jamcs New -an. '\'cw York:
Simon and Schuster, 1940, 380 pages.
Mathematics for the Million. Lancelot Hogben. New York: W. W. Norton, Inc,
y 19387. 647 pages. 4
Mathematics, Its Magic and Mastery. Aaron Bakst. New York: 'D. \,an Nostrand
Company, 1941. 790 pages.
Abacus, Napier's rods; also modification of Napier's rods in the form of a
caleulating apparatus using ten sets of Napier's rods.
Procédés Originaux de Constructions Géométriques. E. Fourrey. Paris: Librairie
Vuibert, 1924. 142 pages.
Constructions with compasses 2lone, and ruler alone. Paper folding.
The Pythagorean Proposition. Elisha S, Loomis. Second Edition, Berea, Ohio: Fro-
. fessor O. L. Dustheimer, 1940. 214 pages. $2.00.
Two hundred and fiftysix proofs of this fumous theorem.
Trisection. Robert C. Yates. Baton Rouge, Louisiana: Franklin Press. 1941, $1.00.
A thorough treatment of the subject.
What Is Mathematics? Richard Courant and Herbert Robbins. New York: Oxford
University Press, 1941, 521 pages.
Includes soap film experiments; an instrument for doubling the cube; linkages.

HISTORY OF MATHEMATICS

A Primer of the History of Mathematics. W. W. R. Ball. New York: Macmillan
Company, 1922 149 pages.

A4 Short History of Mathematies. Ve Sanford. Boston: Houghton Mifllin Compuany,
1930, 381 payges.,

Many instruments and devices are discussed and illustrated.

fnistory of Mathematics. David Fugene Smith. Volume 1, 1925, 570 pages; Volume 2,

1025, 703 pages. Boston: Ginn and Company.
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‘Number, the Language of Science. "T'ubias Danizig. Third Edition. New York:

Macmillin Company, 1939. 320 pages.

The History of drithmetic. Louis C. Karpinski, Chicago: Rand, McNally Company,

1925 207 pages.

TABLES, BIBLIGGRAPHY OF AIDS, DICTION ARY
A Bibhography of Mathematical Fducation. Williamm L, Schaaf. Forest Hills, N. Y.
Stevinus Press, 1941, 114 pages.

A classified index of periodical titerature since 1920, containing over 4,000
references_Section on audiv-visual aids indudes mathematical models, exhibits,
films and slides as well as geneial aids. Also references on mathematical plays
and dialogues, clubs and recreations, general extra-class activities, use ol his-
torical material, graphs, slide rule, und logarithms,
© Enriched Teaching of Mathematics in the Junior and Senior fizh School. A source

hook of illustrative and supplementary materials fer teachers of mathematics.:
Maxie N, Woadring and Vera Sanford, Revised “aition. New York: Bureau of
- Publications, Teachers College, Columbia University, 1932, 133 pages.

Materials for units in arithmetie, algelna, geometry, and trigonometry, as well
as tests and workbooks, are ‘fisted, Also references to artigles, books, and names
of equipment dealers for lantemn slides, motion pictures, slide rules, surveying
instruments, pictures, bulletin boavds and exhibits, assembiies, clubs, plays, con-
tests, and recreations,

Handbook of Mathemal.cal Tables and Formulas. R. S. Burington. Second Edition.

Sandusky, Ohio: Handbook Publishers, Inc, 1940, 275 pages.
Lefax. A pucketsize syslcm’uf loose leaf data sheets and blank forms. Philadelphia:
Lefax, luc. )

Loose leal sheets listing formulas for various branches of mathematics, engineer-
ing. and business, as well as all form® of tables. Sheets are sold individually or in
groups and mav be inserted in notebook.

Mathematical Tables from Handbhook of Chemistry and Physies. C. D). Haodgman,

Revised Ed. Cleveland: Chemical Rubber Publishing Company, 1941, 178 pages.

Formulas for algebra, geometny, trigonometry, and higher mathematics. Tahles
for trigononetric functions, loganthms, radians, compound interest and anuities,
and higher mathematics.

Mathematics Dictionary. Glenn James and Robert C. James, Van Nuys, Calif.: The

Divest Pross, 1042, 259 pages.

.

Basic words and topic phrases used in arithmetic, elementary aluebra, plane and
solid geometry, trizononietry, and junior college mathenutics, Appendix gives
formulas and tabtes.

Sources of PRyal Auds for Instructional Use in Schools. Pamphlet No. 80, Revised,
Federal Seanny Agency. UL S, Office of Fducation, Washington, ). G Superin-
tendent of Docrments, 1911, 91 pages.

Lists sources of visual aids for all departments under the headines charts and
graphs, exhibits, filmstrips, shde fitins, lamtern slides, waps and globes, motion
pictures, ohjects, speciniens and maodels, pictures and photographs, postets and
cirtoons, stercographs and other  thice-dimensional pictares. Abo - deaders in
st equipinent as cameras, Luern shides and fifmstrips, filistiip and stillfitm
projectors and attachments, Linternn projectors, micio-projectors, motion-picture
projectors, opaque projeciors. '
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The dudio-Visual Handbook. Ellsworth C. Det.. Fouth Edition. (hacu.,w Society
for Misual Education, Inc, 1912, 227 pages.

Discusses all forms of visual and auwdio aids Classtom evperiments and
blackboard demonstrations, plays and pageants, models, senoal musetim, graphs,
nups and globes, photographs, opague projection of pictines, stereograpb and
stereoscope, varions Gpes of slides Jhow they are mude, how they are used—
equiptient, three-dimensional projeciion, silent and-$ound pictures, Sources of in-
formation, materials, and equipment me absa given under mans of the headings
listed above, as well as sonrces for p.lmp.)lc(s and bulletins, ard organizations
from whom information may be obtained,

Fisual Aids in Fducation. A Svllabus for Use in Classes in Schools and Colleges of
Fducation, C. W\, Leman. Pablished by State Teachers Gollege, Paterson, N. J. 7
pages. : /

Handinade lantern shides, the standard slide projector and its uses, the photo-

graphic lantern slide, the blackboard and bulletin hoard, flat pictitres, other

graphic aids, the stereograph and stercoscope, opaque projection, the filnlide

‘and the stillfiln, the motion picture.

FILMS AND FILMSTRIPS

FII.My
The felloweng nhins, s oty e natad are available mesound only and ate

o miliimeters anowadthe Most ol them e cne el ahont 100 feet and equite

aboat Wfteen minttes for projection. Some mos e purduisad from the producer or

tevted from hlin Terdles asenaes ar rental hibraies, Renta prices vary dceording
to the leawth of Olm oand the tope ad location ot dhe leneding ageney  Prices should
< chedhed bhefore orderie. Teachers e adviset o write to distnibontors or libraries
«further infamation, o to conmult th digector of visual education o their own
*oschnol svstem, wit o wil have cataloos on ble For titles of new bilms, they should

SnTRL TeCene issnes v Fub eateomadd Talvr Cada e pobdished several o ooaes cach

s s the HLOWO Wikson Campann, @3t Ulnieversite: Aves New York, N Y

(e of Matizomatoos, Dheais with the Basteary of pnombers omd veometinn Produced
B by b WO AR s oan NG Onterd Ave | Tos Areles, Calif,

Corrnandry 2 b s Scatahie for ise i penzer B ool or as e innaduction: to
the connise n pi.u:r- cecmetts, Prochioed o o b Baad Foasle Tom Productons,
T Flewe Sty Vrnen, New blaven, Con,

Revtidopar Cosdegoa, An setidbncnien te plice cad satid oo geometineg Pro.
daced gn PO o NG iaay Stisbros, TWVAY bneh St New Yotk N YL

Dive ST Locl D Eantins thee 707 el 7B wodes e abea nse in nudtralication
arad hviaon, S iu-( Sy Priestyn siae o vl e, S fooce b Castde
Foliesy Do, S0 0G0k e Phaza, New Yok, >y

Frosnemey Cueere Moy L inedd g a tnehic oy cotiise o o evts af The bR
el on i seorevebo Sent e vt el Prodeced By Do e Rodak Campans,

Powkng oims Diviedons Rechester, Ny

ENee e T O Hietbe Y o, Mo e Fooo AN Lo s Doeacher o Vel 9
pp. 2631 Janwary, Uil
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Einstein's Theny of Relati oy, Contans soine good material on the subject although
photographie mediods hase improved considerably since the film was produced
Cin 192 Silent, ¥ orecls. Sell and Howell Company, 1801-1815 Lardhmont Ave.,
Chicagn, HIL

SMereoeapre Mappeng from the Airs Hustiates processes for m 1 topogiaphic
rvaps brom acnal photogiaphs. Produced prior to 1940, Bell 4 Howell Com-
pany, Isal sy Laochmont Ave, Chicago, THL .

Precawly Sal Shows the Tistesy and davelopment of standards of measime and  the
peed for accuracy o the prodndion of cngines, Produced in 1937 by Cheviolet
Maotor Divistnon of General Motors Corporation, Detroit, Midh,

Measureonc- nt wath Degio ey Shows how Liehit waves age aned in obtadmimy
meoasitements o nelhonths of an inch. Ao demonstiae - vage blodk inspection
methods, W teen, S22730 Bitistrip avanlables $T00 Bree manaal. Castle Films,
e, 30 Redketeller Phizas New Yok, NOY

Provicdirme bl Comerprs o0 Moaviones The Dellowima fve ilins were produced unde
the ditecenn of e UL S Oflice ot Bdocrtion to help s taining workers for wan
st They can be uagd etfectavels e mathennatios classes o emphasize the
fundamental eoneepts ol measme, They mas b patdised from Castle: Frioe,
Tne . 3 Rocketetler Pl New York, N2y An addinional filmstip for $1.00 and
& bree manaal e dsoavalable tosuppdoment cach i, or these s he e ied
sepabarely.

Fite Steed Rule. g teet, S21 19,

The Muoromerer, 2% teet, 82274

Fixed Gages not feet, §33.9%,

Prorger Seade, 670 deet, S2005

Heoohit Gazes and Soesdand Indicatons. 125 feer, S804,

Posarles of Leviad Nazsgateos Several iilims have heen prodoced for teadnmyg the
princples of el navization it the Ay gl Ny s schoads Fhese are also
avaulite from Castle Bhlms bncs New York, N Y Filnstips were nnt prepaied
tor these ihins

Colosting Nasagate e 1 Inn et o o o Celestial ooty 6730
teet, S,

Colovead Nacrs teen P N Poeernoc s Poaines bend cn o U L i 520 feer
Sltin
Lerrsd Nusacare e v Lo Mals wead (0 i o Tent et S

(o destiad N coatior i 1-1'.'"1 vanl foer 81583,

Co vl Ncgd oo Chate 6T devt, SET

ANVETECINT NSRRI L LA S UL LA St LA

PHEMIST REES

Fonnovipe, aiso calied Shdi e o pociniais, are o bdile from 4 nmber of pro
ety ool st arons Thes rogerre thae nse of o S meitnneter hlstep paejecton
Flrcs boarsre it fersd on ensor fe it witln nboedion protures, a8 s theneng aeds
Yaorhe Ve N, Moarone Corpe et Gt (S PRT N TY H LA T FANRNTITE KN IN S STRNNTES

AoV eTonent e o

NEREIES
oo Onggoe 0 Hle T Rt
Bavie Denvvgteor of 4 efag Radi 1]
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Each film (no manual) $2.00, from Society for Visual Education, Inc., 100 E. Ohio
. ) St., Chicago, I11,

GEOM 'Ry
) Intr. ction to Plane Geomelry

Rectulmear Figures—1Triangles

Rectilinear Figures—-Triungles and Parallel Lines

Tectilinear Figures —Angles and Triangles

wectilinear Figures--Quadrilaterals and Polygons

Reculinear Figures--Polygons and Locus of a Point

The Cirde-=Chords and s

. The Circle--Tangents and Secants

The Cucle—-Measurement of Angles
Fach film (no manualy 8200, fiom Socety for Visual kducation, Inc., 100 E. Ohio
St.. Chicago, HL '

k4

LIGHT ON MATHEMATICS

At 1 Arithmetic
Five Keys to Mathematics
Additon and Subtiaction
Multiplication and Division
Fractions. Decimals, and Percentage
Addition and Subtraction of Fractions
Muliiplication and- Division of Fractions
Square and Cube Root

At 1 Geometry and Trigonometry
Addition and Subtiaction in Geometry
Multiplication and Division in Geometry
Angular Measurement

Canstructions
Sales and Models
Vedtoss

Trigonometry
Aot 1 Algebra
Povitive and Nezative Noimbers
Rutio and Toportion
Exponents and Logairhbins
At 11 Graplesand naixtie Geametn
Coapsl 1 \('\‘.
Plotting Coraphs
CArabvie Geamenry
Prone set of tous kits e Be punchieed together or thie fitis may be obtained
sedartaic iy STLE each e Jann Plaady O oz, 2 FL Gramd Bhvd , De
et Maich

NMUTHEMATIONT ISNCTRE MY SIS
Moivaromene? Dastyovec gl e the Taberngtoo
Movve e [aoiviv ot Onbssde the Fa b

Calvsls o Tevraments Coapdical Metioo D NMude fales, and Saleong Lyguations
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*Calculation Instruments: Business Machines—Part 1. Early Methads
Each film (with manual) $2.00, from Society for Visual Education, Inc., Chi-
cago, Hl. )

The Slide Rule
One filin (with m.mu.l])' $1.00, fiom Castle Films, lnc, 30 Rockefeller Plaza, New
Yotk, N. Y.

GFOMITRIC DRAWING AND BLUE PRINT READING
Geometric Canstruction, Parts [ and 2
T Square and Triangles, Parts 1 and 2
Each film (with manual) $£.00, from The Jam Handy Organization, Detoit, Mich.
Blue Print Reading
«  Film (with manual) $1.00, from Castle Fitms, Inc, New York, NY.

SCTENCE
Optical lusions
Timekeepers Through the Ages (Clocks)
Mechanics 1 (l.evers)
Mechanies 11 (Inclined Plane)
Mechanics 1T (Pulleys --Wheel and Axle)
Fach film (1o manuaby $2.00, rom Sodety for Visnal Edocation, Ine, Chicago, 1L

MEASURE
The Steel Rule
The Micrometer
Fixed Gages
Pernier Scale
Height Gages and SMandard Indicators
Each fitm swith nuanaaly $1.00, from Castle Films, Inc, New York, NUY.
Measurerints and Measuring, Parts 1oand 2
Each film twith nanual) $1.00, frors The Jam Handy Orvanization, Detioit, Mich,

SAVIGATION .

feringd Navization., Dead Reckomng Probicms Part 1D Radius of Adction, Returmng
to Sae Base

fevial Nuvieation Dead Reckomng Problems Part 11 Radius of Acthon, Reluring
to Aternate or Maving Base
Fach nhn o manualy $172 from Castle Fihmes, Toe, New York, NOY.

QTUHER MATFRIATS

Frother snggestions on ree and inexpensive materials, projection cgrpment, e4c.,
will appear from tme to time in the Mathematios Teachsr Sugeestions are alo
oliered in the publication, Lariched Teaching of Mathematis in the Junior and
Cnder High School, by M Woodring ad Vo Sanford (Bureann of Publications,
Teachers College, New York, NoY.)Y and in o wimengraphed st snntled " Mathe-
naties—=Visual and Teaching Aids™ by Lo Heimess and EOHL Co Hildebrandt (Vis
wal Aids Service, Monclain State Teachers College, Montchon, NoJ
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